
Ramification in iterated towers for rational
functions

John Cullinan, Farshid Hajir

Bard College/University of Massachusetts Amherst

October 4, 2009

John Cullinan, Farshid Hajir Ramification in iterated towers for rational functions



Basic Question

Let ϕ(x) ∈ Q[x ] irreducible. Then the iterates of ϕ give rise to
towers of number fields.

Question. Under what conditions will the ramification in the
(infinite) tower be finite?

Example. ϕ(x) = x2 − 3 does not have this property.

John Cullinan, Farshid Hajir Ramification in iterated towers for rational functions



Basic Question

Let ϕ(x) ∈ Q[x ] irreducible. Then the iterates of ϕ give rise to
towers of number fields.

Question. Under what conditions will the ramification in the
(infinite) tower be finite?

Example. ϕ(x) = x2 − 3 does not have this property.

John Cullinan, Farshid Hajir Ramification in iterated towers for rational functions



Basic Question

Let ϕ(x) ∈ Q[x ] irreducible. Then the iterates of ϕ give rise to
towers of number fields.

Question. Under what conditions will the ramification in the
(infinite) tower be finite?

Example. ϕ(x) = x2 − 3 does not have this property.

John Cullinan, Farshid Hajir Ramification in iterated towers for rational functions



Basic Question

Let ϕ(x) ∈ Q[x ] irreducible. Then the iterates of ϕ give rise to
towers of number fields.

Question. Under what conditions will the ramification in the
(infinite) tower be finite?

Example. ϕ(x) = x2 − 3 does not have this property.

John Cullinan, Farshid Hajir Ramification in iterated towers for rational functions



Motivating Example

ϕ(x) = x2 − 2

ϕ(n)(x) := φ ◦ · · · ◦ φ︸ ︷︷ ︸
n times

Q(θn), θn =

√
2 +

√
2 + · · ·

√
2

Gives rise to the cyclotomic Z2-extension of Q

Key observation: ramification is finite
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Another Example

E/K elliptic curve over a number field

` ∈ Z prime

E [`] the `-torsion points of E

ϕ(x) = x([`])

E

��

[`] // E

��
P1

ϕ // P1

Observation: The Kn defined by the φ(n) are also
finitely-ramified
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Setup

K number field, ϕ(x) ∈ K (x)

F = K (t), Φ(x , t) = ϕ(x)− t ∈ F (x)

Φn(x , t) = ϕ(n)(x)− t

Question. Given this setup, describe the ramification and
Galois properties of the iterated towers generated by ϕ.
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Setup

Fϕ

!!B
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B
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Setup

Motivating Examples (t = t0 = 0):

Ramified above 2; Ramified above ` and primes of bad
reduction.

Galois closures in this tower are cyclic or (usually)
GL2(Z/`n)

Key facts: In both examples the φ are postcritically finite and
come from multiplication on an algebraic group.

Definition. φ is postcritically finite if the forward orbit of the
critical points of φ is finite.
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Ramification

g(x) =
∑δ

r=0 ar x r , h(x) =
∑ε

s=0 bsxs, ϕ(x) = g(x)/h(x).

ϕ(n)(x) = gn(x)/hn(x), where

gn(x) =
δ∑

r=0

ar gr
n−1(x)hδ−r

n−1(x)

hn(x) = hδ−εn−1(x)
ε∑

s=0

bsgs
n−1(x)hε−s

n−1(x).

Problem. Compute disc(gn(x)− thn(x)).
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Results

Theorem
Let ϕ(x) = g(x)/h(x) ∈ K (x) be postcritically finite with
coprime polynomials g(x),h(x). Then for each t0 ∈ K , there
exists a finite set St0 of primes of K such that for all n ≥ 1, if p is
a prime of K not in St0 , then vp(disc(gn(x)− thn(x))) = 0.

Remark. This is enough to give finite ramification: the ϕ (and
ϕ(n)) -exceptional sets are finite for pcf functions.

Corollary
The discriminants disc(gn(x)) and disc(hn(x)) have only finitely
many prime divisors as n→∞.

Generalizes the theorem of Aitken, Hajir, and Maire.
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Sketch of Proof

First compute

disc(g(x)− th(x)) =

(−1)(m
2)+εδ−mq+mε`ε+m−q−2Dm

`(h)m−δ Res(g(x),h(x))

∏
r∈Rϕ

(g(r)− th(r))mr .

Show that all terms have only finitely-many prime divisors as
n→∞.

∏
r∈R

φ(n)

(gn(r)− thn(r))mr =

± (`(hn)`(gn)(δ − ε)n)δ
n

Res(gn,hn)`(gn) disc(gn)
∏

β∈B
φ(n)

(1− t/β)Mβ .
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Further Questions/Work in Progress

Given a specialized tower, give an explicit description of the
prime splitting of good primes. For example, it can be shown
that no (finite) prime splits completely in the entire tower.
Given pcf ϕ, determine [Gt : Gt0 ], where Gt is the geometric
Galois group.

Example. The Rikuna polynomials

pn(x)−tqn(x) =
ζ−1(x − ζ)n − ζ(x − ζ−1)n

ζ−1 − ζ
−t

(x − ζ)n − (x − ζ−1)n

ζ−1 − ζ
have important arithmetic applications

Generically cyclic in odd degree

Used for indivisibility results for class numbers in function fields
(Pacelli et al.)

Set ϕ = p(x)/q(x) and study iterates ϕ(n)(x).
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