
Lecture2

Trace formula methods



Plan

Poisson Summation Formula

② Selberg Trace Formula

③ Upper bounds after Gorbacher-Cohn-Elkies

④ Lower bounds after Booker-Strömbergsson



Ref" A trace formula is an equation that expresses the trace of an operator

in two different ways.

Ex &. diagonal entries = trA = E eigenvalues-

More loosely ,
it is an equation that relates the eigenvalues of an

operator to other data.

PoissonSummation Formula

If f : RR"-> IR is a Schwartz function
,
ACIR" is a lattice

,

and = TweR : (v
,
w)=* VEX)

,

then

This is a

~ five=r Fratty trace formula for
1 on IRY !



Def"feS(IRY) if all partial derivatives of f (of all orders)
decay faster than k

as III -> 0
,
VILEN

.

PSF Define F(X) := Ax + V
.

f -f (IRY) -> FeCO
V E

and by construction , I is 1-periodic.
i F = I CnCw in12 for some CrE & 1

A
WeM

Where
En (c) = eati(X, ~) These are eigenfunctions

of A = - on E = IR" with eigenvalue (2HIw
e

&



We compute

auvol(X) = Cyllerl = F
,
en]

P find .
domain

=Si
fratus efititx,wh for A .

- Strxtu) 25
: (x+ V

,
w)
d(x+

=frusetiitu, den

=SEcuse-idn
,
25w)du = EFI2tw



=

& f(x+ v = F(x) =+ E(2HW) 2Hi[x
,
w)
in Le

VEN Vo(X) We l*
-

and hence pointwise since both sider are continuous.

Evaluating at X = 0 given
the PSF.

#

Myis it a trace formula?

Suppose f(x) = ¢CIIX11). Then Ery) = 4 (ly11) .

(0) + 2p(((t)) I Ebrvil)=ix) especia
T(E)

VEA

homotopy classes
of oriented closed
geoderies in X



④wardsthe Selberg Trace Formula
We want to do the same thing if X = H12/p is a closed hyperbolic

surface.

Start with a radial function K(z
, w)

= E(drz
,w)

· Z

Define [(z) : = E K/z, Uz) . W

VEM

fre
,
we have

Kidz)= k(dz
,
urz) =EK (z

,
0 Vdz)=EKrzotet



=> E = = 4 4 where $form a basis of
1eSpec(Ax)

eigenfunctions of Ax
.

Instead of evaluating at a particular point
,

we integrate over]X .

Length-trace formula

I& E: (z)de = Kros area(X) top sainte
ron

where P(X) = conjugacy classes of primitive elements in N.



Setch Let D be a fundamental domain for 4
.
We have

{ (z)dz

=
k(z
,
vz)dz =

en
Skrz

,
uz de

④ If U = id get Skiz, z)dz = [K(0) dz = E(0) area.
② If &Et

,
then

Syklz,a Vez)dz = floz, vaz)d(kz)=Skrz, vz) de
③ d'Ud =

"

Up E) B&
"
commutes with

E) po" and 8 are both powers of a common primitive W.

Es U = V and & (Vol = B (Vo)



=) E becomes 4 : Sk(z, V, z) de&

WENKidy
Tou eP(x) h=

evoyeu&D

Moreover

.
[krz,"z)dz = ) k(z

,
"z)dz

.

-Vo) E M
(Vo)

& D

#(Vo
↳ can compete explicitly

l'(H by conjugating Vo to/(uf)
= H12/ elitolo

o

((V) ( O e-ervole)



TheSelberg Trace Formula
Suppose that f : (R-> IR is admissible and X=H
is closed

,
then

Pr

E F(1)= X) [Frr) tanklitr dr2T

tespec(Ax)

Idear : Define E in terms -pufinere2)of f via the Abel
transform

.

Def" f : IR-> IR is admissible if it is even
,

I is well-defined
on 1/Im31 < + + E] for some < > 0 and

1E(S) 1 = 0 listera) in that strip .



③ Upper bounds from trace formulas

Thm (Gorbacher 2000
,

Cohn-Elkies 2003)
If A FAIR") and r > o is such that

④ f(x) 0 if IXllar

② I(y) 0 KyEIRU
Then sys(X) < r for every

flat torus X

of dimension h and volume
1
.

③ tros = F(0) = 1
.

If Let X = IR /1
.

We prove
that " ->"

,
which is equivalent .

vol(x)
Scale X so that sys(X) = r

,
which does not change the systolic

ratio
. Then

1 = bros ? Arv > PSF+ 2 Elal 2 Ecos = 1-
Vol(x) WE* volcX) volix)
fromwhich the inea . follows. D



How to optimize the bound ?

-1x14/2
where p is a polynomial , so thattake f(x) = P(((x12) e

Fry) = quigne"yll2/2 for a polynomial a as well.

Impose some double zeros r
, i2 ,..., Im to p & a simultaneously,

which gives a linear system of equations.

↑ ·r

f

Ve

Then
vary Cri

, ..., Um) andin..-> optimize numerically.



An analogous method works for hyperbolic surfaces!

Observation sysX)<r E the number
of closed geodesics with length

in (0
,
U) is at least 1

.

Generalization (FB-Petri)
-

Let E be a multiset of elements in IR and let ICIR
.

Suppose that Q Y(A) <0 VEELI

② T(x) > 0

de E

③ m4(m) < EP(X) for all Me I .
Then #EnIm+ counting multiplicity.

We can use the trace formula to check & andB !



④ Lower bounds on spectral gaps (for specific X's)

Lemma (Booker-Strömbergsson'07) Let X be a hyperbolic surface.
-

Suppose that filR-> IR is admissible , (VFG) 10 VIO and

-

1(- ) > F()
.

Then Mspec(Ax) .

1 espec(Ax)

If If MEspec(Ax), than E(m) E(FR) since the other

1 espec((x)
terms are ? 0

.
i

Goal : Maximize Et oree in

E
1 e spec(Ax)



How to optimize over f ? Suppose we know the primitive length spectrum
(to rule out a particularn)

of X up to lengthL .

Let h
....,

In : R + IR be such that h
,
th, is admissible and

supported in EL
,
26 for every jk.

For

etIR",leth=El and Fhihihi
et en

so that

Write b(t) := (hirts, ...,tnits) so that furt) = (x
,
brt)) and

f(t) = (X
,
b(t))2

.



-

Define Aj :=
especiax)

hjhk (II) so that

-

E f(x) =E * xj Xk hjxh, (Fk)
Ax↓E spec( 1 Espec(Ax)

Sik =1

=xjAjkXx = x
, Ax)

We now want to find

max

TER"son
where b = b(-Tu)

(if 1, thenM Spec(s)



A is symmetric and positive definite, so it admits a symmetric

positive definite square
root IA.

=> (X
,
Axf = (Ex

,
fax) so set y

=Vx

=> x= (va) y
and (x

, b) = (y , (a)
"

b)

By Canchy-Schwarz, s"b)<IIE) 312 with equalityon

only if ya (A)
"
b E) X & Ab

.



The Booker-Strombergsson function for the Bolza surface with L= 9
.1

B S [u) : = min (x
,
Ax) n = 26
-

Rxel "Kog -x
, b(u)

&

to ↓ 44 ↑
8

M


