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Abstract. In many reliability applications, there may not be a unique plausible scale in which to measure time to
failure or assess performance. This is especially the case when several measures of usage are available on each
unit. For example, the age, the total number of flight hours, and the number of landings are usage measures that
are often considered important in aircraft reliability. Similarly, in medical or biological applications of survival
analysis there are often alternative scales (e.g., Oakes, 1995). This paper considers the definition of a “good” time
scale, along with methods of determining a time scale.
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1. Introduction

In many failure time applications there may not be a unique plausible scale in which to
model or analyze failures. For example, with automobiles we might use age of the vehicle
or miles driven as time scales in assessing reliability; with aircraft engines we might use
total hours of operation since the last major overhaul, the total number of engine cycles, or
perhaps some composite measure of duration and stress that takes account of engine speed
and startup periods. In biological or medical applications, examples include problems
involving exposure to hazardous substances (e.g., Oakes, 1995) and problems concerning
the choice of a time origin in disease history or treatment studies (e.g., Farewell and Cox,
1979).

Methods of survival and failure time analysis assume that a time scale has been selected.
The question of what constitutes a “good” time scale is often mentioned but has received
rather little attention in the literature, with a few notable exceptions (e.g., Farewell and Cox,
1979; Oakes, 1995; Kordonsky and Gertsbakh, 1993, 1995a, 1995b, 1997a). Similarly, the
guestion of how to select a time scale has not received much study. The purpose of this
paper is to address these issues.

Because real world processes and their consequences occur in “real” or chronological
time, it obviously plays an important role. Nevertheless, there are reasons for adopting an
alternative time scaltin certain contexts:

1. The failure process may depend primarilytoso that it is scientifically “sufficient”.
Care is needed in formalizing this concept, but, for example, the probability a unit
survives beyond a certain chronological timenay depend only on itsvalue atx.
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2. Atime scald as described in 1. has advantages for experimental design and decision
making. For example, if the failure process for an automobile component depends
primarily on the mileage accumulated then reliability studies in which test vehicles
are driven many miles over short time periods may be extrapolated to ordinary cus-
tomer usage conditions. Environmental stresses such as temperature, humidity or road
conditions may also be incorporated into time scales.

3. Atime scald for which the failure distribution is concentrated over a short interval is
useful for monitoring systems and scheduling maintenance and replacement interven-
tions. The same is true for individuals being monitored for the occurrence of some type
of event.

4. The effect of treatments or covariates may be most directly or simply expressed on
some scale other than chronological time; a similar comment applies to the choice of
alternative time origins for chronological time (e.g., Breslow et al., 1983).

Farewell and Cox (1979), Kordonsky and Gertsbakh (1993, 1995a, 1995b, 1997a) and
Oakes (1995) have discussed the selection of a time scale from linear combinations of
specified variables. However, there has been little comprehensive discussion of time scales
and that is our objective here; we provide a general framework and new results concerning
time scale specification. In Section 2 we present a general conceptual framework in which
the analysis of time scales is equivalent to the analysis of models of failure in the presence
of time-varying covariates. In Section 3 we examine known classes of failure time models
and show how they fit within our framework. Approaches to model fitting and time scale
selection methods are discussed in Section 4, and new semiparametric approaches are
proposed. In Section 5 we examine the concept of small variation in failure times and give
new results for an approach due to Kordonsky and Gertsbakh (1993, 1995a, 1995b, 1997a)
which involves choosing a scale for which the coefficient of variation (CV) for failure time
is minimized. Section 6 presents examples involving automobile reliability and the fatigue
life of steel, respectively. Some additional discussion is given in Section 7.

2. ldeal Time Scales

In the following, we letx > 0 represent chronological time measured from an origin that
typically corresponds to the “birth” or introduction of a unit into service. The random
variable X denotes the chronological time or age at failure for an item or unit. Our inves-
tigation of time scales is based on the idea of time-varying covariates (see Kalbfleisch and
Prentice, 1980) associated with each unit. These are defined so as to be left-continuous
functions ofx, and represent factors that are thought to be related to failure. For each
unit, we have covariateg (x), ..., Zg(x), X > 0. A special class of covariates will be of
particular interest later oniusageor exposuremeasures. We define usage measures to be
external time-varying covariates that are non-decreasing iffe sometimes derive usage
measurey; (x) as fully specified increasing functionals{a (u), ..., zg(u); 0 < u < x}.

For examplez;(x) might be the engine temperature for a car at agandy;(x) could
represent the cumulative number of degree-hours on this car’s engine at
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It is convenient to denotgg(x) = x and lety(x) = (yo(X), Y1(X), ..., yp(x))' and
Z(X) = (z1(X), ..., Zg(X))'. We termP(x) = {y(u),0 < u < x} andZ(x) = {z(u), 0 <
u < x} as theusageandcovariate path(or history) up to chronological time, respectively.

The set of all possible usage [covariate] histof&g) [ Z(x)] is denoted byP(x) [Z(X)],

and for convenience we writeé [Z] for P(oco) [Z(o0)]. A time scale(TS) is then a
function of chronological time and covariates. This is consistent with other authors such as
Kordonsky and Gertsbakh (1993, 1995a, 1995b, 1997a) and Oakes (1995). Formally, we
consider a TS to be a non-negative-valued functidnalR™ ® Z — R* that mapgx, 2)

to ®[x, Z(x)] and such thatb[x, Z(x)] is hon-decreasing ix for all Z € Z. The value

tz(x) = ®[x, Z(x)] is the operational time (“time” for short) atfor the covariate patkz.

In this paper, we focus on covariates thatexternal An external covariate (Kalbfleisch
and Prentice 1980, Section 5.3) is one for which the hist®rior a unit is determined
independently of the failure process for that unit, such as an environmental or usage factor.
In some applications one might want to consider time scales that incorporate “internal”
measures such as the amount of physical deterioration in a unit. These are more difficult to
address and we defer discussion to Section 7.

Covariate path€ are assumed to vary from unit to unit in the population. Although they
are often randomly determined, the fact that they are external means that the distribution
of failure time conditional on the realized pathfor a unit is easily interpreted. For the
chronological time of failureX, we make the reasonable assumption that

PriX>X|Z] =Pr[X > Xx|Z(X)], x>0 N}

for all Z € Z. By conditioning onZ we maket z (x) = ®[x, Z(x)] a specified function
of x, and we can therefore also determine the distribution of the generalized failure time
T = @[ X, Z(X)] given Z from (1).

Some authors (e.g., Singpurwalla and Wilson, 1993 or Murthy et al., 1995) approach
multiple time scales by modeling directly the joint distribution of an operational failure
time T and chronological failure tim&. In our framework a joint model fofT, X) can
be obtained by specifying a distribution for the covariate pathand we can examine the
effect of different paths or distributions f&f on the distribution of T, X). The approach
we take is more comprehensive; note for example that modelélforX) alone do not
use information aboug except for the single valug = ®[X, Z(X)]. In addition, our
approach allows alternative time scales to be considered in situations where the covariate
pathsZ are not random but are fixed by study design, as in accelerated life test experiments
(c.f., Nelson, 1990, Chapter 10).

We would like to develop concepts thatlead to “good” time scalész (k) = ®[x, Z(X)]
is to be “sufficient” for the calculation of failure probabilities, then we wantfsuch that
t = ®[x, Z(x)] for somex that

PriT >t|Z] = Pr[T >t]
= G(), 2

whereT = ®[X, Z(X)], andG(-) does not depend afi. In addition, we want to change
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whenever
Pr[X > X|Z] = S[X, Z(X)]
does. This leads us to define an ideal time scale as follows:

Definition 2.1. &z(x) = ®[x, Z(x)] is anideal time scalef it is a one-to-one function of
S[x, Z(x)]. Furthermore, in that case

Gtz ()]
PriT >tz(x)].

whereG(-) is a survivor function that does not depend®n

PrX > x| 2]

This definition has been considered by various authors (e.g., Cinlar and Ozekici (1987)
and Kordonsky and Gertsbakh (1993), who use the terms “intrinsic” and “load-invariant”
time scales, respectively). Definition 2.1 implies tfas statistically independent & in
situations where the covariate paths are random, but it is of course functionally dependent
on Z. Under this definitiort is “sufficient” for describing the failure process as far as the
covariates that make ug are concerned. An investigation of ITS’s is equivalent to an
investigation of models foK conditional onZ.

Any set of external covariates will generate an ITS, and an ITS is not necessarily “good” or
useful. Asearchfora“good” ITS is equivalentto a search for “good” covariates and “good”
models for Pr K > x| Z(x)]; that is, we want models for whicE is highly predictive for
X. We therefore now consider approaches to regression modeling; then we reconsider the
concept of a “good” time scale and modeling strategies.

3. Models of Failure and Time Scales

If S(x|Z) = Pr[X > x|Z]is continuous at alk, leth(x|Z) be the corresponding hazard
function, so that

S(X|2) = exp{— /OX h(u|Z)du} ) 3)

We note that it z (x) = ®[x, Z(x)] is any ITS relative taZ then from Definition 2.1 we
have

Pr[X > x|Z] = G[tz(x)] (4)
and
h(x|2) = heltz 0]tz (x), (5)

wherehg (t) = —G'(t)/G(t) is the hazard function corresponding to the survivor function
G(t) andté(x) = dtz(x)/dx.
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Sometimes the distribution o€ given Z may have a non-zero probability mass at certain
x values; for example, if equipment is turned on and off then there may be a non-zero
probability of failure at the instant a unit is turned on (e.g., Follmann, 1990). Then we
allow S(x|Z) = Pr [X > x| Z] to have jump discontinuities. The survivor function can be
written as (e.g., Kalbfleisch and Prentice, 1980, Section 1.2.3)

SX|2) = exp{—f0 hc(u|Z)du} 1_[ {1— hD(Uj|Z)}, (6)

uj =X

wherehc (U] 2) is an integrable hazard function corresponding to the continuous part of
S(x|Z2) anduy, uy, . .. are the jump points faB(x| Z). The value$p (u;|2) are the discrete
hazard function components

ho(uj|2) = Pr [X = u;|X > u;, Z],

and
X X
S(x12) = exp{—f hewi2)du-+ [ loglt  ho(wi2)]d N(u|2)} NG
0 0
whered N(u|2) equals 1 if a jump iIr5(x| Z) occurs au, and 0 otherwise. Note that

tz(X) = O[x, Z(X)] :/ hc(u|Z)du+/ log[1 — hp(u|Z2)]dN(U|Z) (8)
0 0

is an ITS, withG(t) = exp(—t) in the format (2). Any one-to-one function bf (x) also
defines an ITS.

3.1. Collapsible Models
Oakes (1995) introduced the notion of collapsibility.

Definition 3.1.Letyi(X), ..., ¥p(X) be aspecified set of usage factors. Then the distribution
of X|P is collapsible iny1(x), ..., yp(x) if

Pr[X > x|P] = Sly(x)]. (9)

That is, the survival probability at chronological tirmedepends on the paffi(x) up tox
only through the endpoint(x). In this case, ITS’s are of the form

tp(X) = P[X, Y1(X), ..., Yp(X)] (10)
Dly(x)].

It may seem that collapsibility is a very restrictive assumption. However, the possibility of
defining measureg (x) based on stress, usage or environmental factors allows considerable
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flexibility. Note that collapsibility is defined in terms of usage measures, rather than general
external covariates. Itis notpossible to define afunction af(x), . . ., z4(x) thatwould be
non-decreasing ir for all Z € Z, unless the functiong's themselves are non-decreasing.

Collapsible models have not been studied or used much, but have some nice proper-
ties. One is that if we wish to compute the marginal distributioiXdbr some specified
probability distribution on the usage patRsthen (9) implies that

PriX > x] = E{S[y(0)]}.

Thus the expectation involves only the distributiorypfx), . . ., yo(x) for the givenx and
not the entire patf®(x) up tox. Amore general property thatimplies the first one concerns
prediction through PrX > x 4+ s|X > x, P(x)]. Itis easily seen that

X+S
PriX > x+sX>x,PX)] = E { exp[—/ h(u|77(u))du]

P(X)}

Sly(x +9)] }
— gl 2T
{ siyo |7
_ B[Sy +9)]PX)
Sly(x)] )

The required expectation concerns just the usage vector axtingand not the entire path
fromx tox + s.

In some settings distinct usage paths never cross, e.g., whers are linear irx. In that
case all models foK givenP are collapsible in the trivial sense that edelis identified
by its y(x) value at any given tim&. However, the ITS (10) is not in general of simple
functional form. The attraction of using collapsible models is to consider fairly simple
parametric specification®[y(x); 7] in (10), thus yielding easily interpreted operational
times. Oakes (1995) and Kordonsky and Gertshakh (1993, 1995a, 1995a, 1997a) consider
models in which

tp(X) = n'y(X)

is assumed linear ik andyi(X), ..., Yp(X), andG in (4) has a specified parametric form.
Semiparametric approaches can also be adopted. For example, Kordonsky and Gertsbakh
consider a method of estimatimgwithout a parametric model fdg; this is examined in
Section 5. We outline approaches to model fitting and selection in Section 4, and a more
detailed treatment of collapsible models will be given elsewhere.

3.2. Generalized Time Transform Models

A time transform (TT) or accelerated failure time (AFT) model is one in which (4) holds
with the ITS

tz(x) = fo Yz du, (11)
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whereys is a positive-valued function, ar@lis a survivor function. Such models have been
studied in survival analysis (e.g., Cox and Oakes, 1984; Robins and Tsiatis, 1992; Lin and
Ying, 1995) and also have an extensive history in reliability (e.g., Nelson, 1990, Chapter
10, Doksum and Hyland, 1992), where thg (u)’s typically represent time-varying stress
factors. The model with (11) written in terms ofiz(u)] = ¥ ~[z(u)] is a probabilistic
analog of Miner’s (1945) rule.

Bagdonawiius and Nikulin (1997) have proposed models that extend the AFT model.
Indeed, their formulations are sufficiently broad to include multiplicative hazards, pro-
portional odds, and other models. We consider here only Model 2 of Bagdiumsvi~
and Nikulin (1997): in this case PrX[ > x|Z] is of the form (4) buttz(x) is given
by

tz(x) = /O Yzw)] dG S (w), (12)

whereS is also a survivor function. I6 = S then (12) reduces to (11) and gives the AFT
model. If we selecG(u) = exp(—u), on the other hand, and I&(u) be arbitrary, then
we get

PriX > x|Z] = exp{— fox Y[z(w]ho(u) du} , (13)

wherehp(u) = —§,(u)/S(u) is the hazard function corresponding$g(u). This is the
well known multiplicative hazards model (Cox, 1972).

The assumptions and approaches taken with AFT and collapsible models are rather dif-
ferent. With AFT models it is customary to specif{z(u)] in (11) parametrically: for
example, Lin and Ying (1995) and others consiggz(u)] = exp{3'z(u)}, and many reli-
ability models (e.g., Nelson, 1990, Chapter 10) can be written in this form. However, it is
clear that in this case the ITS

X
tz(X) = f exp{B'z(u)} du (14)
0
cannot in general be expressed in the collapsible model form (10) for any usage measures

y1(X), ..., Yp(X) that can be represented as fully specified functiongs@, 0 < u < x}.

3.3. Hazard-Based Specifications

When time-varying covariates are present it is convenient to specify failure time models via
the hazard function. For arbitrary covariag) we make the reasonable assumption that
the hazard function oK given Z satisfies

h[x|Z] = h[x]Z2(x)]. (15)

so that in the continuous case (3) becomes

Pr[X > x|Z] = exp{— /x h[u| Z(u)] du} . (16)
0
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As noted in (8), this can be considered as an ITS model with

tz(x) = /X h[u|ZW)]du. a7
0

Discrete components can be incorporated into the models as in (8).
AFT models introduced in Section 3.2 assume that

h[X|Z(x)] = ¥[z(0]he ( fo Yzw)] du) ,

whereas the collapsible models of Section 3.1 assume that (repl&airith P)

dd[y(x)
nxiP 0ol = “2X g atyoop,

It was noted previously that AFT and collapsible models are generally quite distinct. A
case where they intersect is fadditive hazard modelsith positive covariates, for which

h[X|Z(X)] = ho(x) 4+ 8'z(x), (18)

with hg(x) a baseline hazard function. Then
X
tz(x) =f h[ul Z(W)] du = Ho(x) 4+ B'y*(X),
0

whereHo(x) = [5 ho(u) du andy*(x) = (y1(x), . .., Yq(x))!, with

X
yj(x):/ zi(wdu, j=12...,0.
0

By (10), this model is collapsible. Jewell and Kalbfleisch (1996) and Singpurwalla (1995)

consider models of the form (18) along with stochastic models for the covariate processes,

and develop some specialized prediction formulas of the type mentioned in Section 3.1.
Another widely-used family of models with time-varying covariates is the multiplicative

hazards family (13), whellg x| Z(xX)] = ¥[z(X)]ho(X). These can be viewed as generalized

TT models arising from (12) but they are not in general collapsible.

3.4. “Good” Time Scales

It is not possible to give a universal definition of a good time scale. Rather, we identify
gualities that a good scateshould possess: (i) scientific relevance, (i) a parsimonious
and accurate description of variation in failure times under varying usage, exposure or
environmental conditions, (iii) a relatively “compact” distribution for operational time

(iv) succinctand meaningful summarization of the effects of fixed or time-varying covariates
that are of special interest. The selection of covariates to be considered for time scale
construction and the relative weight given to qualities (i)-(iv) will vary according to the
specific context.
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In reliability and other areas the quality (iii) of “small” variationThis often mentioned,
but this is somewhat elusive. We restrict attention to ITS’s since, given a set of time-varying
factors, they are “sufficient” in the sense of (2). However, ITS’s are defined only up to
monotone transformations so that marginal variatiofh tennot be the only consideration,
evenifitis adjusted for scale of measurement. In addition, the “goodne¥ssafependent
on the existence and selection of “good” time-varying factorsZoil he crucial issue is as
for prediction using regression models: we want factors for which the relative variation in
X is small, givenZ. This translates into small variation h. Some aspects of the small
variation concept are considered in Section 5.

Not all covariates in a given situation need to be used for a time scale. For simplicity we
define ITS's in (2) as a functio®[x, Z(x)] of all covariates, but we could have additional
covariatesv(x) which are conditioned on but not usedTn In that case we replace (2)
with the requirement that

PriT > t|Z, W] =Pr[T > t|W],

where)V is the covariate historfw(x); X > 0}. For example, in a clinical setting’ might
represent treatments or other discrete individual level factors such as sex. For simplicity
we will continue to writeT as in (2), however.

3.5. Modeling Strategies

There are two broad approaches with which we may investigate time scales. One is the
traditional failure time analysis approach via models Xogiven the covariate historg.
This leads to a specification of the conditional hazard functiorKfassh(x| Z(x)), and

PriX > x|Z(X)] = exp{— /X h(u| Z(u)) du} (29)
0

in the continuous case. Standard modeling paradigms such as proportional hazards or
accelerated failure time may be used. Within these frameworks we would search for the
time scales by examining the cumulative hazard in (19), as described in Sections 3.2 and
3.3.

The other approach is to express (19) directly as a function of an ITS:

Pr[X > x|Z(X)] = G[tz(X)]. (20)

In this case we have the option of specifyl@andt z (x) parametrically or semiparametri-

cally. Collapsible models are a special case of (20) in whigtx) is of the form®[y*(x)],
wherey*(x) is a vector consisting of and usage measures. With this approach the search
for atime scale is emphasized, and models with meaningful or easily interpreted scales may
readily be considered.

Example 3.1. (Linear TS model§uppose there is a single usage fagtor) and no other
time-varying covariates. Some authors (e.g., Kordonsky and Gertsbakh, 1993; Oakes, 1995)
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have considered collapsible models for which
Pr[X > X|P] = G[noX + nmy((x)], (21)

so thattp(X) = noX + n1y(X) is an ITS. Hereyy andn; are real parameters aiél is a
distribution function which may also involve unknown parameters.

It is interesting to compare an approach of Farewell and Cox (1979), which also empha-
sizes linear TS’s. They search for a model for which

h(x|P) = ho[nox + n1y(x)]. (22)

It is readily seen that this model is not collapsible in general, since

Pr[X > x|P] = exp{—/ hol[nou + n1y (W] dU} :
0

In fact, ¥ (X) = noX 4+ n1Y(X) is not an ITS and so the Farewell-Cox use of linear TS’s is
quite different than that in (21).

4. Model Fitting and Time Scale Selection

In this section we outline some recent and some new approaches to estimation and time scale
selection, in which we consider parametric specifications #gx) in (20). If a parametric
specification for the distributio® is also adopted, then estimation via maximum likelihood

is straightforward, as indicated by Oakes (1995) and reviewed in Subsection 4.1. In some
cases we may prefer to lea@nonparametric; we discuss this in Subsection 4.2 and we
propose some new approaches. A more detailed discussion will be given elsewhere.

4.1. Parametric Estimation Based on a model (20)

Parametric estimation based on a model (20) is easily implemented (e.g., Kordonsky and
Gertsbakh, 1993 or Oakes, 1995). Suppose for exampleGttat= G(t; ¢») and that

tz(X) = tz(x; n), where¢ andn are parameter vectors. Consider a random sample of

n units, of which some fail and some are censored. X¥-etenote the failure or censoring

time (chronological time) for unit, and lets; = 1 if x; is a failure time and; = O if itis

a censoring time. All covariate® are external and their marginal distribution is assumed

to have no information about or . Thus we condition otZ and the likelihood function
under a continuous model (20) is

n

Lg.m = [] feltz, )]’ Gltz, (x)]*™*

i=1

5

8i
= [T{-cttz 001tz 00} oltz 0o (23)
i=1



ALTERNATIVE TIME SCALES 167

where fg(t) = —G/(t) is the density function corresponding ®(t) and té(x) =
dtz(x)/dx. Note that (23) involve$;3,i (%) at failure times, even for collapsible mod-
els.

The above assumes implicitly that (x; n) is an ITS for some). Constructing a model
that includes (20) as a sub-model can serve as a model assessment procedure. Suppose for
example that we wish to consider a collapsible model (20) wittx) = t[x, y(x); n] for
some usage measuyéex). We might consider the expanded family

Pr X > X|Z00] = G [t[x, y0; meB7 ™|, (24)

wherez*(x) is a vector of additional covariates which may include functions; @ff 3 = 0

the collapsible model holds. This approach is also valuable when we wish to select a time

scale based on certain factors, but other covariates are to be included in the model.
Farewell and Cox (1979) use this general approach to select a linear timet seale

noX + ny(x) by definingz*(x) as —ni1x + noy(x) and findingn to give an estimate

of B = 0. However, as discussed in Section 3.5, they employ a multiplicative hazards

framework and their method does not give an ITS wh&n) is dropped.

4.2. Semiparametric Estimation

Various ad hoc approaches might be used to estimate the parapietég (x; ) while
leaving the distributiorts in (20) unspecified. An ITS is one for which (2) holds, i’E.is
independent o, so we could, for example, stratify the covariate pathgi = 1,...,n)

into K groups that are homogeneous in some sense. If v&(lt—;tn) denote the empirical
survivor function (the Kaplan-Meier estimate, assuming some units have censored failure
times) then we might choosge to minimize some measure of disparity among the
distributionsS; (t; m,..., & (t; 7). The feasibility of this approach depends on our ability

to form theK groups in an effective way and, in particular, so that the disparity among the
S (t; m)’s varies significantly ag varies.

Another possibility is to seleaj to make sample covariances between some function of
valuest z (x; ) and some function o; equal to zero. A third semiparametric procedure
proposed by Kordonsky and Gertsbakh (1993, 1995a, 1995b, 1997a) for linear time scales
is to choose) so as to minimize the sample CV for the valties: t z (xi; m),i =1,....n;
we consider this approach in Section 5 and find its usefulness to be quite limited.

The estimation of) can also be viewed as a semiparametric regression problenXyith
as response and; as covariate. The model (20) is, however, rather nonstandard. If we
instead consider (again in the absence of censoring) the respomise=as: (Xi; ) and
note that we can without loss of generality foige¢o have mean 1, then we might estimate
1 by least squares. That is, we

minimize Zn: {IZi Xi;m) — 1}2 (25)
i=1
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subject to
1 n
S3tz e =1 (26)
ni= ™'

We could alternatively assume a specified mean for some monotonic functibnaofi
minimize its variance; for example, force It)gi (Xj; m) to have mean 0 and minimize

n

> fiogtz xim) (27)

i=1

Least squares and minimum CV methods do not adapt easily to censored data. Another
approach, better able to handle censored data, would be via rank regression methods (e.qg.,
Robins and Tsiatis, 1992, Lin and Ying, 1995.) Duchesne and Lawless (1999) develop this
approach.

The computation of estimates via such methods can be complex, and the efficiency of
some methods is likely to be poor; considerable study is needed. We provide brief examples
of estimation in Section 6.

We conclude this section with a remark on model assessment. Oakes (1995) and Sec-
tion 4.1 mention model expansion as a means of model assessment. Informal checks based
on the examination of generalized residutals= tz (X 7) can also be employed. In
particular, thef;’s should be roughly independent of functions of the covariate péths
this can be used in both semiparametric and parametric settings, though as for all types of
residual analysis, study of specific models is needed to assess effectiveness and the extent
to which thefi’s mimic a random sample dfs. Distributional assumptions abo@tin (20)
can be assessed through residuals, but this is likely to be effective only for models which
are fitted parametrically.

5. Small Variation and Time Scale Selection

Some authors have suggested that one select a time scale that gives a compact distribution,
or small variation, for failure tim&@ . There is no obvious connection between this concept
and that of ideal time scales. Indeed, any monotone increasing functibnén ITS

if T is, whereas measures of variation or relative variation are not invariant under general
transformations.

Nevertheless, the concept of small variation is widely considered by practitioners in areas
such as reliability. The main approach to time scale selection using this concept is due to
Kordonsky and Gertsbakh (1993, 1995ab, 1997a); they suggest that if a parametric family
oftime scale$p (X) = ®[yp(X); n] is being considered, thepbe chosen so as to minimize
the squared coefficient of variation ®f = t»(X), that is, VarT)/E3(T). This is used in
practice by considering complete (uncensored) samples in which chronologicaktiames
corresponding usage measuyesi) = (Yio(Xi) = Xi, Yi1(Xi), ..., ¥ip(X)) are observed
forunitsi = 1, ..., n. Then the operational tim&gn) = ®[y; (X;); n] are considered and
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n is estimated by minimizing

Varlt; (n)]

CV[t ()] = 5 ,
E"[ti ()]

(28)

whereVar andE denote sample variance and sample mean, respectively.
Kordonsky and Gertsbakh apply this method to linear time scale farilie@s = n'y(x).
In this case one easily obtains that the unrestricted minimum of (28) is obtained at

oS R, (29)
whereY;; = yij (Xi), S is the sample covariance matrix foX;, Yi1, ..., Yip)t andp is
the sample mean vector foX;, Yiy, ..., Yip)t. The CV is invariant under scale changes

to T, and so anyy proportional to the right side of (29) may be used. Kordonsky and
Gertsbakh assume that> 0 and it may happen that the right side of (29) has negative
elements. In the two-dimensional case Kordonsky and Gertsbakh selectgitagd, 0)
orn' = (0, 1) (corresponding t& = X or T =Y, respectively), according to whichever
gives the smalle€EV? for T (1).

It is not clear how this approach relates to those discussed in Sections 3 and 4. Note in
addition that the minimum CV method may be used without any information on the path
P(x) except for the endpointX;, Yi1, ..., Yip) and that it seemingly applies to situations
where the paths are randomly determined, rather than fixed.

The theorem below is new and it identifies a setting in which the minimum CV method
gives consistent estimates. We consider situations where the usagdygaihsx > 0}
may be represented by a finite-dimensional paranttar which case we write the ideal
time scales at (x) = ®[x, 0], where@ = 6(P). This assumption is clearly too restrictive
for many settings, but provides a reasonable approximation to reality in some. So far, proofs
of validity of the minimum CV under more general conditions are elusive; we note that
Kordonsky and Gertsbakh provide no proof of validity at all.

THEOREM5.1 Consider models for which HiX > x|P] = G(®[X, 6; np]), whered is a
random finite-dimensional parameter that completely ident#iemnd where the function
® has the form

[, 8; n] = u(x)v(0; n), (30)

wheren is a finite-dimensional parameter. Also denotg)t= u(x)v(n, 8) and T(n) =
u(X)v(n, ®), so that (ny) is an ITS. Then for any we have

CVA[T (] = CVZ[T (o)l

and if CV?[T ()] = CV?[T(n,)] then () is also an ITS.
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Proof: Let ur =E[T (1) =E[T (10)|©® = 6] ando? = Var[T (n)] = Var[T (ny)|© =
0]; wt andoZ do not depend ofl because of (2). Then
CVAT @] = Var[Tm]/E*T )]
Varg [E[T (n)|O]] + Eg[Var[T (n)|©]]
EGIE[T (O]

= {Var@ [U(L@))E[U(X)v(no, @)IG]}

v(no, ©
v(n, ©) \
+ Eg [(m) Var[u(X)v(ng, @)|®]i|}
[ v(n. ©)
p [WE[U(X)U(UO’ @)|®]]
V(0.0 V(1.0 \?
M%Var@ I:V(Tlon)] + U‘IgE@ |:<W> :|
= vV (1.0)
M-ZFE%") I:V(";IQEQ):I

= CV2[T(n)]

v

of/us = CV?[T(no)].

In addition, equality can hold only if(n, 8)/v(n,, 8) is constant with respect #®. (We
suppose the distribution @ is such that Varni(n, 8)/v(n,, )] > 0 implies this.) But in
this casd (1) = ct(n,), wherec does not depend af, which is also an ITS. [ |

Theorem 5.1 thus shows that we can identify ITS’s within the family (30) by fingiag
that minimizeC V[T (n)]. This coversseveral important situations. Suppose for instance
that there is a single usage factqx) and that usage patt are of the form

y(x) =6x, x>0, (31)

wheref has some distribution in the population of interest. Linear time scales as in model
(21) can in this case be expressed as

tp(X) = mX + n2y(X) = X(n71 + n20),

which is of the form (30). BecauggV and ITS’s are both invariant to scale changes, we
can consider the single parameter fofiy) = X + nY. Minimization of CV2[T ()]
yields the unique value

2
MYOx — UXOXY
n=—2%—"—, (32)
UXOy — UYOXY
which is consistent with (29).
To estimate the parameterin an ITS model of the form (30) we can minimize the
sample coefficient of variation (28) for a complete (uncensored) sati(pig . . ., th(n).
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Whenmy is unique, assuming finiteness and smoothnessDi#g] and Var[T (n)] in the
neighborhood of), will ensure thaty minimizing (28) is a consistent estimator fg.

There are some subtleties concerning minimum CV estimation. For example, if we
assumeyo > 0, under the parameterizatidnn) = X + nY the right side of (32) is non-
negative. However, the estimajéased on minimization of (28) is obtained by replacing
03, 02, oxy, ux anduy in (32) with sample-based estimates, and it can be negative. In
particular, it may be shown that< 0 if either of the following two conditions holds:

2 A A
o oxXy O-
X < < Y

Al =3 — -7
Mx Mx My My
A2 A /\2
O- oxy (o2

B: ¢ < <X

A2 T Py A2

If case A holds theﬁ/:\\/z[ti (n)]is minimized subject tgy > 0 atyp = 0 and if B holds then

it is minimized atyp = oo, thus leading to the choice of or Y, respectively, as the ideal

time scale. As Kordonsky and Gertsbakh note, cases A and B are automatically ruled out
if &XY < 0.

If 6\\/2[T(77)] can be shown to be minimized gt= 7, for other time scale models, then
under mild smoothness assumptions we can estimg@onsistently as here. However,
as noted, we have at present a proof only for models of the form (30). A more detailed
discussion of minimum CV and other semiparametric methods will be given elsewhere.
The efficiency of minimum CV is considered in an example in Section 6.

Semiparametric estimation of ITS parametgraithout specifyingG in (20) was dis-
cussed in Section 4.2, where it was suggested that the independehcanadf covariate
path Z (or usage pattP) for an ITS be exploited. Theorem 5.1 holds because of this
independence and it is this rather than the unconditional variability(iy) (i.e. variability
in T (n) when bothX andP are considered random) that seems crucial.

6. Examples

We consider a pair of real examples which illustrate features of time scale selection.

6.1. Automobile Reliability

Lawless et al. (1995) considered the time to failure in automobile systems as a function of
age (chronological time since salegnd cumulative mileagg(x), and fitted models based
on warranty data. They considered a model where (20) is of the form

Pr[X > x|P] = G[x'"y(x)"; ¢]. (33)

They actually obtained this model by assuming that for a given automblile have
Vi (X) = ajX, with o as a fixed covariate. They considered accelerated failure time models
where Pr K > x|o;] was of the formG[xe']; this gives (33) sincey = yi(x)/x. The
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linearity assumption is widely used with automobiles, but (33) can be used more generally.
It has the nice feature that if = 0, then agex is the ITS and ify = 1 then mileage
y(x) is.

Several authors have considered linear time scales, as mentioned earlier. An alternative
to (33) could be to consider

Pr [X > x|P] = G[x + ny(X); ¢]. (34)

Either of models (33) or (34) can be fitted by maximum likelihood via (23), if we take
G to have a specific parametric form; Lawless et al. (1995) assutntabe Weibull.
Oakes (1995) and Kordonsky and Gertsbakh (1997a) have also fitted Weibull models in
conjunction with (34).

With y(x) = ax, models (33) and (34) meet the requirements of Theorem 5.1; semi-
parametric estimation via minimum CV should therefore yield consistent estimators of
the parameter. To assess minimum CV and compare it with parametric maximum
likelihood and an ad hoc least squares approach, we performed some simulations based
on the models fitted by Lawless et al. (1995). Although they had censored data, we
consider only complete samples here because minimum CV handles only this case at
present.

Model (33)
We simulated 1000 samples of size 100 from the model with (33) given by
Pr[X > x|a] = exp{—(xa" /¢1)?} (35)

where¢; = 60 andg, = 1, and where log is normally distributed with mean = 2.37

and standard deviation = 0.58. These parameters are selected to match the estimates in
Lawless et al. (1995), and thus to be physically plausible. The units associated with these
parameter values are yeaxsand thousands of mileg(x). We repeated this procedure for
three values ofip, namely 0.1, 0.5 and 0.9. (For the data in Lawless et al. (1995) a vatue of
near 0.9 was indicated). For each sample, we computed the maximum likelihood estimates
(MLE’s) of the parameters under the Weibull model along with the minimum CV and least
squares (see Lawless, 1982, page 331) estimates @fe first computed the estimators

of n with no constraint on their value. However, since an ITS must be non-decreasing in
all the usage measuregmust be in the interval [0, 1]. We thus also obtained estimates
of n constrained to [0, 1]. This was discussed for minimum CV in Section 5 and for least
squares and maximum likelihood, we used the constrained optimization funttiorb

in S-Plus.

Table 1 shows simulation means and variances of the three estimatpferdfoth the
constrained and unconstrained versions. In both cases, the estimators have reasonably
small bias, though it is interesting that the constrained estimates have slightly larger bias
for the casegy = 0.1 andng = 0.9. However, the minimum CV estimator is less efficient
than the least squares (LS) estimator, with an efficiency relative to maximum likelihood of
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Table 1.Summary of simulations, model (33).

71 unconstrained

=01 n=05 - ;=09
E[f] Varlg] E[A] Varlf] E[f] Var[j]
MLE 0095 0034 050 0031 089 0034

min CV 0.087 0.065 050 0.058 0.88 0.059
least squares  0.10 0.052 050 0.045 090 0.056

7 constrained to [0,1]

=01 mo=05 - ;=09
E[ Var[g]l E[R Var[fl E[f] Vari]
MLE 012 0017 050 0032 087 0019

min CV 0.15 0.029 050 0.053 0.84 0.033
least squares 0.14 0.025 050 0.051 0.86 0.026

around 57% for the former compared to about 65% for the latter. If one considers a log-
normal distribution instead of a Weibull in (35), the minimum CV estimator again would
not outperform the LS estimator, the latter being the MLE in this setup. The LS procedure is
thus as good or better than the minimum CV method for two popular lifetime distributions
under model (33).

Model (34)

Several authors (e.g., Oakes, 1995; Kordonsky and Gertsbakh, 1997a) consider models of
the linear form (34) when looking for an ITS. Advantages of such models include an easy
interpretation of the parameteiand collapsibility. However, there is an intrinsic difficulty

with the parameterization in (34). The parametés in many situations confounded with a
scale parameter i, and cannot be estimated precisely. This is easily seen when we write
(34) in this form:

Pr[X>X|P]:G<M' )

2
¢

where¢; is a scale parameter ans) is a vector of other parameters. Whea is large
compared to one, the model for PX [> x|P] becomes approximatel@[x(n/¢1)a; @,],
and we can only accurately estimate= n/¢1 andg,. If there is not sufficient variability
in the values of the slopeg;(s) in the sample or if the variation iX givenc is too large,
inferences about the time scale paramsteray be very imprecise. Note also that in (36),
is not invariant to changes in the unitsygfwhereas in (35) itis. Restrictingto be in [0,1]
by using the parameterizatioy) = (1 — n)x + ny does not eliminate these problems.
We simulated samples of size 100 from model (34), with

Pr[X > x|a] = exp{—[x(1+ ne)/¢1]%}, 37

wheren = 840,¢; = 63800 andp, = 1, so that the values of PK[> Xx|«] obtained were
close to the ones from the model (35) with= 0.9, ¢1 = 60 and¢, = 1. As expected,

(36)
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Figure 1. Contours of the log-likelihood evaluatedgt = 1 and profile log-likelihood ofy for a typical sample
from model (38).

it was nearly impossible to get precise estimates ahd¢; for samples generated from
model (37) and the previous distributiongfand both the MLE and minimum CV estimates
varied greatly from sample to sample. Estimation in (37) is clarified if we use the alternate

parameterization

Pr[X > x|a] = exp{—[x(A + y)]**} . (38)
whereyr = n/¢1 andir = 1/¢;. In this case we can estimage accurately. However,
inferences about remain imprecise. Figure 1 shows the profile log-likelihood contours in
Y andx as well as the log-likelihood profile it for a single sample of size 100.
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Table 2.Linear scale parameter estimates, Kordonsky and
Gertsbhakh (1995a) data.

Method Estimate  95% confidence interval
MLE, Weibull 6.61 (5.33,8.89)
MLE, lognormal 6.97 (5.20,9.67)
Quasi-likelihood 6.91 (5.33,9.75)
Rank 6.59 (5.40, 10.11)
Minimum CV 6.77 (4.99, 8.77)

Simulations with very large sample sizes support the consistency of the min@wm
estimaton, but for samples of size 100 the enormous variability of ljathd the MLE make
efficiency comparisons of little value. However, the difficulties discussed here do not always
arise with linear time scale models. When the p&tis the sample are sufficiently variable
and when the variation iX givenP is sufficiently small, precise estimation#fs possible.

The next example illustrates this, and considers interval estimation and model checking.

6.2. Fatigue Life of Steel Specimens

Kordonsky and Gertshakh (1995a) gave data on the lifetime of steel specimens subjected
to cyclic loading. Thirty specimens were divided into six groups of size 5, and the loading
program for each group was a repeated sequence of high stress and low stress cycles.
Kordonsky and Gertsbakh used the cumulative number of low stress cycles as their “real”
time x, and the number of high stress cycles as their usage megéxire Because of

the large number of cycles applied and the loading programs, the relationship between
x and y(x) was well approximated by a straight line through the origin; slopes of the
approximating lines varied from about 0.05 to 18. This large variability in slopes makes the
estimation of a linear time scale relatively precise in spite of the small sample size. There
were no censored observations.

Kordonsky and Gertsbakh (1995a) fit the linear TS mddeg) = X + ny(x) by the
minimum CV method, to ge§=6.77. They did not consider interval estimation or the
adequacy of the linear TS. We consider estimatiom @i model (34) using four other
methods, for comparison: (i) and (i) maximum likelihood (ML) under Weibull and log-
normal specifications fdB in (34), (iii) a quasi-likelihood method which is similar to least
squares, and (iv) a rank based method. Methods (iii) and (iv) are discussed in Duchesne
and Lawless (1999).

Table 2 shows the estimates and approximate 95% confidence intervals. The confidence
intervals for ML are based on the likelihood ratio statistic, those for the quasi-likelihood
and rank based methods are based on variance estimates given by Duchesne and Lawless
(1999), and that for minimum CV is based on the bootstrap percentile method (Efron and
Tibshirani, 1993, Chapter 13). The estimates are quite precise and confidence intervals
from the different methods are in good agreement. As one might expect, they indicate the
importance of the number of high stress cycles.
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Figure 2. Failure times versus path features, schle X + 6.7y(X).

For informal model checks, we use the fact that failure tiMi€so) are independent of
the usage path if the time scale is ideal. We therefore plot valu@sversus features of
the usage paths. For example, Figure 2 shows a plot of; thgs using the minimum
CV estimatenp = 6.77 versus the ratio of high to low stress cycles and the proportion
of high stress cycles in the specimen’s loading program. This and other checks do not
suggest any inadequacies in the model (34). We remark, on the other hand, that such
plots do provide evidence against multiplicative scale models of the form (33) for this data
set.

Probability plots of the; (77)’s can be used to check on specific functional formsGan
(34), such as the Weibull. However, they are not able to detect non-ideal time scales very
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well; for that purpose plots as in Figure 2 are crucial. For the current data set, Weibull and
log-normal probability plots suggest either model is consonant with the data, provided a
linear TS is used.

7. Conclusion

The investigation of alternative time scales raises interesting problems. Key ideas are that
we seek scales which “capture” most of the variation in failure times, given a set of time-
varying covariates, and that the time scales be fairly easy to interpret. This led us to consider
ideal time scales and models of the form (20), in whiet(x) is specified in terms of a
parameter vecton. As Section 6 indicates, care may be needed in the parameterization
and fitting of such models.

The concept of small variation in operational failure tinfess very useful but harder
to pin down. The essential problem is one of identifying time-varying covariates which,
when known and conditioned upon, make (conditional) variation in the chronological time
of failure X small. There is no obvious general validity to approaches that seek to minimize
unconditional relative variation i, though there is a connection with conditional variation
of X given Z in some cases, as shown in Section 5. Further study is needed.

Many methodological issues associated with time-scale models of the form (20) require
further investigation, particularly ones associated with semiparametric estimation. Duch-
esne and Lawless (1999) investigate some rank based and quasi-likelihood methods.

This paper has excluded internal time-varying covariates, but there are clearly many set-
tings where we might want to consider them. For example, in assessing the survival time
or disease occurrence for persons infected with the human immunodeficiency virus (HIV)
it is natural to investigate “biological” time scales which include information about varia-
tion in an individual’s immune function across time. Similarly, in planning maintenance
actions for a system or piece of equipment it is desirable to consider internal covariates mea-
suring deterioration or degradation of the system; this is referred to as “condition-based”
maintenance.

If the covariate historyZ(x) has internal components we need to consider the joint
distribution of X andZ, and in particular PrX > x, Z(x)]. This can be written in product
integral form in the absolutely continuous case as

PriX > x, Z(x)] = 1_[ {1—hu|Zu)du}Pr[dZWw|Zu), X > u],
0]

whereh(u| Z(u)) is as previously the hazard function f§ratu, conditional on the covariate
history Z(u). This gives

PrixX > x, Z(x)] = exp{—/ h(u|Z(u))du} l_[ PrdZ(u)|Z(u), X > u].
0

(0.x]

It is tempting to consider monotone functions of

tz(u) = /x h(u|Z(u))du (39)
0
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as operational time scales, but it should be noted that such scales are not ITS’s in the sense
of (2), and (1) does not hold. We hope to discuss these issues and time scales based on (39)
in a future communication.

Finally, there are essentially no rigorous studies of time scale performance for reliability
areas such as maintenance and replacement, in spite of the fact that composite time scales are
often used (e.g., Kordonsky and Gertsbakh, 1997b). Work in this area would be welcome.
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