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A local point of view (1)

@ Let .
Qu(x) = 3 ueln),
n=1
where

0 if nis not k-free °

1 if nis k-free
pu(n) =
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A local point of view (1)

o Let

where

0 if nis not k-free °

1 if nis k-free
pu(n) =

@ For h € N, we define

gk(h) 1= max Qu(x + h) — Q(x).
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A local point of view (2)

@ For some ¢ x, ok > 0 we have
hi/k A h 2/ (k+1)
< L L L
Uk i 7R Ry 7k = 80 = Fy S e e
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A local point of view (2)

@ For some ¢ x, ok > 0 we have
hi/k A h 2/ (k+1)
< L L L
Uk i 7R Ry 7k = 80 = Fy S e e

@ It is unclear what is the exact order for gix(h). We expect that

h
h) — o < Bk
&~ ¢y

for each € > 0.
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Some results on k-free numbers

A local point of view (2)

@ For some ¢ x, ok > 0 we have
hi/k A h 2/ (k+1)
< L L L
Uk i 7R Ry 7k = 80 = Fy S e e

@ It is unclear what is the exact order for gix(h). We expect that
h
gk(h) -« hl/k—l—e
¢(k)
for each € > 0.
@ Under a plausible conjecture we can show that

h
h) — —— < h3/(2k+1)+e

for each € > 0.
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A local point of view (3)

@ On the opposite direction, we can find gaps of length

C(k) Inx

k Inlnx

(1+0(1))

as x — 00. So at least everything in

hl/k
(In A)Yk(In In h)1-1/k

0 < Qk(x+ h) — Qu(x) + C1k

__h
— (k)

happen.

Patrick Letendre Some results on k-free numbers 05 october 2013 4 /17



Some results on k-free numbers

A first global point of view (1)

Patrick Letendre Some results on k-free numbers 05 october 2013 5 /17



Some results on k-free numbers

A first global point of view (1)

@ We want to know the normal behavior of Qx(x + h) — Qk(x).
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Some results on k-free numbers

A first global point of view (1)

@ We want to know the normal behavior of Qx(x + h) — Qk(x).
e We define

N—

-y

n=0

h
E:“k”+a R0
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A first global point of view (2)

Theorem. (Hall, L.) We have
M(N, h) = vhYKN + E.(h, N)

where
Ex(h, N) < Nh*?* exp(—cV/In h) + Nh'

_'_N2/(k+1)h272/(k+1) In N + hZNl/k In N

1k —1) 1 2 2
w2 P I (  e )

and
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A first global point of view (3)

o We can take

11 1 1489 2513 55

Oy = = O3 == 0= = > =
27537 2T 6 YT 107760 ° 211967 ° 527
ﬁ for k € {7,8,9,10,11}
< .
k3 fork212
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Some results on k-free numbers

A first global point of view (3)

o We can take

11 1 1489 2513 55

Oy = = O3 == 0= = > =
27537 2T 6 YT 107760 ° 211967 ° 527
ﬁ for k € {7,8,9,10,11}
< .
k3 fork212

@ With the exponent pairs conjecture, we have

1
2k +1

Hk: —f-(—:

for each € > 0.
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@ For all but < Nh=2¢ value of x € [0, N] NN we have

Qu(x + h) = Qu(x) = % + O(hY/2k+ey

for h < Nﬁ%ll//nﬁN.
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Qu(x + h) = Qu(x) = % + O(hY/2k+ey

for h < Nﬁ%ll//nﬁN.
@ We also have the upper bound

My(h, N) < Nh**

for h > N/2.
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Some results on k-free numbers

A first global point of view (4)

@ For all but < Nh=2¢ value of x € [0, N] NN we have

Qu(x + h) = Qu(x) = % + O(hY/2k+ey

for h < Nﬁ%ll//nﬁN.
@ We also have the upper bound

My(h, N) < Nh**

for h > NY/2,

@ There is a lot of overlapping of intervals in the definition of

M (N, h).
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A second global point of view (1)

@ For N = h(M + 1) and for each 3 € [0, h — 1] NN we define

M

Te(B, h, M) : Z

=0

h

h
Z; nh—i-a—i-ﬁ)—m

2

Patrick Letendre Some results on k-free numbers 05 october 2013 9 /17



Some results on k-free numbers

A second global point of view (1)

@ For N = h(M + 1) and for each 3 € [0, h — 1] NN we define

M

Te(B, h, M) : Z

=0

h

h
Z; nh—i-a—i-ﬁ)—m

2

@ We have the relation

h—1
D Te(B,h, M) = My (N, ).
B=0
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A second global point of view (2)

Theorem. (L.) For N = h(M + 1) we have

Te(B, h, M) = 5 hYK(M + 1) + Ry (h, N)

where

2 1
0 1/2k
Ri(h, N) < Mh% + M T] (1 ot pl_j/2k>
plI(hrk(h))

2
20 41/k 2/(k+1)
+H2MY¥In N + hM |nNH(1+ pk/(kﬂ)).
plh
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A second global point of view (3)

@ We also have the upper bound
Tu(B. h, N) < Mh*/
for h > N/3.
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Some results on k-free numbers

A second global point of view (3)

@ We also have the upper bound
Tu(B. h, N) < Mh*/

for h > NY/3,

@ We have found a way to cut the interval [1, N] in small subsets
and show that the average of y, on those subsets is what we
expect for most of them. Can we do the same for more general
partition of [1, N] like

2.

n>1

|/|
Zﬂk )

acl,

where [, are intervals with

h<ih|<2h, | Jbh=[N, lh0ln=0Yn#m
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Some results on k-free numbers

Arithmetic progression (1)

o We define :
Wi(a.%) = 3 |Ea, 0.0
a=1
where
Qua.ax) = S ju(n) = gu(a Q)x + E(2, 4, %)
nEan:r‘r%od q
and
gi(a,q) = ;H<1 - l>_1 H (1 _ (q’pk))
T q((k) p* pk
plq pla
(g,p%)|a
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Arithmetic progression (2)

Theorem. (L.) For x = gM, with M > 1 and M € R, we have

Wk (q,x) = w(q)gM"* + Ry(q,x)

where

1 1
Rula) < 20q]] (14 o)+ tom [T 1+ 5 )

plla
1 2w(a) x 1+1/k | x

9
+/\/lkq||<1+pk9k)+ . :

plg

Patrick Letendre Some results on k-free numbers

17



Some results on k-free numbers

Arithmetic progression (3)

(/1) 12 2
9 '—2W1;£(1‘?7+ )

3 (I (N

p*llg
(r—1)k<a<rk

| ( 11 2
+>» —(|wp)—=—=5+ ))
;pjk p p2 pk+1

1 17 1 1 2
T\ 7| T p 2 T e
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Arithmetic progression (4)

Corollary. For1 < g < x we have

Wi(g, x) < x*/kqt =2k,
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Applications

o Evaluate

> ru(n)f(n)

for various functions.
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Some results on k-free numbers

Applications

o Evaluate

> ru(n)f(n)

for various functions.
e Counting the solutions to the congruence

f(xt,...,x,) =0 mod g

for a polynomial f € Z[xy, ... ,x,] when (x1,...,x,) € [1,x]"
with g < x.
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