The Arithmetic of Modular Grids

Grant Molnar

Dartmouth College

October 5, 2019

Joint Work with M. Griffin, P. Jenkins



Introduction
What is Zagier duality?

Let fx m(z) be the unique weakly holomorphic modular form of
weight k over SLy(Z) with Fourier expansion

fm(2) = q ™+ O(g""?)

foo(z) =1
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H1(z) = q ! —196884g — 42987520¢°  + ...
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Introduction
What is a modular form?

For v = (25) € SLy(R) and z arbitrary, define vz = ijj:g

Define j(v,z) = cz+d
A map v: I — C* is a weight k multiplier if
v(n)v(12)i(n,7122)" i (2, 2)* = v(mr2)i(1172, 2)"

A function f : H — C is modular of weight k for [ with multiplier
v if

f (vz) = v(7)i(v, 2)*f(2)
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What is a modular form?

A weight k weakly holomorphic modular form is a function
f : H — C such that:

® f is modular of weight k

® f is holomorphic

e f is meromorphic at its cusps Q(I)

M,!((r, v) = the space of weakly holomorphic forms J
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What is Zagier duality? (revisited)

{ fm(z) =q~"+ > a(m,n)q" }m and

n

{ gn(2) = 4 + X b(m, n)q" }m

n

exhibit Zagier duality if

a(m,n) = —b(n, m)
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One proof using recurrences

One proof by observing the constant term of f,g, is

a1/2(m, n) + 33/2(’77 m) =0
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2006

Jeremy Rouse published Zagier duality for the exponents of
Borcherds products for Hilbert modular forms

He proved duality between bases for certain weight 0 and weight 2
spaces with nontrivial multipliers
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For all even k,

ax(m, n) = —ax_x(n, m)
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term in a sequence exhibiting Zagier duality

2013

SoYoung Choi and Chang Heon Kim published Basis for the
space of weakly holomorphic modular forms in higher level
cases

| A

They extended Duke’s and Jenkins' proof to establish duality
between bases for forms over ['J (p) with genus 0
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2014

Andrew Haddock and Paul Jenkins published Zeros of weakly
holomorphic modular forms of level 4

They extended Duke's and Jenkins' proof to establish duality
between bases for level 4 forms of every even weight

2017

Victoria Iba, Paul Jenkins, and Merrill Warnick published
Congruences for coefficients of modular functions in genus
zero levels

| A

They extended Duke’s and Jenkins' proof to establish duality
between bases for forms with levels 6, 10, 12, 18 of every even
weight




Historical background

Historical background

Daniel Adams published Spaces of weakly holomorphic modular
forms in level 52




Historical background

Historical background

Daniel Adams published Spaces of weakly holomorphic modular
forms in level 52

He extended Duke's and Jenkins' proof to establish duality
between bases for level 52 forms of every even weight




Historical background

Historical background

2017

Daniel Adams published Spaces of weakly holomorphic modular
forms in level 52

He extended Duke's and Jenkins' proof to establish duality
between bases for level 52 forms of every even weight

2017

Kit Vander Wilt published Weakly holomorphic modular forms
in level 64

| A




Historical background

Historical background

2017

Daniel Adams published Spaces of weakly holomorphic modular
forms in level 52

He extended Duke's and Jenkins' proof to establish duality
between bases for level 52 forms of every even weight

2017

Kit Vander Wilt published Weakly holomorphic modular forms
in level 64

| A

He extended Duke's and Jenkins' proof to establish duality
between bases for level 64 forms of every even weight




Historical background

Historical background

2017

Paul Jenkins and DJ Thornton published Weakly holomorphic
modular forms in prime power levels of genus zero




Historical background

Historical background

2017

Paul Jenkins and DJ Thornton published Weakly holomorphic
modular forms in prime power levels of genus zero

They extended Duke's and Jenkins' proof to establish duality
between bases for forms with levels 2, 3, 4, 5, 7, 8, 9, 16, and 25,
of every even weight




Historical background

Historical background

2017

Paul Jenkins and DJ Thornton published Weakly holomorphic
modular forms in prime power levels of genus zero

They extended Duke's and Jenkins' proof to establish duality
between bases for forms with levels 2, 3, 4, 5, 7, 8, 9, 16, and 25,
of every even weight

2017

Paul Jenkins and the author published Zagier duality for level p
weakly holomorphic modular forms




Historical background

Historical background

2017

Paul Jenkins and DJ Thornton published Weakly holomorphic
modular forms in prime power levels of genus zero

They extended Duke's and Jenkins' proof to establish duality
between bases for forms with levels 2, 3, 4, 5, 7, 8, 9, 16, and 25,
of every even weight

2017
Paul Jenkins and the author published Zagier duality for level p
weakly holomorphic modular forms

They proved that duality holds for between weight 0 and weight 2
forms for an infinite class of primes, and that duality holds between
weight k and 2 — k forms for every prime < 37 of nonzero genus

o’
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Theorem (Griffin-Jenkins-M.)

3" (m, n) = —b, (n, m)
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Write F)(z,7) = zf(;{(f)qm

Write 6 (z,7) = ng,",l(f)q"’

v

Corollary (Griffin-Jenkins-M.)

FNz,7) = =69, (7, 2)
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reduced-echelon basis for I\//\I,((OO)(I_, v, U)

Theorem (Griffin-Jenkins-M.)

azL//,k(mv n) = —bg,sz(”, m)
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Proof sketch
Some notation

We say f = (f"), € C((q))r if
® Each f* is a formal Laurent series in g
e When Aoc = Noo, f* and ' are compatible

M (T, v) = C((q))r., via f = (f|k)\), ]

Write fA = 3~ a*(n)q", and g* = " b*(n)q"

Write w, for the cuspidal width of p

Choose 7, so that y,00 = p
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The Borcherds—Bruinier—Funke pairing

{e,o}r: Cl(a))rn x C((q))rw — C

{figtr= 2 w2 ar(n)b®(=n)

peT) n

Theorem (Bruinier-Funke)

If f € M(T,v)and g € M) (T, v) then

{f7g}r:0
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The Borcherds—Bruinier—Funke pairing

{e,o}r: Cl(a))rn x C((q))rw — C

{figtr= 2 wpd aw(n)b™(=n)

peT) n

Theorem (Borcherds)

For f = (f"), € C((9))r.», TFAE:

® There exists f € M, (T, v) such that for each A, we have that
fA =f* 4+ o(1)

® For every holomorphic modular form g € M,_,(I',7), we have
{fag}r = 0

v
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Proof Sketch

{ F) (V)k ; } = 0 as both forms are weakly holomorphic

k.m &
; aZ"yp(n)bez(—n) =0 for p # 00

ai”)(m, n) + bg_)k(n, m) + %: af(”)(m E)b(u) (n,—0)=0
But 32 3y (m. )b, (. ) =0

Then af(y)(m, n) + bgy_)k(n, m) =0
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Conclusion

What comes next?

What can we say about .FIEV)(Z,T) and Q,((V)(z, T)?

v

Zagier duality gives us grids of coefficients. Do linear combinations
of these modular grids produce interesting families of forms?

<

What about harmonic Maass forms? \




Thank you for your attention!
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