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Abstract. The classical result of J.J. Kohn asserts that over a relatively compact sub-

domain D with C∞ boundary of a Hermitian manifold whose Levi form has at least

n− q positive eigenvalues or at least q + 1 negative eigenvalues at each boundary point,

there are natural isomorphisms between the (p, q) Dolbeault cohomology groups defined

by means of C∞ up to the boundary differential forms on D and the (finite-dimensional)

spaces of harmonic (p, q)-forms on D determined by the corresponding complex Laplace

operator. In the present paper, using Kohn’s technique, we give a similar description

of the (p, q) Dolbeault cohomology groups of spaces of differential forms taking values

in certain (possibly infinite-dimensional) holomorphic Banach vector bundles on D. We

apply this result to compute the (p, q) Dolbeault cohomology groups of some regular

coverings of D defined by means of C∞ forms constrained along fibres of the coverings.

1. Introduction

Let X be a connected Hermitian manifold of complex dimension n. A relatively compact

subdomain D = {x ∈ X : ρ(x) < 0} b X, ρ ∈ C∞(X), with C∞ boundary ∂D is said to

have Z(q)-property, if the Levi form of ρ has at least n− q positive eigenvalues or at least

q + 1 negative eigenvalues at each boundary point of D (e.g., a strongly pseudoconvex

subdomain of X has Z(q)-property for all q > 0).

Let Λp,q(D̄) be the space of C∞ (p, q)-forms on D that admit C∞ extension in some

open neighbourhood of the closure D̄ of D in X. Using the Hermitian metric on X, in

a standard way one defines the Laplace operator � on Λp,q(D̄), see, e.g., [K] for details.

The forms in Ker� =: Hp,q(D̄) are called harmonic.

The following result is the major consequence of the theory developed by J.J. Kohn,

see [KN], [K] or [FK].

Theorem 1.1. Suppose D has Z(q)-property. Then dimCHp,q(D̄) <∞ and each ∂̄-closed

form ω ∈ Λp,q(D̄) is uniquely presented as

(1.1) ω = ∂̄ξ + χ, where ξ ∈ Λp,q−1(D̄), χ ∈ Hp,q(D̄).

It follows that the map

Hp,q(D̄) 3 ω 7→ [ω] ∈ Hp,q(D̄) := {ω ∈ Λp,q(D̄) : ∂̄ω = 0}/∂̄Λp,q−1(D̄),

where [ω] stands for the cohomology class of ω, is an isomorphism.

As a corollary, one obtains the characterization of the Dirichlet cohomology groups

Hr,s
0 (D̄) := Zr,s0 (D̄)/Br,s0 (D̄),
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where

Zr,s0 (D̄) := {ω ∈ Λr,s0 (D̄) : ∂̄ω = 0}, Br,s0 (D̄) := ∂̄{ω ∈ Λr,s−1
0 (D̄) : ∂̄ω ∈ Λr,s0 (D̄)}

and

Λr,s0 (D̄) := {ω ∈ Λr,s(D̄) : ω|∂D = 0}.
Namely, one has the following result:

Theorem 1.2 ([FK]). If D has Z(q)-property, then there is a natural isomorphism

Hn−p,n−q
0 (D̄) ∼= (Hp,q(D̄))∗

induced by the map associating to each ξ ∈ Zn−p,n−q0 (D̄) the linear functional

Zp,q(D̄) 3 θ 7→
∫
D
θ ∧ ξ.

Since Theorems 1.1 and 1.2 are independent of p, they can be viewed as assertions

about spaces of C∞ (0, q)-forms on D̄ with values in the (finite-dimensional) holomorphic

vector bundle of (p, 0)-forms on X. This manifests a more general fact: Kohn’s arguments

can be transferred without significant changes to spaces of C∞ (p, q)-forms on D̄ taking

values in a finite-dimensional Hermitian holomorphic vector bundle on X (see, e.g., [FK,

Ch.IV]).

The goal of the present paper is to extend Theorems 1.1 and 1.2 to spaces of C∞ (p, q)-

forms on D̄ with values in an infinite-dimensional holomorphic Banach vector bundle E on

X. (Note that if E is not Hilbertian, Kohn’s arguments are not applicable.) We apply these

results to differential forms on (possibly unbounded!) subdomains D̄′ = r−1(D̄) ⊂ X ′,

where r : X ′ → X is a regular covering of a complex manifold X, satisfying additional

constraints along fibres of the covering (see Section 3). Such forms appear within theories

of algebras of bounded holomorphic functions on regular coverings of X. Another, sheaf-

theoretic, approach to the study of such algebras was proposed in [BrK]. It is based

on analogues of Cartan theorems A and B for coherent-type sheaves on certain fibrewise

complactifications of the covering (a topological space having some properties of a complex

manifold).

2. Main results

Let π : E → X be a holomorphic Banach vector bundle with fibre B. For an open

U ⊂ X by Λp,q(U,E) we denote the space of C∞ E-valued (p, q)-forms on U , i.e., C∞

sections of the holomorphic Banach vector bundle E ⊗
(
∧pT ∗X

)
∧
(
∧qT ∗X

)
over U (here

T ∗X is the holomorphic cotangent bundle on X). Also, we denote by O(X,E) the space

of holomorphic sections of E equipped with (Hausdorff) topology of uniform convergence

on compact subsets of X (defined in local trivializations on E by the norm of B). For a

compact subset S ⊂ X by C(S,E) we denote the space of continuous sections of E on

S equipped with topology of uniform convergence. (The former space admits the natural

structure of a Fréchet space and the latter one of a complex Banach space).

Let Λp,q(D̄, E) := Λp,q(X,E)|D̄ be the space of restrictions to D̄ of C∞ E-valued forms

on X. In a standard way, using local trivializations on E, we equip Λp,q(D̄, E) with the

Fréchet topology determined by a sequence of Ck-like norms {‖·‖k,D̄,E}∞k=0 (see subsection

4.1). Then the standard operator

∂̄ : Λp,q(D̄, E)→ Λp,q+1(D̄, E)
2
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is continuous. Consider the corresponding subspaces of ∂̄-closed and ∂̄-exact forms

Zp,q(D̄, E) := {ω ∈ Λp,q(D̄, E) : ∂̄ω = 0} and Bp,q(D̄, E) := ∂̄Λp,q−1(D̄, E)

equipped with topology induced from Λp,q(D̄, E).

Our results concern the structure of the cohomology group

Hp,q(D̄, E) := Zp,q(D̄, E)/Bp,q(D̄, E)

and its dual, for bundles from the class Σ0(X) consisting of direct summands of holomor-

phically trivial bundles, that is, E ∈ Σ0(X) if there exists a holomorphic Banach vector

bundle E′ on X such that the Whitney sum of bundles E ⊕E′ is holomorphically trivial.

Example 2.1. Each holomorphic Banach vector bundle on a Stein manifold Y is in

Σ0(Y ) (see, e.g., [ZKKP, Th. 3.9]). Thus if f : X → Y is a holomorphic map, then

E := f∗E′ ∈ Σ0(X) for every holomorphic Banach vector bundle E′ on Y . The class of

such bundles E will be denoted by Σs
0(X).

In what follows, by Zm we denote the m-fold direct sum of a vector space Z, and we

ignore all objects related to m = 0.

Theorem 2.2. Suppose E ∈ Σ0(X) and D b X has Z(q)-property. Fix a basis {χi}mi=1 ⊂
Hp,q(D̄).

(1) There exist a closed complemented subspace A ⊂ O(X,E)m and a finite subset

S ⊂ D̄ such that

(a) A|S is a closed subspace of the Banach space C(S,E)m and the restriction to S

induces an isomorphism of the Fréchet spaces A ∼= A|S;

(b) The linear map L : Bp,q(D̄, E)⊕A → Zp,q(D̄, E),

L
(
η, (f1, . . . , fm)

)
:= η +

m∑
i=1

fi|D̄ · χi, η ∈ Bp,q(D̄, E), (f1, . . . , fm) ∈ A,

is an isomorphism of Fréchet spaces.

(2) If the group GL(B) of invertible bounded linear operators on the fibre B of E

is contractible, and E ∈ Σs
0(X), then the restriction map rx : A → π−1(x)m ∼= Bm,

(f1, . . . , fm) 7→ (f1(x), . . . , fm(x)), is a Banach space isomorphism for each x ∈ X.

Remark 2.3. (1) It follows that Bp,q(D̄, E) is a closed subspace of the Fréchet space

Zp,q(D̄, E) and so the quotient space Hp,q(D̄, E) is Fréchet. It is trivial if m = 0, for

otherwise, it is isomorphic (in the category of Fréchet spaces) to the complex Banach

space A|S ⊂ C(S,E)m ∼= Brm; here r is the cardinality of S.

(2) If X is a Stein manifold, then it admits a Kähler metric. Working with this metric,

one obtains that the corresponding harmonic forms χi in Theorem 2.2 are also d-closed

(see, e.g. [GH, Ch.0, Sect.7]).

(3) The class of complex Banach spaces B with contractible group GL(B) include

infinite-dimensional Hilbert spaces, spaces `p and Lp[0, 1], 1 ≤ p ≤ ∞, c0 and C[0, 1],

spaces Lp(Ω, µ), 1 < p <∞, of p-integrable measurable functions on an arbitrary measure

space Ω, some classes of reflexive symmetric function spaces and spaces C(G) for G being

infinite dimensional compact topological groups (see, e.g., [M] for details).
3
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Next, we formulate an analogue of Theorem 1.2. We will need the following notation.

Let V → X be a holomorphic Banach vector bundle. Set

Λr,t0 (D̄, V ) := {ω ∈ Λr,t(D̄, V ) : ω|∂D = 0}

and define the V -valued Dirichlet cohomology groups of D̄ by the formula

Hr,s
0 (D̄, V ) := Zr,s0 (D̄, V )/Br,s0 (D̄, V ),

where
Zr,s0 (D̄, V ) := {ω ∈ Λr,s0 (D̄, V ) : ∂̄ω = 0} and

Br,s
0 (D̄, V ) := ∂̄{ω ∈ Λr,s−1

0 (D̄, V ) : ∂̄ω ∈ Λr,s0 (D̄, V )}.
We endow spaces Br,s

0 (D̄, V ) ⊂ Zr,s0 (D̄, V ) ⊂ Λr,s0 (D̄, V ) with the topology induced by that

of Λr,s(D̄, V ). One can easily check that Zr,s0 (D̄, V ) and Λr,s0 (D̄, V ) are Fréchet spaces with

respect to this topology.

We retain notation of Theorem 2.2. In the following result Hp,q(D̄, E), E ∈ Σ0(X), is

equipped with the Fréchet space structure given by Theorem 2.2. By E∗ we denote the

bundle dual to E. Also, for m > 0, {χi}mi=1 is a fixed basis of Hp,q(D̄) and A ⊂ O(X,E)m

is the corresponding subspace of Theorem 2.2.

Theorem 2.4. Suppose E ∈ Σ0(X) and D b X has Z(q)-property. Fix forms {γi}mi=1 ⊂
Zn−p,n−q0 (D̄) such that

∫
D χi ∧ γj = δij - the Kronecker delta. (Their existence follows

from Theorem 1.2.)

(1) Bn−p,n−q0 (D̄, E∗) is a closed subspace of the Fréchet space Zn−p,n−q0 (D̄, E∗); more-

over, the quotient (Fréchet) space Hn−p,n−q
0 (D̄, E∗) is naturally isomorphic to the dual

space
(
Hp,q(D̄, E)

)∗
.

(2) There exist a closed subspace B ⊂ O(X,E∗)m isomorphic to the dual of A and a

finite subset S∗ ⊂ D̄ such that

(a) The restriction to S∗ induces an isomorphism of the Fréchet spaces B ∼= B|S∗;
(b) The linear map M : B → Hn−p,n−q

0 (D̄, E∗)

M(h1, . . . , hm) :=

[
m∑
i=1

hi|D̄ · γi

]
, (h1, . . . , hm) ∈ B,

is an isomorphism of Fréchet spaces; here [η] stands for the cohomology class of η.

The isomorphism in (1) is induced by the map associating to each ξ ∈ Zn−p,n−q0 (D̄, E∗)

a linear functional

Zp,q(D̄, E) 3 θ 7→ JE(θ, ξ),

where

JE : Λp,q(D̄, E)× Λn−p,n−q(D̄, E∗)→ C
is a certain continuous bilinear form, see Section 5 below. (In particular, if E := X × C,

JE(θ, ξ) :=
∫
D θ ∧ ξ.)

Remark 2.5. It is not clear yet to what extent assertions of Theorems 2.2 and 2.4 are

valid for holomorphic Banach vector bundles on X not in Σ0(X). In particular, is it true

that in this general setting spaces Hp,q(D̄, E) are Hausdorff (in the corresponding quotient

topologies), and what can be said about the Serre-type duality between Hp,q(D̄, E) and

Hn−p,n−q
0 (D̄, E∗) ?

4



Trans. Amer. Math. Soc., 369 (2017), p. 167-186

3. Applications

As it was mentioned in the Introduction, forms taking values in holomorphic Banach

vector bundles arise as an equivalent presentation of forms defined on subdomains of

coverings of complex manifolds and satisfying additional constraints along the fibres of

the coverings. In what follows, we outline the main features of this construction (see [Br],

[BrK] for details).

Let r : X ′ → X be a regular covering with a deck transformation group G of a connected

complex manifold X. Assume that X ′ is equipped with a path metric d′ determined by

the pullback to X ′ of a smooth hermitian metric on X.

Definition 3.1. By CB(X ′) = CB(X ′, X, r) we denote the space of complex continuous

functions f : X ′ → C uniformly continuous with respect to metric d′ on subsets r−1(U),

U b X, and such that for each x ∈ X ′ functions G 3 g 7→ f(g · x) belong to a complex

Banach space B of functions u : G→ C such that

u ∈ B, g ∈ G ⇒ Rgu ∈ B, where Rg(u)(h) := u(hg) (h ∈ G),

and each Rg is an invertible bounded linear operator on B.

Here are some examples of such spaces B.

Example 3.2. Uniform algebras. As space B one can take a closed unital subalgebra

of the algebra `∞(G) of bounded complex functions on G (with pointwise multiplication

and sup-norm) invariant with respect to the action of G on `∞(G) by right translations

Rg, g ∈ G, e.g., algebra `∞(G) itself, algebra c(G) of bounded complex functions on G

that admit continuous extensions to the one-point compactification of group G, algebra

AP (G) of the von Neumann almost periodic functions on group G (i.e. uniform limits on

G of linear combinations of matrix elements of irreducible unitary representations of G),

etc. If group G is finitely generated, then in addition to c(G) one can take subalgebras

cE(G) ⊂ `∞(G) of functions having limits at ‘∞’ along each ‘path’ (see [BrK] for details).

Orlicz spaces. Let µ be a σ-finite regular Borel measure on G such that for each g ∈ G there

exists a constant cg > 0 so that µ(h · g) ≤ cg · µ(h) for all h ∈ G. Let Φ : [0,∞)→ [0,∞)

be a convex function such that

lim
x→∞

Φ(x)

x
=∞ and lim

x→0+

Φ(x)

x
= 0.

As space B one can take the space `Φ of complex µ-measurable functions on G such that∫
G Φ(|f |)dµ <∞ endowed with norm

‖f‖Φ := inf

{
C ∈ (0,∞) :

∫
G

Φ

(
|f |
C

)
dµ ≤ 1

}
.

If Φ(t) := tp, 1 < p <∞, then one obtains classical spaces `p(G,µ).

As measure µ one can take, e.g., the counting measure µc on G, in which case all cg = 1.

If group G is finitely generated, one can take µ := euµc, where u : G → R is a uniformly

continuous function with respect to the G-invariant metric on G induced by the natural

metric on the Cayley graph of G defined by a fixed family of generators of G.

It is easily seen that the definition of space CB(X ′) does not depend on the choice

of the hermitian metric on X. If we fix a cover U of X by simply connected relatively

compact coordinate charts and for a given chart U ∈ U endow the ‘cylinder’ U ′ := r−1(U)
5
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with local coordinates pulled back from U (so that in these coordinates U ′ is naturally

identified with U ×G), then every function f in CB(X ′), restricted to U ′, can be viewed

as a continuous function on U taking values in space B.

We equip CB(X ′) with the Fréchet topology defined by the family of seminorms ‖ · ‖U ,

U b X,

‖f‖U := sup
x∈U
‖fx‖B, f ∈ CB(X ′),

where fx(g) := f(g · x), g ∈ G, and ‖ · ‖B is the norm of B.

By OB(X ′) := CB(X ′) ∩ O(X ′) we denote the subspace of holomorphic functions in

CB(X ′).

Example 3.3 (Bohr’s almost periodic functions, see, e.g., [BrK] for details). A tube

domain T ′ = Rn+ iΩ ⊂ Cn, where Ω ⊂ Rn is open and convex, can be viewed as a regular

covering r : T ′ → T (:= r(T ′) ⊂ Cn) with deck transformation group Zn, where

r(z) :=
(
eiz1 , . . . , eizn

)
, z = (z1, . . . , zn) ∈ T ′.

Let B = AP (Zn) be the complex Banach algebra of the von Neumann almost periodic

functions on group Zn endowed with sup-norm. Then OB(T ′) (=: OAP (T ′)) coincides with

the algebra of holomorphic almost periodic functions on T ′, i.e. uniform limits on tube

subdomains T ′′ = Rn + iΩ′′ of T ′, Ω′′ b Ω, of exponential polynomials

z 7→
m∑
k=1

cke
i〈z,λk〉, z ∈ T ′, ck ∈ C, λk ∈ Rn,

where 〈·, ·〉 is the Hermitian inner product on Cn, and CB(T ′) (=: CAP (T ′)) coincides with

the algebra of continuous uniformly almost periodic functions on T ′.

The theory of almost periodic functions was created in the 1920s by H. Bohr and nowa-

days is widely used in various areas of mathematics including number theory, harmonic

analysis, differential equations (e.g., KdV equation), etc. We are interested, in particu-

lar, in studying cohomology groups of spaces of differential forms with almost periodic

coefficients. Such forms arise as the special case of the following

Definition 3.4. By Λp,qB (X ′) = Λp,qB (X ′, X, r) we denote the subspace of C∞ (p, q)-forms

ω on X ′ such that in each ‘cylinder’ U ′ = r−1(U) (∼= U ×G), U ∈ U , in local coordinates

pulled back from U ,

ω|U ′(z, z̄, g) =
∑

|α|=p, |β|=q

fα,β(z, z̄, g) dzα ∧ dz̄β,

where U 3 z 7→ fα,β(z, z̄, ·) are Fréchet C∞ B-valued functions (cf. subsection 4.1).

For a subdomain D b X we set D′ := r−1(D) and Λp,qB (D̄′) := Λp,qB (X ′)|D̄′ .

Comparing definitions of spaces Λp,qB (D̄′) and Λp,q(D̄, EX′), where π : EX′ → X is the

holomorphic Banach vector bundle with fibre B associated to regular covering r : X ′ → X

(viewed as a principal bundle on X with fibre G, see e.g., [BrK]), and likewise endowing

Λp,qB (D̄′) with a sequence of Ck-like seminorms, we obtain isomorphisms of Fréchet spaces

(3.2) Λp,qB (D̄′) ∼= Λp,q(D̄, EX′)
6



Trans. Amer. Math. Soc., 369 (2017), p. 167-186

commuting with the corresponding ∂̄ operators. These induce (algebraic) isomorphisms

of the corresponding cohomology groups:

(3.3) Hp,q
B (D̄′) ∼= Hp,q(D̄, EX′),

where

Hp,q
B (D̄′) := Zp,qB (D̄′)/Bp,qB (D̄′);

Zp,qB (D̄′) := {ω ∈ Λp,qB (D̄′) : ∂̄ω = 0}, Bp,qB (D̄′) := ∂̄Λp,q−1
B (D̄′).

Now, suppose that D b X has Z(q)-property. Let f : X → Y be a holomorphic map

into a connected Stein manifold Y . Then f induces a homomorphism of fundamental

groups f∗ : π1(X) → π1(Y ). Without loss of generality, we may and will assume that f∗
is an epimorphism. (Indeed, if H := f∗(π1(X)) is a proper subgroup of π1(Y ), then by

the covering homotopy theorem, there exist an unbranched covering p : Y ′ → Y such that

π1(Y ′) = H, and a holomorphic map f ′ : X → Y ′ such that f = p ◦ f ′. Moreover, Y ′ is

Stein. Thus, we may replace f by f ′.)

Next, let r : X ′ → X be a regular covering with a deck transformation group G

isomorphic to a quotient group of π1(Y ). If r̃ : Y ′ → Y is the regular covering of Y with

the deck transformation group G, then by the covering homotopy theorem there exists a

holomorphic map f ′ : X ′ → Y ′ such that f ◦ r = r̃ ◦ f ′. This implies that EX′ = f∗EY ′

(here EY ′ → Y ′ is the holomorphic Banach vector bundle with fibre B defined similarly to

EX′ above). In particular, EX′ ∈ Σs
0(X), see Example 2.1, and hence Theorem 2.2 can be

applied to describe cohomology groups Hp,q
B (D̄′). Under the above assumptions we obtain

(as before, we ignore all objects related to m = 0):

Theorem 3.5. Let {χ′i}mi=1 be the pullback to D̄′ of a basis in Hp,q(D̄).

(1) There exist a closed complemented subspace A ⊂ OB(X ′)m and a finite subset S ⊂ D̄
such that

(a) A|S′, S′ := r−1(S), is a closed subspace of the Banach space (CB(X ′)|S′)m ∼= Bcm,

c := cardS, and the restriction A → A|S′ is an isomorphism of Fréchet spaces;

(b) Bp,qB (D̄) is a closed subspace of the Fréchet space Zp,qB (D̄) and the linear map

L : Bp,qB (D̄)⊕A → Zp,qB (D̄),

L
(
η, (f1, . . . , fm)

)
:= η +

m∑
i=1

fi|D̄′ · χ
′
i, η ∈ Bp,qB (D̄), (f1, . . . , fm) ∈ A,

is an isomorphism of Fréchet spaces.

(2) If the group GL(B) of invertible bounded linear operators on B is contractible, then

the restriction map A → A|π−1(x)
∼= Bm is a Banach space isomorphism for each x ∈ X.

Remark 3.6. (1) The result shows that Hp,q
B (D̄) is a Fréchet space, trivial if m = 0 and

isomorphic to a closed subspace of the Banach space Bcm otherwise.

(2) As follows from the assumptions, Theorem 3.5 is applicable to nontrivial coverings

r : X ′ → X provided that X admits a holomorphic map into a Stein manifold that induces

a nontrivial homomorphism of the corresponding fundamental groups. In particular, if X

is Stein, the theorem is valid for any regular covering r : X ′ → X. If, in addition, D is

homotopically equivalent to X, then Hp,q
B (D̄) = 0 for p+ q > n := dimX. Indeed, in this

case, due to Remark 2.3 (2), Hp,q(D̄) has a basis consisting of d-closed forms. Since X,
7
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being Stein, is homotopically equivalent to an n-dimensional CW-complex, these forms

must be d-exact for p+ q > n and, hence, equal to zero (because they are harmonic with

respect to the Laplacian defined by d). This implies the required statement.

(3) In view of Remark 2.3 (3), groupGL(B) is contractible for spaces of Example 3.2B =

`p(G,µ), 1 < p <∞, c(G) or AP (G)1 in case G is infinite and maximally almost periodic

(i.e. finite-dimensional unitary representations separate points of G, see, e.g., [BrK] for

examples of such groups). In all these cases, under assumptions of Theorem 3.5, we

obtain that Hp,q
B (D̄) ∼= Bm. In particular, Hp,q

AP (Zn)(D̄) ∼= AP (Zn)m, where D b T and

r : T ′ → T is the covering of Example 3.3 (T ⊂ Cn is Stein because it is a relatively

complete Reinhardt domain, see, e.g., [S]).

(4) Similarly, one can reformulate Theorem 2.4 to deal with forms in Λp,qB∗(X
′) vanishing

on ∂D′ := r−1(∂D) in case the dual space B∗ of B is a function space on G satisfying

conditions of Definition 3.1. This holds, for instance, if B is a reflexive Orlicz space `Φ
satisfying assumptions of Example 3.2 or c(G) and `1(G,µ) spaces of this example. On

the other hand, for space AP (G) with G as above the dual AP (G)∗ is the space of regular

complex Borel measures on bG (the Riesz representation theorem) and therefore to obtain

a version of Theorem 2.4 in this case one works with forms in Λr,t0 (D̄, E∗X′). We leave the

corresponding details to the reader.

4. Proof of Theorem 2.2

4.1. Banach-valued differential forms. Let U b Cn be a bounded open subset and B

a complex Banach space with norm ‖·‖B. We fix holomorphic coordinates z = (z1, . . . , zn)

on Cn. For tuples α = (α1, . . . , αp) ∈ Np and β = (β1, . . . , βq) ∈ Nq, each consisting of

increasing sequences of numbers not exceeding n, we set

|α| := p, |β| := q and dzα ∧ dz̄β := dzα1 ∧ · · · ∧ dzαp ∧ dz̄β1 ∧ · · · ∧ dz̄βq .

As usual, in real coordinates x1, . . . , x2n, zj := xj + ixn+j , 1 ≤ j ≤ n, on R2n, partial

(Fréchet) derivatives Dγ , γ = (γ1, . . . , γ2n) ∈ Z2n
+ , of order ord(γ) := γ1 + · · · + γ2n are

given by the formulas

Dγ :=
∂γ1

∂xγ1
1

◦ · · · ◦ ∂γ2n

∂xγ2n
2n

.

Further, for a Ck B-valued (p, q)-form η on U ,

η(z, z̄) =
∑

|α|=p,|β|=q

fα,β(z, z̄)dzα ∧ dz̄β,

and a subset W ⊂ U we define

(4.4)

‖η‖k,W,B :=
∑

ord(γ)≤k,|α|=p,|β|=q

(
sup
z∈W
‖Dγfα,β(z, z̄)‖B

)
and

‖η‖′k,W,B := sup
g∈B∗, ‖g‖B∗≤1

 ∑
ord(γ)≤k,|α|=p,|β|=q

(
sup
z∈W

∣∣g(Dγfα,β(z, z̄)
)∣∣) .

1Recall that AP (G) ∼= C(bG), where bG is a compact topological group called the Bohr compactification

of G.

8
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One easily shows that

(4.5)
1

cp,q,k,n
‖η‖k,W,B ≤ ‖η‖′k,W,B ≤ ‖η‖k,W,B,

where cp,q,k,n is the cardinality of the set of indices of sums in (4.4).

By Λ̂p,q(W,B) we denote the space of C∞ B-valued (p, q)-forms η on U such that

‖η‖k,W,B < ∞ for all k > 0. In a standard way one proves that space Λ̂p,q(U,B) is

complete in the Fréchet topology determined by norms {‖ · ‖k,U,B}k∈Z+ (cf. [R, Th. 7.17]).

Now, let us fix a finite family of coordinate charts (Uj , ϕj) onX such that U = (Uj) forms

a finite open cover of an open neighbourhood of D̄ and each ϕj maps a neighbourhood of Ūj
biholomorphically onto a bounded domain of Cn. Let π : E → X be a holomorphic Banach

vector bundle with fibre B. Using fixed trivializations ψj : E → Ūj ×B of E over Ūj and

the holomorphic coordinates on Uj pulled back by ϕj from Cn, we define spaces Λ̂p,q(W,E),

W ⊂ Uj∩D, of C∞ E-valued (p, q)-forms on Uj∩D as pullbacks of spaces Λ̂p,q(ϕj(W ), B).

Seminorms on Λ̂p,q(W,E) obtained by pullbacks of seminorms ‖·‖k,ϕj(W ),B are denoted by

‖ · ‖k,W,E . Finally, we equip the space Λp,q(D̄, E) := Λp,q(X,E)|D̄ of C∞ E-valued forms

on D̄ with topology τp,q = τp,q(E) defined by the sequence of norms ‖ · ‖k,D̄,E , k ≥ 0,

‖η‖k,D̄,E :=
∑
j

‖η|Uj∩D‖k,Uj∩D,E , η ∈ Λp,q(D̄, E).

Using, e.g., the Hestens extension theorem [He], one checks easily that
(
Λp,q(D̄, E), τp,q

)
is a Fréchet space and that topology τp,q is independent of the choice of coordinate charts

(Uj , ϕj) and trivializations ψj as above.

If in the above construction we will take pullbacks of norms ‖ · ‖′k,ϕj(Uj∩D),B, denoted

by ‖ · ‖′k,Uj∩D,E , then due to (4.5) the sequence of norms ‖ · ‖′
k,D̄,E

, k ≥ 0,

‖η‖′k,D̄,E :=
∑
j

‖η|Uj∩D‖′k,Uj∩D,E , η ∈ Λp,q(D̄, E),

will produce the same topology on Λp,q(D̄, E).

By our definitions, the standard operator

∂̄ :
(
Λp,q(D̄, E), τp,q

)
→
(
Λp,q+1(D̄, E), τp,q+1

)
is continuous. Hence, Zp,q(D̄, E) ⊂ Λp,q(D̄, E) is a closed subspace.

4.2. Proof of Theorem 2.2.

A. First we prove part (1) of the theorem for the trivial bundle E = X×B, where B is

a complex Banach space. As the required subspace A ⊂ O(X,E)m we will take the space

of constant maps X → Bm (naturally identified with Bm) and as the set S a point of D.

Then statement (a) of the theorem is obvious.

Let us show that there exist continuous linear maps

GB : Λp,q(D̄, E)→ Λp,q−1(D̄, E),

HB : Λp,q(D̄, E)→

{
m∑
i=1

fi · χi : (f1, . . . , fm) ∈ A|D̄

}
⊂ Zp,q(D̄, E)

such that

(4.6) ω = ∂̄GB(ω) +HB(ω) for all ω ∈ Zp,q(D̄, E).
9
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Then

∂̄GB ⊕HB : Zp,q(D̄, E)→ Bp,q(D̄, E)⊕ (B ⊗C Hp,q(D̄))︸ ︷︷ ︸
∼=A|D̄

is an isomorphism of the corresponding Fréchet spaces. By the definition its inverse

coincides with the operator L which completes the proof of the theorem in this case.

Indeed, for B = C existence of the operators GC and HC is proved in [FK, Ch. III.1] (in

the terminology of [FK], GC := ∂̄∗N , where N is the “∂̄-Neumann operator” and HC is

the “orthogonal projection” onto Hp,q(D̄)). Their continuity in the corresponding Fréchet

topologies follows from [FK, Th. 3.1.14] and the Sobolev embedding theorem.

In the case of the general bundle E = X ×B, first we define the required operators on

the (algebraic) symmetric tensor product B ⊗C Λp,q(D̄) ⊂ Λp,q(D̄, E) by the formulas

GB := IdB ⊗GC, HB := IdB ⊗HC,

where IdB : B → B is the identity operator. If ω ∈ B⊗Λp,q(D̄), then due to the continuity

of the scalar operators GC and HC we have, for all k ≥ 0 and the corresponding norms,

‖GB(ω)‖′k,D̄,E := sup
g∈B∗, ‖g‖B∗≤1

‖
(
g ⊗ IdΛp,q(D̄)

)(
GB(ω)

)
‖k,D̄,X×C

= sup
g∈B∗, ‖g‖B∗≤1

∥∥∥GC

((
g ⊗ IdΛp,q(D̄)

)
(ω)
)∥∥∥

k,D̄,X×C

≤M · sup
g∈B∗, ‖g‖B∗≤1

‖
(
g ⊗ IdΛp,q(D̄)

)
(ω)‖k+n+1,D̄,X×C = M · ‖ω‖′k+n+1,D̄,E

and, similarly,

‖HB(ω)‖′k,D̄,E ≤ N · ‖ω‖
′
k,D̄,E ,

where M and N are some constants independent of ω (but depending on k, n,D and the

data in definitions of the above norms).

Remark 4.1. The shift of index in norms of inequalities for GB(ω) results from the

fact that in [FK, Th. 3.1.14] one considers GC as a continuous operator between the

corresponding Sobolev spaces W k and therefore to switch to the case of our norms we

must apply the Sobolev embedding theorem. On the other hand, the operator HC is

defined by the inner product with elements of a basis of Hp,q(D̄) and so its norm as an

operator acting in Ck spaces can be estimated directly without involving the Sobolev

norms.

The above norm estimates show that linear operators GB :
(
B ⊗C Λp,q(D̄), τp,q

)
→(

B⊗C Λp,q(D̄), τp,q−1

)
and HB :

(
B⊗C Λp,q(D̄), τp,q

)
→ (B⊗CHp,q(D̄), τp,q) are uniformly

continuous. Since B ⊗ Λp,q(D̄) is dense in
(
Λp,q(D̄, E), τ

)
(this can be easily seen using,

e.g., approximation of local coefficients of forms in Λp,q(D̄, E) by their Taylor polynomials

and then patching these approximations together by suitable partitions of unity), the latter

implies that GB and HB can be extended to continuous operators on
(
Λp,q(D̄, E), τp,q

)
with ranges in Λp,q−1(D̄, E) and B ⊗CHp,q(D̄), respectively. We retain the same symbols

for the extended operators.

Let us show that so defined operators satisfy identity (4.6).

In fact, for each g ∈ B∗ the linear map g ⊗ IdΛp,q(D̄) : B ⊗C Λp,q(D̄) → Λp,q(D̄) is

uniformly continuous in the corresponding Fréchet topologies and therefore is extended to
10
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a linear continuous map

(4.7) ĝp,q : Λp,q(D̄, E)→ Λp,q(D̄).

Clearly,

ĝp,q ◦ ∂̄ = ∂̄ ◦ ĝp,q−1, ĝp,q−1 ◦GB = GC ◦ ĝp,q and ĝp,q ◦HB = HC ◦ ĝp,q.

In particular, for ω ∈ Zp,q(D̄, E) we have ĝp,q(ω) ∈ Zp,q(D̄); hence, due to the previous

identities and since (4.6) is valid for B = C,

ĝp,q
(
∂̄GB(ω) +HB(ω)

)
= ∂̄GC(ĝp,q(ω)) +HC(ĝp,q(ω)) = ĝp,q(ω) for all g ∈ B∗.

It is easily seen that the family of linear maps {ĝp,q : g ∈ B∗} separates the points of

Λp,q(D̄, E). Therefore the latter implies that ∂̄GB(ω)+HB(ω) = ω for all ω ∈ Zp,q(D̄, E),

as required.

B. Now, we consider the case of an arbitrary holomorphic Banach vector bundle E ∈
Σ0(X). By the definition, there exists a holomorphic Banach vector bundle E1 → X such

that E2 := E⊕E1 is holomorphically trivial Banach vector bundle with a fibre B2. By i :

E → E2 and r : E2 → E, r◦i := IdE , we denote the corresponding bundle homomorphisms.

In a natural way, they induce continuous linear maps of the corresponding Fréchet spaces:

îp,q :
(
Λp,q(D̄, E), τp,q(E)

)
→
(
Λp,q(D̄, E2), τp,q(E2)

)
,

r̂p,q :
(
Λp,q(D̄, E2), τp,q(E2)

)
→
(
Λp,q(D̄, E), τp,q(E)

)
such that r̂p,q ◦ îp,q = IdΛp,q(D̄,E). Moreover, îp,q and r̂p,q commute with the corresponding

∂̄ operators and therefore îp,q embeds Zp,q(D̄, E) as a closed subspace into Zp,q(D̄, E2)

and r̂p,q maps Zp,q(D̄, E2) surjectively onto Zp,q(D̄, E).

Next, we define continuous linear operators

GE := r̂p,q−1 ◦GB2 ◦ îp,q : Λp,q(D̄, E)→ Λp,q−1(D̄, E),

HE := r̂p,q ◦HB2 ◦ îp,q : Λp,q(D̄, E)→ Zp,q(D̄, E),

where GB2 and HB2 are operators constructed in part A for the trivial bundle E2 :=

X ×B2. Due to identity (4.6) for these operators we have

(4.8) ω = ∂̄GE(ω) +HE(ω) for all ω ∈ Zp,q(D̄, E).

This implies (since HB2 maps ∂̄-exact forms to 0)

HE(ω) = H2
E(ω) for all ω ∈ Zp,q(D̄, E).

Thus HE(Zp,q(D̄, E)) is a closed complemented subspace of Zp,q(D̄, E) and (4.8) shows

that Zp,q(D̄, E) = Bp,q(D̄, E)⊕HE(Zp,q(D̄, E)).

Further, since each η ∈ B2 ⊗C Λp,q(D̄) is uniquely presented as η =
∑m

i=1 ci(η) · χi for

some ci(η) ∈ B2, by the open mapping theorem the correspondence η 7→ (c1(η), . . . , cm(η))

determines an isomorphism of the Fréchet spaces c :
(
B2 ⊗C Λp,q(D̄), τp,q(E2)

)
→ Bm

2 . In

what follows we regard B2 as the subset of O(X,E2) consisting of constant sections. Also,

we equip the space O(X,E)m of holomorphic sections of ⊕mE with topology of uniform

convergence on compact subsets of X.

We have the following sequence of continuous linear maps

(4.9) O(X,E)m
t−→ Λp,q(D̄, E)

HB2
◦̂ip,q
−→ B2 ⊗C Λp,q(D̄)

c−→ Bm
2

r̂−→ O(X,E)m,

where t(f1, . . . , fm) :=
∑m

i=1 fi|D̄ · χi, (f1, . . . , fm) ∈ O(X,E)m, and r̂ := ⊕m(r̂0,0|B2).
11
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Let us define the required space A ⊂ O(X,E)m of the theorem as the image of

Zp,q(D̄, E) under the map P := r̂ ◦ c ◦HB2 ◦ îp,q.

By our definition, t ◦ P = HE on Zp,q(D̄, E), and since HE is the identity map on

HE(Zp,q(D̄, E)) and zero on Bp,q(D̄, E), the subspace A ⊂ O(X,E)m is closed and P :

HE(Zp,q(D̄, E))→ A is an isomorphism with inverse t|A. Therefore, P ◦ t : O(X,E)m →
O(X,E)m is a projection onto A, that is, A ⊂ O(X,E)m is a complemented subspace.

Also, the map L := IdBp,q(D̄,E)⊕ t|A : B(D̄, E)⊕A → Zp,q(D̄, E) is an isomorphism of the

Fréchet spaces. Note that Ker (P ◦ t) consists of all (f1, . . . , fm) ∈ O(X,E)m such that

t(f1, . . . , fm) ∈ Bp,q(D̄, E).

Now, to define the required set S ⊂ D̄ of the theorem and to prove statement (a) let us

prove, first, the following result.

Lemma 4.2. The restriction map RD̄ : O(X,E)m → C(D̄, E)m to D̄ maps A isomor-

phically onto a closed subspace of the space A(D̄, E)m, where A(D̄, E) is the closure in

C(D̄, E) of the trace space O(X,E)|D̄.

Proof. Indeed, map t in (4.9) can be factorized as t = t̃ ◦RD̄ for a continuous linear map

t̃ : A(D̄, E)m → Λ̄p,q(D̄, E), t̃(g1, . . . , gm) :=

m∑
i=1

gi · χi, (g1, . . . , gm) ∈ A(D̄, E)m,

where Λ̄p,q(D̄, E) is the completion of the normed space
(
Λp,q(D̄, E), ‖ · ‖0,D̄,E

)
.

Also, by our construction, see part A above, map

HB2 :
(
Λp,q(D̄, E2), ‖ · ‖0,D̄,E2

)
→
(
B2 ⊗C Hp,q(D̄), ‖ · ‖0,D̄,E2

)
is continuous and, hence, admits a continuous extension

H̄B2 : Λ̄p,q(D̄, E2)→
(
B2 ⊗C Hp,q(D̄), ‖ · ‖0,D̄,E2

)
;

here Λ̄p,q(D̄, E2) is the completion of the space
(
Λp,q(D̄, E2), ‖ · ‖0,D̄,E2

)
.

Then the composite map c ◦ H̄B2 ◦ îp,q ◦ t̃ : A(D̄, E)m → Bm
2 is continuous with respect

to the corresponding norms ‖ · ‖0,D̄,Em and ‖ · ‖0,D̄,Em
2

on A(D̄, E)m and Bm
2 . (Here for a

Banach vector bundle V → X we set V m := ⊕mV .) Note that topologies defined by these

norms coincide with topology of uniform convergence for A(D̄, E)m and topology defined

by the Banach norm for Bm
2 . Therefore, if {Fk}k∈N ⊂ A|D̄ is a Cauchy sequence, then

the sequence {bk := (c ◦HB2 ◦ îp,q ◦ t̃)(Fk)}k∈N converges in Bm
2 , and, hence, {(r̂(bk)}k∈N

converges in O(X,E)m (in topology of uniform convergence on compact subsets of X).

Since Fk = (RD̄ ◦ r̂)(bk) for all k and A ⊂ O(X,E)m is closed, {Fk}k∈N converges in

A(D̄, E)m to an element of A|D̄, as required. Thus, by the open mapping theorem, RD̄ :

A → A|D̄ is an isomorphism of the corresponding Fréchet spaces. �

Let D′ ⊃ D̄ be a relatively compact subdomain of X. We equip the space C(D̄′, E) with

a norm ‖ · ‖0,D̄′,E defined similarly to ‖ · ‖0,D̄,E (see subsection 4.1). Topology defined by

this norm is topology of uniform convergence on D̄′, and
(
C(D̄′, E), ‖·‖0,D̄′,E

)
is a Banach

space. We define A(D̄′, E) to be the closure in C(D̄′, E) of the trace space O(X,E)|D̄′ . We

have the following sequence of continuous linear maps (induced by subsequent restrictions

X to D̄′ and D̄′ to D̄)

O(X,E)m
R

D̄′−→ A(D̄′, E)m
RD̄′

D̄−→ A(D̄, E)m

12
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such that RD̄ = RD̄
′

D̄
◦RD̄′ .

As a straightforward corollary of Lemma 4.2 we obtain

Lemma 4.3. A|D̄′ is a closed subspace of A(D̄′, E)m and RD̄
′

D̄
maps A|D̄′ isomorphically

onto A|D̄.

In particular, this lemma implies that there exists a constant C > 0 such that

(4.10) ‖RD̄′D̄ (v)‖0,D̄,Em ≥ C‖v‖0,D̄′,Em for all v ∈ A|D̄′ .

Let us fix a complete (smooth) Hermitian metric on X and with its help define the path

metric d : X × X → R+. For a fixed ε > 0 by Sε ⊂ D̄ we denote an ε-net in D̄ with

respect to the metric d.

Proposition 4.4. For a sufficiently small ε the restriction map RSε : A(D̄, E)→ C(Sε, E)m

to Sε maps A|D̄ isomorphically onto a closed subspace of C(Sε, E)m.

Proof. If v ∈ A(D̄′, E)m (= A(D̄′, Em), then according to the Cauchy estimates for deriva-

tives of bounded holomorphic functions we have for a constant C ′ > 0 depending on D,

D′ and definitions of the corresponding norms

‖∂v‖1,D̄,Em ≤ C ′‖v‖0,D̄′,Em .

This, the definition of the metric d and the intermediate-value inequality imply that there

exist a constant C ′′ > 0 (independent of v) such that for all ε > 0 and x1, x2 ∈ D̄ satisfying

d(x1, x2) ≤ ε,

(4.11) max
i=1,2

‖v(x1)− v(x2)‖0,{xi},Em ≤ C ′′ · ε · ‖v‖0,D̄′,Em .

Let us choose ε so that

0 < ε ≤ C

2C ′′
,

where C is defined in (4.10). If v ∈ A is such that ‖v|D̄‖0,D̄,E = 1, then according to

(4.10), ‖v|D̄′‖0,D̄′,E ≤ 1
C , and (4.11) implies that ‖v|Sε‖0,Sε,Em ≥ 1

2 . Hence, we have

(4.12) ‖RSε(v)‖0,Sε,Em ≥ 1

2
‖v‖0,D̄,Em for all v ∈ A|D̄.

This shows that RSε maps A|D̄ isomorphically onto a closed subspace of C(Sε, E)m. �

Taking S := Sε in statement (a) of the theorem with ε as in Proposition 4.4 we obtain

the required result; this completes the proof of part (1) of the theorem.

(2) Suppose E = f∗E′, where f : X → Y is a holomorphic map into a Stein manifold

Y and E′ is a holomorphic Banach vector bundle on Y with fibre B such that the group

GL(B) is contractible. The latter implies that E′ is isomorphic to the trivial bundle

Y × B in the category of topological Banach vector bundles. In turn, since Y is Stein,

the Oka principle for holomorphic Banach vector bundles, see [Bun], implies that E′ is

holomorphically isomorphic to Y × B as well, and so E is holomorphically isomorphic to

X×B. Thus, the required result follows from part (1) of the theorem applied to the trivial

bundle X ×B.

The proof of the theorem is complete.
13
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5. Proof of Theorem 2.4

The isomorphism in (1) is induced by the map associating to each ξ ∈ Zn−p,n−q0 (D̄, E∗)

a linear functional

Zp,q(D̄, E) 3 θ 7→ JE(θ, ξ),

where

JE : Λp,q(D̄, E)× Λn−p,n−q(D̄, E∗)→ C

is a continuous bilinear form with respect to the product topology τp,q(E)× τn−p,n−q(E∗)
on Λp,q(D̄, E)× Λn−p,n−q(D̄, E∗), see subsection 4.1, defined as follows.

Let V → X be a holomorphic Banach vector bundle. Consider a continuous bundle

homomorphism

TrE(V ) : E ⊗ E∗ ⊗ V → V

sending a vector ex⊗e∗x⊗vx in the fibre of E⊗E∗⊗V over x ∈ X to the vector e∗x(ex) ·vx
in the fibre of V over x (here ex, e∗x and vx are vectors in fibres of E, E∗ and V over x)

and then extended by linearity.

To define JE we take

Vp,q,r,s :=

((
∧pT ∗

)
∧ (∧qT ∗)

)
⊗
((
∧rT ∗

)
∧ (∧sT ∗)

)
.

By definition, forms in Λp,q(D̄, E) are C∞ sections over D̄ of bundle E⊗
(
∧pT ∗

)
∧ (∧qT ∗),

forms in Λr,s(D̄, E∗) are C∞ sections over D̄ of bundle E∗ ⊗
(
∧rT ∗

)
∧ (∧sT ∗). Therefore,

if θ ∈ Λp,q(D̄, E) and ξ ∈ Λr,s(D̄, E∗), then θ ⊗ ξ is a C∞ section over D̄ of bundle(
E ⊗

(
∧pT ∗

)
∧ (∧qT ∗)

)
⊗
(
E∗ ⊗

(
∧rT ∗

)
∧ (∧sT )∗

)
∼= E ⊗ E∗ ⊗ V.

In turn, TrE(Vp,q,r,s)(θ ⊗ ξ) is a C∞ section over D̄ of bundle Vp,q,r,s. Let Λp,q,r,s be the

canonical quotient homomorphism of bundles V →
(
∧p+rT ∗

)
∧
(
∧q+sT ∗

)
(obtaining by

replacing ⊗ by ∧ in the definition of V ). Assuming that r = n− p, s = n− q, we set

(5.13) JE(θ, ξ) :=

∫
D

Λp,q,n−p,n−q

(
TrE(Vp,q,n−p,n−q)(θ ⊗ ξ)

)
(by definition, the integrand is in Λn,n(D̄), and so the integral is well defined). The

construction of JE and the definition of norms ‖·‖0,D̄,E and ‖·‖0,D̄,E∗ given in subsection 4.1

imply immediately

Lemma 5.1. There is a constant C > 0 such that

|JE(θ, ξ)| 6 C · ‖θ‖0,D̄,E · ‖ξ‖0,D̄,E∗ for all θ ∈ Λp,q(D̄, E), ξ ∈ Λn−p,n−q(D̄, E∗).

In particular, JE :
(
Λp,q(D̄, E)× Λn−p,n−q(D̄, E∗), τp,q(E)× τn−p,n−q(E∗)

)
→ C is a con-

tinuous bilinear form.

We are in position to prove the theorem.

I. First, we prove the result for the case of the trivial bundle E = X ×B, where B is a

complex Banach space. Let us prove (1).

Lemma 5.2. JE = 0 on
(
Zp,q(D̄, E)×Bn−p,n−q0 (D̄, E∗)

)⋃(
Bp,q(D̄, E)×Zn−p,n−q0 (D̄, E∗)

)
.
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Proof. For E = X × C (the scalar case) the required result is proved in [FK, Ch.V.1].

The proof in the general case repeats word-for-word the previous one and is based on the

following identities, the first one valid for all φ ∈ Λp,q(D̄, E), ψ ∈ Λr,s(D̄, E∗), and the

second one for all φ ∈ Λp,q(D̄, E), ψ ∈ Λn−p,s(D̄, E∗) with q + s = n− 1:

∂̄Λp,q,r,s

(
TrE(Vp,q,r,s)(φ⊗ ψ)

)
= Λp,q+1,r,s,

(
TrE(Vp,q+1,r,s)(∂̄φ⊗ ψ)

)
+(−1)p+qΛp,q,r,s+1

(
TrE(Vp,q,r,s+1)(φ⊗ ∂̄ψ)

)
,

∫
D̄
∂̄Λp,q,n−p,s

(
TrE(Vp,q,n−p,s)(φ⊗ ψ)

)
=

∫
∂D

Λp,q,n−p,s

(
TrE(Vp,q,n−p,s)(φ⊗ ψ)

)
.

(The first identity is easily verified in local coordinates. The second one is the Stokes

theorem.) �

Lemmas 5.2 and 5.1 and the fact that Bp,q(D̄, E) ⊂ Zp,q(D̄, E) is a closed subspace

imply that JE descends to a bilinear form

(5.14) JE : Hp,q(D̄, E)×Hn−p,n−q
0 (D̄, E∗)→ C

such that SE(h0) := JE(·, h0) ∈ (Hp,q(D̄, E))∗ for each h0 ∈ Hn−p,n−q
0 (D̄, E∗).

Let us prove that the linear map

(5.15) SE : Hn−p,n−q
0 (D̄, E∗)→ (Hp,q(D̄, E))∗

is injective and surjective. Along the lines of the proof, we will show that Bn−p,n−q0 (D̄, E∗)

is a closed subspace of Zn−p,n−q0 (D̄, E∗), which will prove assertion (1) in this case.

Thus, we must prove:

a) (surjectivity) given an element F ∈ (Hp,q(D̄, E))∗, there exists ξ ∈ Zn−p,n−q0 (D̄, E∗)

such that JE(θ, ξ) = F ([θ]) for all θ ∈ Zp,q(D̄, E); here [θ] ∈ Hp,q(D̄, E) denotes the

cohomology class of θ.

b) (injectivity) if JE(θ, ξ) = 0 for all θ ∈ Zp,q(D̄, E), then ξ ∈ Bn−p,n−q0 (D̄, E∗).

First, let us prove a). Recall that we fix forms {γi}mi=1 ⊂ Z
n−p,n−q
0 (D̄) such that∫

D χi ∧ γj = δij - the Kronecker delta; here {χi}mi=1 is the basis of Hp,q(D̄).

Due to (4.6) of subsection 4.2, each form θ ∈ Zp,q(D̄, E) can be uniquely presented

as θ = ∂̄GB(θ) + HB(θ), where HB(θ) =
∑m

i=1 bi · χi and all bi ∈ B. Therefore the

correspondence [θ] 7→ (bi)
m
i=1 determines an isomorphism of Fréchet spaces Hp,q(D̄, E) ∼=

Bm. Under this isomorphism, (Hp,q(D̄, E))∗ ∼= (B∗)m and so each F ∈ Hp,q(D̄, E))∗ has

a form F = (b∗i )
m
i=1 ∈ (B∗)m for some b∗i ∈ B∗, and F ([θ]) :=

∑m
i=1 b

∗
i (bi).

Now, we set ξ :=
∑m

i=1 b
∗
i ·γi ∈ Z

n−p,n−q
0 (D̄, E∗). Then, by the definition of JE we have

JE(θ, ξ) = JE

(
m∑
i=1

bi · χi,
m∑
i=1

b∗i · γi

)
=

m∑
i,j=1

b∗i (bj)

∫
D
χi ∧ γj =

m∑
i=1

b∗i (bi) = F ([θ]),

as required.

Next, let us prove b). We construct a continuous linear operator

(5.16) QE : Λn−p,n−q(D̄, E∗)→ Λn−p,n−q−1
0 (D̄, E∗)

15
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such that if ξ ∈ Zn−p,n−q0 (D̄, E∗) and JE(·, ξ) = 0, then ξ = ∂̄(QE ξ). Clearly, existence

of such an operator would imply b) and, hence, show that Bn−p,n−q0 (D̄, E∗) is a closed

subspace of Zn−p,n−q0 (D̄, E∗).

In case E = X × C the required operator was constructed in [FK, Ch.V.1]:

QX×C ψ := ρ(−∂̄α+ θ);

here ρ is the defining function of D and α ∈ Λn−p,n−q−2(D̄, E∗), θ ∈ Λn−p,n−q−1(D̄, E∗)

are uniquely determined by the formula

∗∂̄N(∗ψ̄) =: ∂̄ρ ∧ α+ ρθ (= ∂̄(ρα) + ρ(−∂̄(ρα) + θ)).

Here ∗ is the Hodge star operator and N is the “∂̄-Neumann operator” in the terminology

of [FK, Ch.V.1]; the continuity of QX×C in the Fréchet topology on Λn−p,n−q(D̄) follows

from [FK, Th. 3.1.14] and the Sobolev embedding theorem.

In the general case, we define QE using QX×C similarly to how it was done for operators

GB, HB in part A of the proof of Theorem 2.2, cf. subsection 4.2: first, we define

QE := IdB∗ ⊗QX×C on the tensor product B∗ ⊗Λn−p,n−q(D̄). Then, using the facts that

B∗ ⊗ Λn−p,n−q(D̄) is dense in Λn−p,n−q(D̄, E∗) and that in virtue of continuity of QX×C
operator QE is bounded with respect to Fréchet seminorms ‖·‖′

k,D̄,E∗
on Λn−p,n−q(D̄, E∗),

we extend QE by continuity to Λn−p,n−q(D̄, E∗). Now, we prove that the constructed

operator QE possesses the required properties.

Indeed, by definition, inclusion QEξ ∈ Λn−p,n−q−1
0 (D̄, E∗) is equivalent to identity

(QEξ)|∂D = 0. It is verified by applying to QEξ “scalarization operators” ĝn−p,n−q :

Λn−p,n−q(D̄, E∗) → Λn−p,n−q(D̄) (cf. (4.7) with g viewed as an element of B∗∗), and

using that ĝn−p,n−q(QEξ) = QX×C ĝn−p,n−q(ξ) and the latter vanishes on ∂D. Identity

ξ = ∂̄(QEξ) for ξ satisfying JE(·, ξ) = 0 is also verified by this method. This completes

the proof of b).

To finish the proof of assertion (1) it remains to show that SE and its inverse are

continuous (see (5.15)). Indeed, continuity of SE follows from Lemma 5.1 and the fact

that Bn−p,n−q0 (D̄, E∗) is a closed subspace of Zn−p,n−q0 (D̄, E∗). Continuity of the map

inverse to SE follows from the open mapping theorem for linear continuous maps between

Fréchet spaces.

Let us prove part (2) of the theorem in the case of trivial bundles. According to part

A of the proof of Theorem 2.2, A = Bm, i.e., consists of constant sections in O(X,E)m.

Hence, B := (B∗)m consists of constant sections in O(X,E∗)m. As the required set S∗ we

take a point in D̄; then the statement B ∼= B|S∗ is obvious. The fact that the linear map

M : B → Hn−p,n−q
0 (D̄, E∗),

M(h1, . . . , hm) :=

[
m∑
i=1

hi|D̄ · γi

]
, (h1, . . . , hm) ∈ B,

is an isomorphism of Fréchet spaces (i.e., statement (2) (b)) follows from the arguments

presented in the proof of a) and b) above.

This completes the proof of the theorem for trivial bundles.

II. Now we consider the case of an arbitrary holomorphic Banach vector bundle E ∈
Σ0(X). Recall that by the definition of class Σ0(X) there exists a holomorphic Banach

vector bundle E1 on X such that the Whitney sum E2 := E ⊕ E1 is holomorphically
16
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trivial, i.e. E2 = X × B2 for a complex Banach space B2. We have the corresponding

embedding and quotient homomorphisms of bundles

i : E → E2 and r : E2 → E such that r ◦ i = IdE .

In turn, E∗2 = E∗ ⊕ E∗1 and we have the adjoint homomorphisms

i∗ : E∗2 → E∗ and r∗ : E∗ → E∗2 such that i∗ ◦ r∗ = IdE∗ .

The above homomorphisms induce continuous linear maps between the corresponding

Fréchet spaces of forms

îs,t : Λs,t(D̄, E)→ Λs,t(D̄, E2), (î∗)s,t : Λs,t(D̄, E∗2)→ Λs,t(D̄, E∗),

r̂s,t : Λs,t(D̄, E2)→ Λs,t(D̄, E), (r̂∗)s,t : Λs,t(D̄, E∗)→ Λs,t(D̄, E∗2).

Also, these maps act between the corresponding spaces Λs,t0 of forms vanishing on ∂D.

First, we prove assertion (1) of the theorem. To prove that Bn−p,n−q0 (D̄, E∗) is closed

in Zn−p,n−q0 (D̄, E∗), it suffices to construct a continuous linear map

QE : Bn−p,n−q0 (D̄, E∗)→ Λn−p,n−q−1
0 (D̄, E∗),

such that

(5.17) ∂̄QE = IdBn−p,n−q
0 (D̄,E∗).

We define

QE := (̂i∗)n−p,n−q−1 ◦QE2 ◦ (r̂∗)n−p,n−q,

where continuous map QE2 : Λn−p,n−q(D̄, E∗2)→ Λn−p,n−q−1
0 (D̄, E∗2) for the trivial bundle

E2 was constructed in part I of the proof, see (5.16). Then, since operator ∂̄ commutes with

maps (̂i∗)n−p,n−q−1 and (r̂∗)n−p,n−q, property (5.17) follows from the analogous one for

QE2 (see above) and in view of the identity (̂i∗)n−p,n−q−1 ◦ (r̂∗)n−p,n−q = IdΛn−p,n−q(D̄,E∗).

Hence, the quotient space Hn−p,n−q
0 (D̄, E∗) is Fréchet.

Further, identity r ◦ i = IdE and the definition of (continuous) bilinear form JE clearly

imply for all θ ∈ Zp,q(D̄, E), ξ ∈ Zn−p,n−q0 (D̄, E∗),

(5.18) JE(θ, ξ) = JE2

(̂
ip,q(θ), (r̂∗)n−p,n−q(ξ)

)
.

In particular, by Lemma 5.2 for JE2 and the fact that ∂̄ commutes with (̂i∗)n−p,n−q−1 and

(r̂∗)n−p,n−q we have JE(θ, ξ) = 0 if θ ∈ Bp,q(D̄, E) or ξ ∈ Bn−p,n−q0 (D̄, E∗). Therefore, JE
descends to a continuous bilinear form

JE : Hp,q(D̄, E)×Hn−p,n−q
0 (D̄, E∗)→ C.

As before, JE determines a continuous linear map SE : Hn−p,n−q
0 (D̄, E∗)→ (Hp,q(D̄, E))∗,

(5.19) SE(h0) := JE(·, h0), h0 ∈ Hn−p,n−q
0 (D̄, E∗).

Note that since maps îs,t, (̂i∗)s,t and r̂s,t, (r̂∗)s,t commute with operator ∂̄, they descend

to maps between the corresponding cohomology groups (denoted by īs,t, (̄i∗)s,t and r̄s,t,

(r̄∗)s,t, respectively, and similarly but with the lower index 0 in case of maps between H0

cohomology groups).

It follows from (5.18), (5.19) and (5.15) that

SE = (̄ip,q)∗ ◦ SE2 ◦ (r̄∗)n−p,n−q0 .
17
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Now, consider the second summand in the decomposition E2 = E ⊕E1. Then we have

the corresponding embedding and quotient homomorphisms of bundles

i1 : E1 → E2 and r1 : E2 → E1 such that r1 ◦ i1 = IdE1 .

Repeating the above arguments with (E, i, r) replaced by (E1, i1, r1) we arrive to a similar

identity for continuous linear maps between the corresponding cohomology groups

SE1 = (̄ip,q1 )∗ ◦ SE2 ◦ (r̄∗1)n−p,n−q0 .

Note that the map

(5.20)

(
(̄ip,q)∗, (̄ip,q1 )∗

)
◦ SE2 ◦ Σ

(
(r̄∗)n−p,n−q0 , (r̄∗1)n−p,n−q0

)
:

Hn−p,n−q
0 (D̄, E∗)⊕Hn−p,n−q

0 (D̄, E∗1)→ (Hp,q(D̄, E))∗ ⊕ (Hp,q(D̄, E1))∗,

where Σ(u, v) = u+ v (u, v ∈ Hn−p,n−q
0 (D̄, E∗2)), is an isomorphism.

Indeed, by the result of part I map SE2 : Hn−p,n−q
0 (D̄, E∗2) → (Hp,q(D̄, E2))∗ is an iso-

morphism. Also, decomposition E ⊕ E1 = E2 implies that maps
(
(̄ip,q)∗, (̄ip,q1 )∗

)
and

Σ
(
(r̄∗)n−p,n−q0 , (r̄∗1)n−p,n−q0

)
are isomorphisms between the corresponding spaces.

Next, by the definition of bilinear form JE2 we have

(̄ip,q1 )∗ ◦ SE2 ◦ (r̄∗)n−p,n−q0 = (̄ip,q)∗ ◦ SE2 ◦ (r̄∗1)n−p,n−q0 = 0.

Therefore, isomorphism (5.20) coincides with SE ⊕ SE1 . This implies, in particular, that

SE is an isomorphism and completes the proof of part (1) of the theorem.

Let us prove (2)(b). Let M := ME2 be the map of part (2) (b) of the theorem for the

trivial bundle E2. We set

NE2 := M−1
E2

: Hn−p,n−q
0 (D̄, E∗2)→ (B∗2)m

and define a continuous linear map

NE : Hn−p,n−q
0 (D̄, E∗)→ O(X,E∗)m

by the formula

NE := î∗ ◦NE2 ◦ (r̄∗)n−p,n−q0 ,

where î∗ := ⊕m
(
(̂i∗)0,0|B∗2

)
(here B∗2 is identified with the space of constant sections in

O(X,E∗2)). Since NE2 is continuous, map NE is continuous as well.

Let us show that NE is injective. We argue as above. Namely, map

(5.21) (̂i∗, î∗1) ◦NE2 ◦ Σ
(
(r̄∗)n−p,n−q0 , (r̄∗)n−p,n−q0

)
:

Hn−p,n−q
0 (D̄, E∗)⊕Hn−p,n−q

0 (D̄, E∗1)→ O(X,E∗)m ⊕O(X,E∗1)m

is injective. Indeed, NE2 is an isomorphism by the corresponding result of part I, and

the injectivity of maps (̂i∗, î∗1), Σ
(
(r̄∗)n−p,n−q0 , (r̄∗)n−p,n−q0

)
follow from the decomposition

E ⊕ E1 = E2. Since

î∗1 ◦NE2 ◦ (r̄∗)n−p,n−q0 = î∗ ◦NE2 ◦ (r̄∗1)n−p,n−q0 = 0

(because r1 ◦ i = r ◦ i1 = 0), injective map (5.21) coincides with NE ⊕ NE1 , and so map

NE must be injective as well.

Now, we define

B := NE

(
Hn−p,n−q

0 (D̄, E∗)
)
⊂ O(X,E∗)m.
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(Space B ⊂ O(X,E∗)m is endowed with the Fréchet topology of uniform convergence on

compact subsets of X.) Let us show that B is a closed subspace of O(X,E∗)m. To this

end, we define a continuous linear map

M = ME := (̄i∗)n−p,n−q0 ◦ M̃E2 ◦ r̂∗ : B → Hn−p,n−q
0 (D̄, E∗), r̂∗ = ⊕m(r̂∗)0,0,

where

M̃E2(h1, . . . , hm) :=

[
m∑
i=1

hi|D̄ · γi

]
, (h1, . . . , hm) ∈ O(X,E∗2)m.

By definition, ME2 = M̃E2 |(B∗2 )m . Also, one can easily check that

(̄i∗)n−p,n−q0 ◦ M̃E2 ◦ r̂∗ ◦ î∗|(B∗2 )m = (̄i∗)n−p,n−q0 ◦ME2 .

From here, using thatME2◦NE2 = IdHn−p,n−q
0 (D̄,E∗2 ), we obtainME◦NE = IdHn−p,n−q

0 (D̄,E∗).

Since ME is continuous, the latter identity implies that space B is complete and hence is

closed in O(X,E∗)m.

The fact that B is isomorphic to the dual of A is now immediate, since by what we have

proved above B ∼= (Hp,q(D̄, E))∗, while by Theorem 2.2(1), A ∼= Hp,q(D̄, E). The proof

of assertion (2)(b) is complete.

The proof of assertion (2)(a) is analogous to the proof of part (1)(a) of Theorem 2.2.

The proof of the theorem is complete.
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