
Lecture 4

Triangle surfaces



① Triangle groups and surfaces

② Spectral data

& Representation theory & multiplicity



·

Triangle groups
Fact V4

, B,
U30 st

.

&+ B + UCT, there exists a
-

(unique hyperbolic triangle with interior angles 4,p,
A

up to ison)

-Def" . (p , 9 , r)EIN is hyperbolic if ++ 5 < 1
. &

d 3 ( *

· A (P, 9 , r) -triangle is a triangle with interior angles
Mp , Trg , Tr .

(exists by the fact)

· The (p , 9 , r) - triangle group T(P, 9 , r) is the group generated
2T

by the counterclockwise
rotations of angle /p, 9 , 2π

about the vertices of a (p , 9 , r) - triangle ·

(unique up to conj)



Relations
We have <P = y9 = zV = id

-

y ↑ X
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Relations
We have <P = y9 = zV = id

-

We can write X = Ro Rc
Re
-

y ↑ ↑
X y = Rc Ra

I
V

T
z = RaRbF

=> xyz = RyRc Rc RaRa Ro
=> Rb

Ret = Rb Rp = id.

I Cor T is generated by any two of X, y , z .

V

z



Fundamental domain
By the Poincaré polygon theorem,
Q is a fundamental domain for

⑳ ·

the action of T = T(P , 9,r) on H12 .

·
X

In other words
,

Q [UCQ) : UET] til HI?

Z Furthermore,
↳C

⑳ (x
, y, z/xP = ya = z = xyz = idf
is a presentation for T(p , 9 , r)



Fundamental domain

⑳ ·

·
X

-

Q

Q

Z

↳C

⑳



Quotient space 8(p, 9, r) : = H2/+ (p , 9, r)
E Q/side identifications

⑳ ·

· 27/9
- &

X E ( 2π/p

Q

-
⑳

(p , 9
, r) - orbifold

Tü

·

at/



trianglesurfaces

Def"A (p , 9 , r) -triangle surface is a surface of the form X=HIY
where MAT(p , 9 , 2) with N torsion-free and IT :P < 0

.

Then G := T/p is a finite group
which acts by

orientation-preserving isometries on X = H/
and

X6
-(H

2

/+X(+(0-9
,-1)

=> HI
Poge)

= Orp,git).



X

normal normetointer2 covering
H mas ree O(p , 9, r)

deg
&

l 1 2π/p

I
1 /6

->
->

Tü

-- ·

2π/

normal
branched

triangle = quasiplatonic /T(p , 9 , V) cover



Hurwitz surfaces

Im (Hurwitz
,

1893 If X is a closed hyperbolia surface of genus g (2)
,

(
then 1Isom+(X) / < 84 /g - 1)

With equality iff
X is a (2

,
3
,
7) - triangle surface. (Hurwitz surface)

They exist in genus 3
,

7
,

14 17
,

118, .../

-
3 distinct ones



Properties of triangle surfaces

· X is a triangle surface of genus g
E X is a strict local maximizer ofIIsomt) inMg .

· Every triangle surface is a critical point of sys (on Tg).



② Spectral data



The Bolza surface

g = 2

(P , q, r) = (2, 3, 8)

Thm (Jenni
,

81) The Bolza surface satisfies

↓, (B) = [3 . 83
,

3
. 85) and M

, (B) = 3
.

(Strohmaier-Uski
,
2013) 1

,
(B) 3

. 838887258842 ...

Cook (2018) discovered error in Jenni. Proved 3 <M
,
(B) < 4.

The (FB-Petri
,
'21) M

,
(B) = 3 . (Using

the Cohn-Elkies method (- to prove M ,(B) < 4 .



Cook's numerical data (FreeFem +t)

Bolza
, g

= 2
,
(2
,
3
,
87 Klein

, g
= 3
,

(2
,
3
,
7) Bring , g = 4, (2, 4, 5)



Fricke-Macbeath (Hurwitz surface of genus 7)

1
,
(FM) = 1

.
239 Im /Pineault

,
Lee

,
23) m

. (FM) = 7.



All triangle surfaces at once
If X/G = Orp, 9 , r)

,

then X = 161 copies of the quadrilateral Q

glued along the Cayley graph
of G wit π(x) & π(z)

In summer 2023
,
Gruda-Mediavilla computed the bottom of spec(Ax)

for all triangle surfaces of genus 219520. (tabulated by Conder



The counterexamples

Gor Xio G, X 17

Im(FB-Gruda-Mediavilla-Petri-Pineault) m ,
(X

,0) = 16 and M ,
(X

17) = 21 .



③ Representation theory
&

multiplicity



If 6 - Isom(X) and Ex is an eigenspace of the Laplacian, then

p: G -> GL(Ex)

g +> (f) fogt) is a representation .

Maschke's thm = E= V; where p(Vj) = Vj and

Plvj is irreducible .

=> dim/Ed)= dimK

A finite group G has finitely many irreps Jup to isomorphism)
and they can be computed.



rategy to prove a lower bound on dim (EI) = m(1) ,
it suffices to prove that irreps of small
dimension cannot appear in El.

How to rule out irreps ?

trivial rep <> G-invariant eigenfunctions on X

Can be ruled out if

① x-spec(DX/6) Jenni 8

Burger-Colbois'85
Sarnak-Xue'91

② it would contradict Courant's nodal domain theorem
Cook 8

FB-Petri'21



How about other irreps ? X = H12/1
,

63X by isometries,

So

X/b = H for some T=PSL(2, IR) discrete
.

-

T =
all lifts 12 -> #2&

g

↓ : geG =
surjective homomorphism π :T => G

↓
⑨ with P = Ker(π) hence GETX -> X M

Proposition (Cornelissen-Peyerimhoff , Sunada)

An irrep (4, V) of 6 appears 7 nonzero &-equivariant FiX-> V
-L >

in the eigenspace E) of Dx st . AF = HF
.

=> ↳ nonzero (40π) - equivariant E : H12 -> V
s
.
t
. A E = E - twisted ligs



The twisted Selberg Trace Formula relates these $-twisted eigenvalues
to · the

conjugacy classes of primitive elements Ut T
· the traces of $0π(Un)

via
any admissible test function f & its Fourier transform.

= Can use the Booker-Strombergsson method
to
prove 4

.
(6) Urg) = 1

, (Xg) For all but
one irrep $g. (g = 10 , 17)

=> Only bg can appear in EX
, (Xg)

=> M
, (Xg) dim (dg) =1



BS plot for the irreps of Go IL= 7
,
n = 16)

->
16-din

-
upper bound on 1

, in genus 10


