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Introduction

Let x be a 1-dimensional Artin character over a number field F'. The values of the
Artin L-function L(x, s) at negative integers 1 — n for n > 2 are trivial unless F'
is totally real and y has parity (—1)", i.e. the field F, := F*¢"X is totally real for
even n and a CM-field for odd n. In these cases the values are non-zero algebraic
numbers contained in Q(x), the field obtained by adjoining to Q the values of .

In these lectures we discuss the arithmetic meaning of these values. The ap-
proach is via Iwasawa theory, p-adic L-functions and the Main Conjecture in Iwa-
sawa theory (proved by Wiles), which provides a p-adic interpretation of the values
for each prime p. In the case of the trivial character we will describe the relation
to the Birch-Tate Conjecture (the case where F' is real and n = 2) as well as to
the more general Lichtenbaum Conjectures. For most of the part we will ignore
the prime 2, which causes technical problems, and for which the results are less
complete.

The arithmetic interpretations for a fixed prime p are in terms of étale co-
homology groups attached to the ring o= = op[1/p] of p-integers of F. We will
discuss two ”global” interpretations in terms of algebraic K-groups and in terms of
motivic cohomology groups, which in some cases differ by non-trivial powers of 2.
The known results for p = 2 suggest that in general motivic cohomology contains
the ”correct” number-theoretic information.

Finally, we will discuss a conjecture of Coates-Sinnott — the analog of Stick-
elberger’s Theorem — about annihilation of higher algebraic K-theory groups in
relative abelian extensions. The conjecture can be approached prime by prime, and
we sketch the proof of the cohomological version of the p-part of this conjecture
for odd primes p not dividing the order of the Galois group of the relative abelian
extension (the ”semi-simple case”).
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LECTURE 1

Iwasawa theory and cohomology

1. The classical Main Conjecture

Let F' be a number field and let p be a prime number. A Galois extension Fi./F is
called a Z,-extension, if I' :== Gal(Fx /F) = Z,. Since the closed subgroups of Z,
are of the form 0 or p"Z,, we have for each n > 0 a unique subfield F;, of degree
p" over F and Gal(F,/F) = Z/p"Z. Hence we obtain a tower

F=FCF,CF, C---CFy,
such that [F, : F] = p™ and Foo = Up>0F),.

A typical example of a Zp-extension Fi,/F is the so-called cyclotomic Z,-
extension, which is constructed as follows: Let Lo, = F(tpee). Then Gal(Loo/F') =
Zp x A, where A is finite. Now take Foo = L5.

Let v denote a topological generator of T', and let I',, = Gal(F),,/F). Passing
to the inverse limit over the group rings Z,[I',] we obtain the Iwasawa-algebra
Zp|[T']] := lim Zy[I'y]. The group rings Z,|[I',] are generally quite complicated, but
the Iwasawa-algebra has a rather simple structure, it is isomorphic to the power
series ring A := Z,[[T]], the isomorphism being induced by v — 1+ T.

In the following we have to allow slightly more general coefficients: Let O
denote a finite extension of Z,,, let m be a uniformizer for O, let v denote the discrete
valuation on O, normalized so that v(r) =1, and let | |, denote the corresponding
absolute value with |al|, = p~f7(@) where f denotes the residue degree.

We now consider A := O[[T]] = O[[[']]. This is a two-dimensional Noetherian
local Krull domain, and the structure of finitely generated A-modules is known up
to pseudo-isomorphism (cf. [6], Chapter VII,4, Theorem 5). If M and N are finitely
generated A-modules, then we write M ~ N if there exists a pseudo-isomorphism
f:M — N, ie., a module homomorphism with finite kernel and cokernel. The
structure theorem for finitely generated A-modules now says that for every finitely
generated A-module M there is a pseudo-isomorphism

MNAT@éA/p;“.

i=1
Here p; are height 1 prime ideals of A, hence they are either equal to (7) or to
(F(T)), where F(T) is an irreducible distinguished polynomial, i.e., , of the form
F(T)=T"+b, 1 T" 44

with 7|b; for all <. The prime ideals p; and the integers r > 0,m > 0 and n; > 1
are uniquely determined by M. The ideal Hgl pitt is the characteristic ideal of M,

i

5



6 MANFRED KOLSTER, SPECIAL VALUES OF L-FUNCTIONS

which has a unique generator of the form

f(T) == fA(T)
where f*(T) is a distinguished polynomial. f*(T') is the characteristic polynomial
of M. The exponent p is the p-invariant of M and X := deg f*(T) is called the
A-invariant of M.

The characteristic polynomial is in fact a characteristic polynomial in the sense
of linear algebra: Let Q, denote an algebraic closure of Q,, and let V = M ®0 Q,.
This is a Q,-vectorspace of rank A and f*(T') is the characteristic polynomial of
the endomorphism v — 1 acting on V.

The following result is extremely useful: Assume that M is a finitely gener-
ated A-torsion module with characteristic polynomial f*(T). Let p denote the
p-invariant of M and let f(T) = m# - f*(T). We denote by M the invariants of M
under I' and by Mpr = M /(v — 1)M the coinvariants of M.

Lemma 1.1 ((cf. [27]). The following statements are equivalent :

(a) MY is finite
(b) Mr is finite

(c) f(0) #0.
If these conditions are satisfied, then
| M
= |£(0)],.
501 = o)

Let us assume now that Fu/F is the cyclotomic Z,-extension. Let Go =
Gal(F(pp=)/F) =T x A, where A = Gal(F({2p)/F). G acts on p,e- and this
action gives rise to the cyclotomic character

p:Go — 7y
defined by
7= CP(U)
for all 0 € G and all ¢ € p1p-. We denote by & the restriction of p to I' and by w
the restriction of p to A. w is the Teichmiiller character.

Let M be a Z,-module with a Gw-action, denoted by m +— m?. For n € Z the
n-th Tate twist M (n) of M is defined as the Z,-module M with the new G.-action

m — p(o)"-m°.

In particular, Z,(1) = lim i =: 7, which is the so-called Tate-module, and
Qp/Zp(1) = pp. In general: M(n) = M ®z, Zy(n). If M and N are two Z,-
modules with a G'-action, then we turn Homgz, (M, N) into a G-module in the
following way: For f € Homgz,(M,N) and 0 € G we define f7 via

-1
fo(m) = (f(m” ).
It is easy to see that with this definition of the G -action on Hom-groups we obtain
canonical isomorphisms for all n € Z:

Homg,(M(n),Qp/Zy,) = Homg, (M,Q,/Z,(—n)) = Homgz, (M,Q,/Z,)(—n).
We note the following:
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Lemma 1.2 (cf. [27]). Assume that M is a A-torsion module with characteristic
polynomial f*(T). Then the characteristic polynomial of M(n) is given by

frE()™"A+T) = 1).

The most interesting A-modules arise as Galois groups of certain abelian pro-p
extensions of Fiy,, where Fi, /F is an arbitrary Z,-extension of a number field F. As-
sume then that K, is an abelian pro-p extension of Fi, let X = Gal(K/Fx), and
assume that K. /F is again a Galois extension (although not necessarily abelian).
Let G = Gal(K/F'). We obtain an extension of Z,-modules

0—-X—-G—T-—0.

Since X is abelian, I" acts on X by inner automorphisms, and this action turns
X into a compact A-module. As examples we can take for K., the maximal
abelian unramified pro-p extension of F,,, usually denoted by L.,, or the maxi-
mal subextension of L., in which all p-adic primes of F., split completely, usu-
ally denoted by L. . The corresponding Galois groups X, := Gal(Ls/Fs) and
X! = Gal(L/F) are examples of finitely generated A - torsion modules.

The main example in the current framework is the following: Let S be a finite
set of primes in F' containing the primes above p and the infinite primes. S, will
denote the minimal such set, i.e. the set consisting exactly of the primes above p
and the infinite primes. Let M5 denote the maximal abelian pro-p-extension of
F.,, which is unramified outside primes in S, and let X% = Gal (M2 /F,,). This
is a finitely generated A-module, which we will call the standard Iwasawa module
over F, for the set S. Let us again specialize to the case of the cyclotomic Z,-
extension. Iwasawa([22]) has shown that in this case X has no non-trivial finite
A-submodules and that the A-rank of X% is equal to the number r, of different pairs
of complex conjugate embeddings of F. In particular, ¥° is a A-torsion module if
and only if F is totally real.

From now on F' will be a fixed totally real number field and F, will denote the
cyclotomic Z,-extension with p being an odd prime number. We note that under
Leopoldt’s Conjecture the cyclotomic Zj-extension is the only Z,-extension of a
totally real number field.

We consider now a 1-dimensional p-adic valued Artin character ¢ over F' of
finite order:
¢ :Gal(F/F) —Q,,
and we denote by Fy, the fixed field of the kernel of 1, so that ¢ is a faithful
character on Gal(Fy/F). We assume that 1 is even, i.e. that F is again a totally
real number field. We recall Greenberg’s terminology (cf. [17]) about the different
types of the characters ¥: 1 is of type S, if

FyNFyx =F,
and v is of type W, if
Fw C F.
We note that the trivial character is the only character, which is both of type
S and of type W.

We fix an embedding @p — C, which allows us to view ¥ as a complex-valued
character as well.
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Deligne-Ribet ([14]) have shown that there exists a p-adic L-function Ly(s, ),
which interpolates the special values of certain Artin L-functions in the following
way: For alln >1

Ly(1 = n,9) = L(1 — n,yw™") - (1 = ww " (p) N (p)" ).

plp

These values uniquely determine the p-adic L-function.

Now let S be again a finite set of primes in F' containing S;,. One defines an
”imprimitive” p-adic L-function Lﬁ (s,v) by specifying the values at s = 1 — n for
all n > 1 as follows:

LY =n,¢) =LA —n,gw ™) - [T(1 = ™ (p)N(p)" ).

peS

Removing the Euler factors for primes in S from the Artin L-functions we obtain
the L-functions L7 (s,1w™™) and the relation between the imprimitive L-functions
at 1 — n is then simply expressed as (cf. [16], section 3):

S _ 7S —-n
LS(1 = n,4) = L5(1 = n, ™)
for all n > 1.
We define
1+T)—1 if v isof type W
Hw(T)z{ v(y)(1+T) 0 yp

)

1 otherwise

and we denote the extension of Z, obtained by adjoining the values ¥(g), g €
Gal(Fy/F) by Oy = Zy[¢]. It was shown by Deligne-Ribet ([14]) that there exists
a power series Gy, s(T') € Oy[[T]], so that

Gy,s(r(7)* —1)
Hy(r(7)* = 1)
The power series Gy s(T) can be written uniquely as

Lg(]'_S,w) =

Gy,s(T) = Gvs) . gi o(T) - uy,s(T),

where gy, ¢(T) is a distinguished polynomial, uy, s(7') is a unit power series and 7
is a uniformizer in O.

The classical Main Conjecture in Iwasawa Theory, proven by Wiles in [38] for
odd p (and also for p = 2, if F' = Q) relates the polynomial g, ¢(7") to the following
characteristic polynomial: Let F; o denote the cyclotomic Z,-extension of F,, and
let X5 denote the standard Iwasawa module over Fy o for the set S. The Galois
group G = Gal(Fy/F) acts on the finite-dimensional vectorspace

V=%%2zQ,

and we denote by V¥ the eigenspace of V corresponding to the action of G via ).
Now let f 5(T) denote the characteristic polynomial of v — 1 acting on VY.
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Iwasawa’s MainConjecture 1.3 (Wiles). Let F be a totally real number field,
let p be an odd prime, and let ¢ be a 1-dimensional p-adic Artin character over F
of type S. Then for any finite set of primes S of F' containing Sp:

QZ,S(T) = f1z7s(T)-

It is important to note that the characteristic polynomial fJ (T') does not
change if we take instead of Fy any finite abelian extension E of F' containing
Fy with FN Fo, = F and then consider the standard Iwasawa module over F.
(cf. [17], Proposition 1).

2. Cohomology

We are going to use the Main Conjecture to relate special values of Artin L-functions
at negative integers to orders of étale cohomology groups. For our purposes it
suffices to use a description of étale cohomology in terms of Galois cohomology:
Fix an arbitrary prime p and an arbitrary number field F. Let Qg’) denote the
maximal algebraic extension of F, which is unramified outside primes above p
and infinite primes, and let Ggf) = Gal(ng) /F). The étale cohomology groups
H}, (spec OF[%], psn) of the scheme spec OF[%] with values in the étale sheaf pinas
defined by Grothendieck (cf. e.g. [29]) can be identified with the Galois cohomology
groups H* (Ggf), uf?n?). To simplify notations we will write HZ, (0%, Z/p™(n)), where
oy = oF[%]. Similarly, if S is a finite set of primes of F' containing S,, then we
obtain the étale cohomology groups H, g‘t(o*f;, Z/p™(n)) as Galois cohomology groups,

where we replace the extension ng) by the maximal algebraic S-ramified extension
Q3 of F.

A central role is played by the p-adic cohomology groups
H (0, Zy(n)) = lim HE (0p, pn).-
We also define
H (0, Qp/Zp(n)) = 1i£n H (0, M?ﬂ?)

We note the following: For each n € Z the exact sequence
0 — Zp(n) — Qu(n) = Qp(n)/Zy(n) — 0

gives rise to a long exact sequence in étale cohomology and the kernels and cokernels
of the boundary maps

8« Hi (0, Qp/Zy(n)) — Hi (0, Zy(n)) (i > 1)
can be described as follows (cf. [35]):

The kernel of d; is the maximal divisible subgroup of H} ' (0%, Qp/Zp(n)) and
the image of ¢; is the torsion subgroup of H, (0, Z,(n)). In particular this implies
that the torsion subgroup of H} (0%, Z,(n)) is isomorphic to HY, (0, Qp/Zy(n)) =
HO(f,Qp/Zy(n)):

Hélt (0}«“’ Zp(n))tors = Hgt (0}?, Qp/Zp(n))~
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In the following proposition we summarize some known results about the finitely
generated p-adic étale cohomology groups for rings of integers. We only list the
results for odd primes p and integers n > 2.

Proposition 2.1. Let p be an odd prime and let n > 2. Then
1. Hg(0p, Zp(n)) = 0.
2. H% (0%, Zy(n)) =0 for k > 3.
3. There are isomorphisms

Hiﬁt(o/Fv Zp(n)) = H(}ft(Fa Zip(n)).

4. The groups H%,(0%, Zy(n)) are finite and trivial for almost all primes p.
5. The groups H}, (0}, Zy(n)) are finitely-generated Z,-modules and

ri1+7ro if nis odd
T if n iseven.

rha, HYy(F, 2y (n) = {

Except for property 2 the statements in Proposition 2.1 are also true for p = 2.
If F has real places, then property 2 is false for p = 2, which causes technical
problems in this case.

Property 5 implies that for n > 2 the étale cohomology groups H¢, (F, Z,(n))
are finite precisely when F is totally real and n is even. If this is the case, then the
boundary map ds is an isomorphism:

H, (0, Qp/Zp(n)) 2 HE (0, Zy(n)).

Let us assume now that n > 1 is odd and that E is a CM-field with maximal
real subfield E*. Then by property 5 H} (E,Z,(n)) has the same Z,rank as
H}(E™,Zy(n)). Since p is odd H} (FE,Z,(n)) splits into eigenspaces

Hélt(Eva(”)) = Hélt(Ea Zp(n))+ D Hélt(EaZp(n))i

under complex conjugation with HZ (E,Z,(n))* = H (ET,Z,(n)). Therefore for
odd n > 1 H} (E,Z,(n))~ is finite and hence

Hélt(O/Ean/Zp(n))_ = Hgt(O/Eva(n))_-
We obtain:
Corollary 2.2. a) If F is totally real and n > 2 is even, then
Hét(olF,(@p/Zp(n)) = Hgt(o},Zp(n))
b) If E is CM, and n > 1 is odd, then

Hét(oba QP/ZP(H))7 = He%t(olE7 Zp(”))i-
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There are two global ”cohomology theories®, closely related to étale cohomol-
ogy: Algebraic K-theory and motivic cohomology. The precise relationship depends
on the validity of the Bloch-Kato Conjecture, which appears to have been proven by
Rost and Voevodsky — at least all the details are now either published or submitted
for publication. If we assume the Bloch-Kato Conjecture, then the picture is the
following — the 2-primary information here is unconditional. We refer to [24] for
more details and further references:

For i = 1,2 and all n > 2there are isomorphisms

KQn—i(OF) = H}\/l (OF’ Z(”))
up to (known) 2-torsion, and for all p there are isomorphisms

Hj(or, Z(n)) ® Zy = Hiy (0, Zy(n)).
Here the K-groups are Quillen’s K-groups, and the motivic cohomology groups
can e.g. be defined as Bloch’s higher Chow groups:

Hi(op,Z(n)) := CH"(op, Z(2n — i)).

If we do not want to assume the Bloch-Kato Conjecture, then we can still find
global cohomological "models“ H'(or,Z(n)), i = 1,2, for the étale cohomology
groups. For ¢ = 2 this is easy. We simply define

H(0, Zn)) = HHét(OF[%],Zp(n)),

which are finite groups and play in many situations a role similar to that of the
class group.

For i@ = 1 the construction is more involved (cf. [9]). The resulting group
H'(or,Z(n)) is an analog of the group of units. It is a finitely generated abelian
group of rank

ro if n > 3 is odd
ry+1ry ifn > 2is even,
which satisfies

H'(op, Z(n)) ® Ly = Hi (0, Zy(n))
for all primes p.

In any case it is important to note that for certain indices there is a known
difference between the 2-primary parts of the K-groups and the cohomology groups,
which has an impact on the formulation of the conjectures we are going to discuss.

Finally in this section we want to discuss Galois actions on étale cohomology
groups. Let E/F is a finite Galois extension of number fields with Galois group G.
Let p be an odd prime and let S denote a finite set of primes of F' containing all
primes above p as well as all primes which ramify in F, so that the extension E/F
is S-ramified. Using the properties of the étale cohomology groups the following
results about Galois descent and co-descent follow easily from the Hochschild-Serre
and the Tate spectral sequences:
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Proposition 2.3. Let E/F be a Galois extension of number fields with Galois
group G. Let p be an odd prime and let S be a finite set of primes of F' containing
Sp and all primes ramified in E. Then

L. Hét(Eva(n))G = Helt(F7 Zp(n)).
2. Hgt(O%’Zp(n))G = H?t(o}g,ZP(n)).
3. For all kK > 0 there are isomorphisms
B HY (B, 2, () 2 HH(G, HE (03,2, (n).



LECTURE 2

Conjectures and Results

3. The Lichtenbaum Conjecture

We are now ready to apply the Main Conjecture in the case, where v is of order
prime to p (p odd). The character v is then automatically of type S. We now choose
a finite abelian extension E of F' containing F, and p, (e.g. E = Fy(pp)), so that
the Galois group G of E/F is of order prime to p. Then E., contains all p-power
roots of unity. For any finite set S of primes containing S, the standard Iwasawa
module X° over E, is a Z,[G][[T]]-module. The following arguments are valid for
an arbitrary finite set S of primes containing S;,, and so we simply drop the index
S from the notations.

Since the order of G is prime to p, the idempotents of the group algebra Q,[G]
are contained in Z,[G] and Z,[G] is a maximal order in Q,[G], isomorphic to a finite
product of discrete valuation rings O, for certain (absolutely irreducible) characters
p of G. Given a finitely generated Z,[G][[T]]— module M and a character p, the
p-th component M? of M is defined as

MP = ep(M ®Zp Op)
This is a finitely generated O,[[T]]— module.

We now take M = X and p = ¢, and let A = Oy[[T]]. Since ¥ is even, the
yp-component XV is a finitely generated A-torsion module. We also note that Oy is
unramified over Z,, and so we can take m = p as the uniformizer. We denote the
characteristic polynomial of X% by fqr,*J(T), and we let

H(T) =p* - fi(T),
which is a generator of the characteristic ideal of X¥.

Wiles has shown ([38],Theorem 1.4) that the p-invariant p of X¥ coincides
with 11(Gy), and therefore by the Main Conjecture the characteristic ideal of X¥ is
generated by G (T).

Let us fix now an integer n > 2 and consider the A-module X¥(—n) and its
Pontryagin dual Homg, (X¥(-n),Qp/Z,). We let x = w™™, and note that

Taking duals we obtain

1

Homg, (:{w(fn)v@p/zp) = Homg,, (XX, Q,/Zy(n)) = Homg, (X, Qp/Zp(n))X_ .

13
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Because F, contains all p-power roots of unity, the Galois group Gal (Qg) /Ex)
acts trivially on the abelian group Q,/Z,(n), and therefore

Homg, (X,Qp/Zp(n)) = Hé}t (O/Eoc s Qp/Zp(n)),
where
Hélt(OSEOO s QP/ZP(H)) = 1En Hélt (OSEM , Qp/Zp(n))'
Galois descent implies that
}Iélt(OSEOo s QP/ZP(H))F = Hélt (O/E'? Qp/Zp(n))-
The parity of y is equal to (—1)" and therefore by Corollary 2.2 the x~!-

eigenspace of H (0%, Q,/Zy(n)) is finite and isomorphic to HZ (0, Zp(n))xfl. We
have shown:

Proposition 3.1. The Pontryagin dual of X¥(—n)r is isomorphic to the finite
group HZ,(0lp, Zy(n)X'

Proposition 3.1 shows that X¥(—n)r is finite. By Lemma 1.1 the same is then
true for the T-invariants X¥(—n)Y. However, X¥(—n) has no non-trivial finite A-
submodules, hence the T-invariants of X¥(—n) are trivial, and therefore we can
compute the order of X¥(—n)r in terms of the valuation of the characteristic poly-
nomial at 0. By Lemma 1.2 the characteristic polynomial of X¥(—n) is given by
f*(k(y)™(1+T) —1). Hence by the Main Conjecture:

Proposition 3.2.

|[HZ(0p, Zp ()X | = X% (=n)r| = |f(c()" = Dl = Lp(1 = n,9)], " = [L(1=n, X))
provided that ¢ # 1.

We can slightly reformulate the result: Let us write a ~, b if the two rational
numbers a, b have the same p-adic valuation. Let d, denote the degree of O, over
Zy. Then

L(l - an)dX ~p |Hé2t(0/E7ZP(n))X7 |a
provided that x # w™.

If 4» = 1, then we have to consider the polynomial Hy(T) = T as well. A
similar, but much easier calculation for the Iwasawa module X = Z, over E,
whose characteristic polynomial equals T' yields

(X (=n)r| 7" = R(0)" - 1.
The dual of X(—n) is equal to Q,/Z,(n)*", and hence

|HO (B, Qp/Zp(n)*"| = K(7)" — 1.

Since H(E,Q,/Z,(n) is cyclic, there is only one non -trivial eigenspace, hence
we have H(E,Q,/Z,(n)X # 1 < x = w™. This finally leads to the main result,
which we formulate for a general finite set S of primes:
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Theorem 3.3. Let x be a 1-dimensional Artin character of order prime to p over
a real field F'. Then for any finite set S of primes of F' containing S,, and any
n > 2, so that x(—1) = (=1)", we have

1

| HZ, (05, Zp(n))X |
U HO(B,Qp/Zy(n)x |

where I is any finite abelian extension of F' of degree prime to p, containing F),.

LS(]' - n, X)dx ~

Let us consider the special case that x = 1 and n > 2 is even. Recall that

H*(or, Z(n)) 2 [ [ HE (0, Z,(n))

is a finite group, and we denote its order simply by h, (F') indicating the similarity
with the class number of F. Furthermore we denote the order of H°(F,Q/Z(n))
simply by w, (F). With these notations we obtain the following

Corollary 3.4. Let F be a totally real number field and let n > 2 be an even
integer. Then
b (F)

CF(l - TL) ==
up to multiples of 2
We remark that the 2-primary part of the Corollary is also true if F' is abelian
over Q. ( cf. [24]).
In the special case n = 2 the group H?(or, Z(2)) is isomorphic to K> (or) ([35])
and the statement of Corollary 3.4 in this case is the Birch-Tate Conjecture:
Birch-Tate Conjecture 3.5. Let F' be a totally real number field. Then

| K2 (oF)|
wa (F)

(up to possible multiples of 2 if F is not abelian over Q).

Cr(=1) ==+

Corollary 3.4 is a special case of the (cohomological version of the) Lichtenbaum
Conjecture ([28]): Let F be an arbitrary number field, and let n > 2. The order of
vanishing of the zeta-function of F' at 1 — n is equal to

9 if n is even
r1 +re if nis odd.

These numbers are equal to the ranks of Ka,,_1(0r) by a result of Borel’s ([4]).
Let (5(1 — n), the special value of (r at 1 — n, denote the first non-vanishing
coefficient in a Taylor expansion of the zeta-function (r(s) around 1 — n.

Lichtenbaum Conjecture 3.6. Up to powers of 2:

1= m) = 2 penton)L

= -RB(F).
‘K2n71(OF)tors| ( )
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Here RZ(F) denotes the Borel regulator (cf. [4]). If the Bloch-Kato Conjecture
is true, then the Lichtenbaum Conjecture is true for abelian number fields (cf.
[25, 26, 1, 21, 7]).

If we want to include the 2-primary parts into this conjecture, then we should
replace the K-groups by motivic cohomology groups, i.e. we are led to the motivic
reformulation:

Motivic Lichtenbaum Conjecture 3.7.

o |H3,(oF, Z(n))|
Cp(1—mn) i|HJ1M(0F,Z(n))wrs\

- RM(F).

Here RM(F) differs from the Borel regulator by a power of 2. This conjecture
is known to be true (assuming Bloch-Kato) if F' is totally real abelian and n > 2 is
even (cp. Theorem 3.4) and in a few other cases.

4. The Coates-Sinnott Conjecture

We now consider an arbitrary abelian extension E/F of number fields with Galois
group G, and let S be a finite set of primes in F' containing the primes ramified
in F and the infinite primes. It is well-known that there exists a function 67, / r(9)

with values in the complex group ring C[G], such that

X(0F/r(s)) = L5(x 1, s)
for all characters x of G. We simply define

05p(s) =>_ L5(x ", s)ey € C[G],

where —as before— the sum extends over all absolutely irreducible characters of G,
and e, = ﬁ dec X — (9)g~! denotes the idempotent belonging to x. By a result

of Klingen-Siegel Hg/p(l —n) is contained in Q[G] for all n > 1, and it was shown
by Deligne-Ribet that suitable multiples of 67, / #(1 —n) are actually contained in
the integral group ring Z[G]. More precisely

Annge)(H'(E,Q/Z(n))) - 0%, p(1 —n) C Z[G).

The ideal Anngc(H°(E,Q/Z(n))) ~9§/F(1 —n) is called the n-th higher Stick-
elberger ideal and denoted by Stick, /p(n). The classical Stickelberger Theorem
states that

Sticky (1) € Anngie(Cl(og)),
and Brumer conjectured that the same result holds for arbitrary abelian extensions
E/F. For n > 2 another generalization of Stickelberger’s theorem, involving higher

Quillen K-groups, was suggested by Coates-Sinnott ([12]) in the case F' = Q and
extended to arbitrary base fields by Sands and V. Snaith.

Coates-Sinnott Conjecture 4.1. Let E/F be an abelian Galois extension of
number fields with Galois group G, and let n > 2. Then

StiCk%/F (n) C Anngic)(K2n—2(0g)).
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We note that at negative integers 1 — n, n > 2, the Artin L-function L°(y, s)
vanishes unless F' is totally real and x(—1) = (—1)™. Therefore one usually restricts
attention to F' totally real, and either F totally real and n even or £ CM and n
odd.

Conjecture 4.1 was proven by Coates and Sinnott in [12] for n = 2 and E
abelian over Q up to powers of 2.

As before, the 2-primary information about this conjecture suggests that the
K-groups should be replaced by motivic cohomology groups, i.e. the correct version
should read

Motivic Coates-Sinnott Conjecture 4.2. Let E/F be an abelian extension of
number fields with Galois group G, and let n > 2. Then

Stick%/F (n) C Anngjq(H34(0g, Z(n))).

To approach the conjecture one considers each prime p separately, and shows
that

Anng, jq)(H"(E,Qp/Zy(n))) - 05, p(1 = n) C Anng,q)(HE (05, Zy(n)).
This gives the p-part of the cohomological version of the conjecture.

We want to show now that the Classical Main Conjecture for and odd prime p
implies the p-part of the conjecture in the semi-simple case, i.e. we are considering
an odd prime p, which does not divide the order of G. In the setting of the previous
section (we are enlarging F' to contain p,) we fix n > 2 and a character x of G with
parity (—1)™, so that the character v := yw™ is real.

We first recall the definition and some of the properties of Fitting ideals.

The (first) Fitting ideal Fittr(M) of a finitely generated R-module M over a
commutative ring R is defined as follows: Choose a free resolution

R" LR~ M -0
of M. The Fitting ideal Fitt (M) of M is the R-ideal generated by all n X n-minors
of the n X m-matrix representing 3. This definition is independent of the choice of

the free resolution. One of the properties of the Fitting ideal is that it is contained
in the annihilator of M:

FittR(M) C ATLTLR(M),
and the two ideals are equal if M is a cyclic R-module.

It is now rather straightforward to compute the Fitting ideal of the Iwasawa-

module
X5 (—n)X = 5% (—n).

We note that this is a finitely generated torsion O, [[T]- module without non-
trivial finite submodules, and therefore by a result of Greither ([18], Theorem 2.2,
[31], Lemma 2.3) has projective dimension < 1. We emphasize that the proof does
not need the module to be finitely generated as a Z,-module, hence one does not
have to assume that the p-invariant of X% (—n) is trivial.
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Now, if M is a f.g. torsion R-module of projective dimension < 1, then there
is a resolution of M of the form

O—>R"£>R"—>M—>0,
hence
Fittr(M) = (det )
is a principal ideal generated by the determinant of 3.
In our case we have an injection
0 — X5 (=n) = A/(fy,s(r(7)"(1+T) = 1))
with finite cokernel, where as in section 3 fy s(T) is a generating polynomial of the
characteristic ideal of X%%. At all height 1 primes of A the two principal ideals
Fitta(X%(—n)X) and (fy,s(k(7)"(1 4+ T) — 1)) coincide, and it is then well known
(cf. [20],Proposition 3.2.1) that this implies the equality of the two ideals. We
obtain:
Proposition 4.3.
Fitta (X% (=n)X) = (fp.s(k(7)"(1+T) - 1)).
As an immediate consequence we obtain a reformulation of the Classical Main
Conjecture:
Corollary 4.4. The Main Conjecture for v is equivalent to
FittpA (X5 (—n)) = (Gy s(k(7)" (1 +T) — 1))
for alln > 2

We now descend to X%%(—n)p. Its Fitting ideal over Oy is the image of
Fitty (X5%(—n) under the map T + 0, hence

Corollary 4.5.
Fitto, (X5%(—n)r) = (L (1 = n,¢)),
if Y # 1.

To treat the case ) = 1 we consider the Iwasawa module Z,(—n) and obtain
with a similar argument:

Fittz,, (Zy(—n)r) = (k(7)" — 1),
and therefore in this case

Corollary 4.6.
Fittz, (X®(—n)r) = Fittz, (Zy(—n)) - (L3 (1 — n,1)).

For a finite module M the Fitting ideals of M and its dual M* are the same,
and so we can dualize and finally take the sum over all eigenspaces to obtain

Theorem 4.7.
Fitty, jc)(HZ, (0%, Zy(n))) = Fittz, ic)(H°(E,Qp/Zy(n))) - 05 (1 — ).



LECTURE 2. CONJECTURES AND RESULTS 19

We note that this implies the p-part of the cohomological version of the Coates-
Sinnott Conjecture, because the right-hand side equals Anng, g)(H (E,Qp/Zp(n)-
‘9}95/17(1 —n), which is then contained in Anng, (g)(HZ (0%, Zp(n))). Since

Hézt(O/Ea Zp(n)) C Hgt(‘)%» Zp(n))

we obtain

Corollary 4.8. If pt |G|, p and odd prime, then the p-part of the cohomological
version of the Coates-Sinnott Conjecture holds:

Anng, j6)(H (B, Qp/Zp(n))) - 055 (1 — ) C Anng, q)(HZ (0%, Zp(n))-

To prove the cohomological version of the Coates-Sinnott Conjecture in general,
one has to replace the Classical Main Conjecture by an Equivariant Main Conjec-
ture, because the decomposition into eigenspaces is no longer available. A version of
the Equivariant Main Conjecture has been formulated and proven by Ritter-Weiss
([32]) under the hypothesis that the p-invariant of the Iwasawa-module X is trivial
and that p is odd. As a consequence Nguyen Quang Do proved the cohomologi-
cal version of the Coates-Sinnott Conjecture (cp. [30]). Independently, this was
also proven by Burns-Greither ([8]) under the same assumptions (and some addi-
tional restrictions on the primes p, if F' # Q) as a consequence of the Equivariant
Tamagawa Number Conjecture. Most recently, Greither and Popescu gave a new
and much more general approach to an Equivariant Main Conjecture, again under
the assumption that the p-invariant vanishes and that p is odd, which seems to
have many more applications besides implying the Coates-Sinnott Conjecture. The
situation for the prime 2 remains almost completely open.
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