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Abstract

A social network can be represented as a geometric graph governed by a spatiotemporal
dynamic model using appropriate parameterizations. In this paper we approach the problem
of social networks from an interacting particle system perspective. We use a model that
describes in continuous time each node of the graph at latent spatial state as a Dirac
measure. We describe the model and its formal design as a Markov process on finite and
connected geometric graphs with values in path space. A careful analysis of some properties
of the underlying model is provided. In particular, we first establish a result on the long-
time behavior of the stochastic particle system. Then, the distribution of the network size
is investigated and we show that the theory of splines enables us to take into account the
evolution of the extinction phenomenon. Our results are validated by a small numerical
investigation.
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1 Introduction

A major field of research nowadays is that of adequately studying complex networks thanks
to stochastic analysis. In recent years its application area has grown, establishing connections
with other fields as diverse as sociology, ecology, biology, genetics, information technology to
name a few. For an overview or an account on statistical modeling of random graphs, the reader
can find a thorough introduction about static graphs in, e.g., Kolaczyk (2009); Goldenberg et al.
(2010) and about dynamic models on graphs in Durrett (2007).

In this paper, we consider a dynamic model using random Poisson measures for social networks
on geometric graphs and establish general results on the long-term persistence of activity of the
network dynamics. This model - which, inside the interacting particle systems literature, is called
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a measure-valued process or at least a particular instance of it - is defined from a geometric graph
G (see Penrose (2003) for details) and some recruitment/withdrawal parameters (invitation rate
α > 0, withdrawal rate β > 0, and affinity kernel aff(x, y) between vertices x and y). Let us now
introduce notation and recall important facts. Let G = (V , E) be a graph with undirected edges.
Our stochastic generative model on G is a continuous-time Markov process (Nτ )τ≥0 on the space
of subsets of V where each vertex is characterized by a state x belonging to a closure space D̄G of
an open connected subset DG of Rd, for some d ≥ 1. By B(D̄G) we denote the σ-algebra of Borel
subsets in D̄G. Let (D̄G,B(D̄G)) be a locally compact and separable metric space, endowed with
a Borel σ-field, state space. Denote byMF (D̄G) the set of finite measures on D̄G. In particular,
the continuous time and measure-valued social network is given by a point process:

Nτ =
Nτ∑
i=1

δxiτ , ∀ Nτ ∈ N, ∀ τ ∈ [0,∞),

where N0 ∈ MF (D̄G) and Nτ stands for the size of the system at time τ . Vertices of the graph
(here sometimes referred to as particles) represent individuals. Thus, we investigate a Markov
process that evolves according to random Poisson measures (to be introduced later). With this
terminology, the dynamics can be described as follows

(i) Every vertex not yet withdrawn is assumed to be capable to invite new vertices with
positive constant rate α.

(ii) The withdrawal rate β is also assumed constant and present vertices stay in the system
during random exponential times with mean 1/β during which they interact with their
neighbors following a local affinity function aff(x, y) of the distance between vertices x and
y.

(iii) At the end of the presence period, the vertex becomes removed and is no longer considered
in the system. The whole system N represented by the set of all vertices can attract new
vertices by affinity with a state variable rate waff(·,N ).

We begin by presenting some of the properties of the process (Nτ )τ≥0. For N ∈ MF (D̄G) and
for a real-valued bounded measurable function f , we define 〈N , f〉 =

∫
D̄G
fdN . Let recall that

the set of cylindrical functions defined for each ν ∈MF (D̄G) by Φ(ν) = F 〈ν, f〉, with F ∈ C1(R)
and f ∈ C(D̄G) generates the set of bounded measurable functions on MF (D̄G) as known from
(Dawson, 1993, Theorem 3.2.6). The measure-valued process (Nt)t≥0 on geometric graph G is
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the Markov process on D̄G and generator given, for any cylindrical function Φ, by

A Φ(N ) = α

∫
D̄G

N (dx)

∫
Rd

{
Φ(N + δx+z)− Φ(N )

}
K inv(x, dz)

+ β

∫
D̄G

{
Φ(N − δx)− Φ(N )

}
N (dx)

+

∫
D̄G

{∫
D̄G

(
Φ(N + δy)− Φ(N )

)
aff(x, y)Kaff(dy)

}
N (dx).

(1.1)

The above infinitesimal generator A sums the aging phenomena of the network dynamics. It
prescribes that vertices disappear with rate β and join the system by invitation with rate α (their
states are dictated by a probability dispersion kernel K inv(·, ·)). The third term in (1.1) describes
the recruitment by affinity component using a probability dispersion kernelKaff(·). Note also that
the three transition terms of the generator are linear in N . For proofs of these properties and
a detailed weak convergence of the model, we refer the reader to Sid-Ali & Khadraoui (2020).
Note that representing networks by point processes has created recent advances in statistical
analysis of networks, such as graphexes and stretched graphons (Perry & Wolfe, 2013; Veitch &
Roy, 2015; Borgs et al., 2018; Caron & Fox, 2017; Yuan et al., 2019).

Our purpose is to study the long-time behavior of the network generative model. The analysis
here is somewhat inspired by the long-time study of stochastic network models in the literature
(see, i.e., Atar et al. (2021); Mountford et al. (2016); Schapira & Valesin (2017)). By consid-
ering recruitment and leaving events occur spontaneously, on finite graphs the activity of the
network dynamics eventually may stop. At this point in time known as the extinction time every
individual leaves permanently the network. It is noteworthy to say that, for some choices of
G, if β is sufficiently large than α and the system is started from a finite number of vertices
of the graph, then the extinction time is almost surely (a.s.) finite. In this paper, we give a
proof of this phenomenon under much higher generality: we only require β to be above α and
the graphs under consideration to be finite graphs of degree bounded by a given number (not
to have vertices of arbitrarily large degree; see condition (3.3) in Lemma 1). In other words, if
α ≤ β, then the process N dies out, meaning that for any finite initial configuration, the empty
configuration

∑0
i=1 δxi (i.e., the null measure) is almost surely eventually reached. On the other

hand, if α > β, then the process N may survive: for any nonempty initial configuration, the
event {Nτ 6= 0, for all τ} has positive probability and, conditioned on this event, almost surely
any event from the three above events (i), (ii) and (iii) of the dynamics occurs infinitely many
times. Note that if we define the extinction time as the stopping time:

τ ?0 := inf{τ ≥ 0, Nτ = 0},

with the convention inf ∅ =∞, then before τ ?0 the infinitesimal generator is given by (1.1). After
the extinction time (Nτ )τ≥τ?0 is the null measure, i.e., the system does not contain any particle
and the infinitesimal generator is simply reduced to null measure.
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The coherence of the use of random measures with network modeling and configuration
using random graphs has been recently emphasized as attested by the recent paper of Caron
& Fox (2017) about sparse graphs using exchangeable random measures. This paradigm leads
to desirable properties and, in particular, to statistical estimation procedures. Importantly, we
set here the exact Monte Carlo simulation algorithm of the generative model. By using the
nonparametric theory we propose a rigorous decomposition for the distribution of the network
size over continuous time. Our estimation methodology based on splines can automatically take
into account the presence of extinction and may handle a range of graphs. We show that our
method scales to different extinction levels.

The article is organized as follows. In Section 2, after fixing the context within which we work,
the design of our particle system approach and its key assumptions are carefully described. The
exact Monte Carlo algorithm useful for the numerical computation is given. Moreover, a rigorous
pathwise representation of the dynamic in terms of a stochastic differential equation driven by
Poisson point measures is given and the infinitesimal generator is derived. In Section 3, we
sketch the extinction and survival properties of the system where the long-time behavior of the
stochastic particle system is investigated. In Section 4, we deal with the nonparametric inference
and we prove that a spline approach approximates efficiently the distribution of the network size
for any extinction level and at each time. To validate the computational performance of our
results, we present some numerical tests in Section 5.

2 The network model

We start with a microscopic model of state structured network describing the dynamics at
the vertex level. We take into account recruitment, either by invitation or by affinity with other
individuals not yet present in the network and withdrawal (intrinsic leaving of the network). A
long-time behavior of the network is studied. We provide by this way a microscopic justification
of the extensive literature on latent space modeling (e.g. Hoff et al. (2002), Penrose (2003)
and Hoff (2009)) where by latent space we mean vertices are embedded in a low dimensional,
continuous latent space and the probability of an edge is determined by a distance or similarity
metric via the latent factors of the vertices. This gives us a better understanding of the large
time behavior of the microscopic model and allows us to assess the effects of recruitment and
interaction events leading to adaptive dynamics. A lot of statistical models for social networks
do not consider time evolution at the vertex level, see Wasserman & Faust (1994), Schweinberger
& Snijders (2003), Rastelli et al. (2016), Lusher et al. (2013), Durante et al. (2017) and Hunter
et al. (2008). We generalize all these models by introducing a dependence between state and
network rates at the vertex level and by taking into account affinity and interaction between
vertices, which yields nonlinearity in the limiting phenomena.
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2.1 Description of the dynamics

Particles are characterized by their state with values in D̄G (a closed subset of Rd). The
dispersion of new recruited vertices in the graph G is drawn from some probability dispersion
kernels K inv(x, dz) and Kaff(dy) that induce densities w.r.t. the Lebesgue measure respectively
on Rd and D̄G such that these densities are given by K inv(x, dz) = kinv(x, z)dz and Kaff(dy) =
kaff(y)dy. We describe the whole system by a measure belonging to MF (D̄G) (the set of finite
measures on D̄G):

Nτ (dx) =
Nτ∑
i=1

δxiτ (dx), (2.1)

where each vertex in G is represented by a Dirac mass on its state.

Notation 1 For any measure ν(dx) defined on D̄G and any function f : D̄G 7→ R, we use the
angle brackets 〈ν, f〉 to denote the function-measure duality, i.e., 〈ν, f〉 =

∫
D̄G
f(x)ν(dx). The

last notation is valid for continuous measures as well as for point measure Nτ (dx) given by (2.1),
in the latter case 〈Nτ , f〉 =

∑Nτ
i=1 f(xiτ ).

From Notation 1 it’s easily seen that Nτ = 〈Nτ , 1〉 =
∫

D̄G
Nτ (dx) is the system size at time

τ ∈ R+.
We now describe the three discrete components of the dynamics. A vertex with state x ∈ D̄G

in the network described by N gives invitation to a new vertex with rate α > 0. If the invitation
is accepted this new vertex immediately becomes a member of the network at state x+z where z
is drawn from a probability distribution kinv(x, z)dz with support on D̄G−{x} = {y−x|y ∈ D̄G}
(so that x + z ∈ D̄G) and then the system earns one new member (N 7→ N + δx+z). Each
vertex with state x ∈ D̄G can leave the system with rate β > 0 and the system loses one member
(N 7→ N − δx). An individual outside the system joins the network by affinity at state y with
rate

waff(y,N ) =
∑

x∈V:x∼y

aff(x, y) =

∫
D̄G

aff(x, y)N (dx), (2.2)

where x ∼ y means that x and y are neighbors and the new state y is drawn from a probability
distribution kaff(y)dy with support on D̄G. Here, aff : D̄G× D̄G → [0,∞) be a real-valued kernel
describing the interaction by affinity and assessing the strength of affinity between two vertices.
Notice that the recruitment by affinity varies from a state to another since its rate depends on
state. Of course, after this recruitment the system earns one new member (N 7→ N + δy).

As known, an important concept in the theory of complex networks is the connection between
vertices (i.e. the link function) which appears as a main issue in graph theory (Penrose, 2003).
To induce vertex heterogeneity in the link function, we endow each vertex with an affinity zone
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around it. This zone will be specified by a constant radius af > 0. Then, for the local affinity
function, we consider a linear triangular link model given by

∀x, y ∈ D̄G, aff(x, y) =

{
Af

(
1− 1

af
‖x− y‖

)+
if x 6= y ,

0 while if x = y,
(2.3)

where (·)+ = max(·, 0) and the parameter Af > 0 determines the high affinity level. This straight-
forward affinity interaction function guarantees to manage that vertex highly connected (with
high degree) is of course highly attractive. It’s clear that in the graph G we connect two vertices
by undirected link if and only if their distance is smaller than a certain neighborhood threshold
of affinity af that is independent of state. Furthermore, one could imagine more complex affinity
models when more complex scenarios are investigated but here we restrict ourselves to this choice
due to some technical reasons in the long-time behavior investigation (we will show a result that
holds over connection functions that are zero beyond the affinity threshold).

Let us mention different forms for the recruitment, withdrawal and interaction rates that
can be found in the literature to build network models (Aldous, 1997; Norros & Reittu, 2006;
Bollobás et al., 2007; van der Hofstad, 2017). A generalization by considering rates α(x) and
β(x) with x ∈ D̄G might allow us to take into account external effects such as attractive vertices
(hubs), unattractive vertices and so forth. For the interaction kernel aff(·, ·), a particular case is
the (density dependent) logistic one, for which the interaction exerted on a vertex state is then
proportional to the total number of vertices in the network, and thus nonlocal. Moreover, we can
cite also the class of connection functions that decay exponentially in some fixed positive power
of distance. In some applications, it is desirable to use the Rayleigh fading connection function
given by exp(−a(‖x − y‖/b)c) for some fixed positive a, b, c > 0 (typically c = 2). It would be
interesting to extend our results to these connection functions.

A natural hypothesis that will be considered from now on is to assume that these mechanisms
of recruitment with dispersion and withdrawal are mutually independent. Nevertheless, consid-
ering individual exponential clocks is relatively cumbersome and a better efficient Monte Carlo
procedure will rely on the existence of one global exponential clock that dominates all point
phenomena. That existence holds true when all the different individual clocks are uniformly
bounded. For simplicity, we assume from now on that the spatial dependence of the introduced
kernels and rates is bounded in the sense of Assumption 1.

Assumption 1 Assume that there exist some positive reals γ1, γ2 and some probability densities
k̃inv on Rd and k̃aff on D̄G such that

kinv(x, z) ≤ γ1k̃
inv(z) and kaff(y) ≤ γ2k̃

aff(y), (2.4)

for all x, y ∈ D̄G and z ∈ Rd. As well, for all N ∈ MF (D̄G), we assume that there exists a
constant Af > 0 such that

aff(x, y) ≤ Af which implies waff(y,N ) ≤ AfN. (2.5)
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Under Assumption 1, the generative point process N can be obtained as the unique strong
solution of a stochastic differential equation (SDE) driven by the following three Poisson point
measures (PPMs) corresponding to the dynamics described above.

Let N0 denotes the initial condition of the process, it is a random variable with values
in MF (D̄G). We write |A| to denote the cardinality of a set A. The model has a vector
Λ = (α, β,Af , af ,Λ

inv,Λaff) of unknown parameters, assumed to lie in (R∗+)4 × R|Λinv|+|Λaff | where
Λinv denotes the parameter set of the invitation dispersion kernel and Λaff denotes the parameter
set of the affinity dispersion kernel. We also denote by PΛ a probability measure under which
the process with parameter set Λ is defined on the graph G; later to avoid overly burdensome
notation we omit Λ from the notation as well. We denote by EΛ, or simply E, the associated
expectation. Let (Ω,A,P) be a sufficiently large probability space. On this probability space,
let consider the following basic independent PPMs:

(i) Let Pα be a PPM on [0,∞)× N∗ × Rd × [0, 1] of intensity measure:

Iα(dt, di, dz, dρ) = αγ1k̃
inv(z)dt

(∑
k≥1

δk(di)
)
dzdρ,

where dt, dz, dρ are the Lebesgue measures on, respectively, [0,∞),Rd, [0, 1], and
∑

k≥1 δk(di)
is the counting measure on N∗.

(ii) Let P β be a PPM on [0,∞)× N∗ × [0, 1] of intensity measure:

Iβ(dt, di, dρ) = βdt
(∑
k≥1

δk(di)
)
dρ.

(iii) Let P aff be a PPM on [0,∞)× N∗ × D̄G × [0, 1] of intensity measure:

Iaff(dt, di, dy, dρ) = Afγ2k̃
aff(y)dt

(∑
k≥1

δk(di)
)
dydρ.

Some comments are in order about the above PPMs. The first invitation point measure Pα

provides possible times at which invitation recruitment may occur. Each of its atoms is associated
with a possible invitation event time t, a real z which gives the dispersion of the vertex being
possibly recruited and an integer i which gives the vertex that has to produce the invitation.
The mark ρ is an auxiliary variable used for the construction of an acceptance/rejection Monte
Carlo sampling (to be specified later). Similar interpretation holds for P β and P aff . We consider
the canonical filtration (Fτ )τ≥0 generated by Pα, P β, P aff and N0. (Notice that we suppose that
the above PPMs and N0 are mutually independent). We denote by Nτ−the network process at
time τ before any possible event and by 1A the indicator function of the set A.

We introduce now explicitly a SDE driven by the above PPMs, for which the existence and the
uniqueness of the solution are stated. The solution is a Markov process, with generator (1.1) that
corresponds to the dynamics described previously and gives a rigorous pathwise representation
of the model in terms of PPMs.
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Definition 1 Assume that conditions (2.4) and (2.5) hold. The point process Nτ is a (Fτ )τ -
adapted stochastic process described by:

Nτ =N0 +

∫ τ

0

∫
N∗

∫
Rd

∫ 1

0

1{i≤Nt−}1
{
ρ≤(kinv(xit−,z))

/
(γ1k̃inv(z))

}δ(xit−+z)P
α(dt, di, dz, dρ)

−
∫ τ

0

∫
N∗

∫ 1

0

1{i≤Nt−}1{ρ≤(β/β)}δ(xit−)P
β(dt, di, dρ)

+

∫ τ

0

∫
N∗

∫
D̄G

∫ 1

0

1{i≤Nt−}1
{
ρ≤(aff(xit−,y)kaff(y))

/
(Afγ2k̃aff(y))

}δ(y)P
aff(dt, di, dy, dρ),

(2.6)

where the three terms of integrals are associated to the three basic independent mechanisms.

Now, we state in Theorem 1 that if the network process N solves (2.6), then it follows the
dynamic described by the infinitesimal generator A given by (1.1).

Theorem 1 Assume that conditions (2.4) and (2.5) are satisfied. Consider a (Fτ )τ≥0-adapted
stochastic process (Nτ )τ≥0 that solves (2.6). Then (Nτ )τ≥0 is Markovian and its infinitesimal
generator A is defined, in particular for the class of test functions Φ, by expression (1.1).

Proof The proof for the fact that (Nτ )τ≥0 is Markovian is classical and it will be omitted. For
the class of test functions Φ and all τ ≥ 0, Φ(Nτ ) is given a.s. by

Φ(Nτ ) = Φ(N0) +

∫ τ

0

∫
N∗

∫
Rd

∫ 1

0

1{i≤Nt−}1{ρ≤(kinv(xit−,z))/(γ1k̃
inv(z))}

× [Φ(Nt− + {δ(xit−+z)})− Φ(Nt−)]Pα(dt, di, dz, dρ)

+

∫ τ

0

∫
N∗

∫ 1

0

1{i≤Nt−}1{ρ≤(β/β)}

× [Φ(Nt− − {δ(xit−)})− Φ(Nt−)]P β(dt, di, dρ)

+

∫ τ

0

∫
N∗

∫
D̄G

∫ 1

0

1{i≤Nt−}1{ρ≤(aff(xit−,y)kaff(y))/(Afγ2k̃aff(y))}

× [Φ(Nt− + {δ(y)})− Φ(Nt−)]P aff(dt, di, dy, dρ).

(2.7)
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Let us consider the given intensities of the PPMs and take the expectation of (2.7) which enable
us to write

E[Φ(Nτ )] = E[Φ(N0)] +

∫ τ

0

E
[
αγ1k̃

inv(z)

Nt−∑
i=1

1

γ1k̃inv(z)

×
∫
Rd

{
Φ(Nt− + {δ(xit−+z)})− Φ(Nt−)

}
kinv(xit−, z)dz

]
dt

+

∫ τ

0

E
[
β

Nt−∑
i=1

β

β

{
Φ(Nt− − {δ(xit−)})− Φ(Nt−)

}]
dt

+

∫ τ

0

E
[
Afγ2k̃

aff(y)

Nt−∑
i=1

1

Afγ2k̃aff(y)

×
∫

D̄G

{
Φ(Nt− + {δ(y)})− Φ(Nt−)

}
aff(xit−, y)kaff(y)dy

]
dt

= E[Φ(N0)] + β

∫ τ

0

E
[ ∫

D̄G

Nt(dx)
{

Φ(Nt − {δ(x)})− Φ(Nt)
}]
dt

+ α

∫ τ

0

E
[ ∫

D̄G

Nt(dx)

∫
Rd

{
Φ(Nt + {δ(x+z)})− Φ(Nt)

}
kinv(x, z)dz

]
dt

+

∫ τ

0

E
[ ∫

D̄G

{∫
D̄G

(
Φ(Nt + δ(y))− Φ(Nt)

)
aff(x, y)kaff(y)dy

}
Nt(dx)

]
dt.

(2.8)

Now, differentiating the expression (2.8) at τ = 0 and using A Φ(N0) = ∂τE[Φ(Nτ )]τ=0 lead
immediately to (1.1). This completes the proof. 2

We carry on first with showing the existence and uniqueness of the stochastic process (Nτ )τ≥0

in the sense of Definition 1. We begin by a moment estimates result concerning the size evolution
of the system. Second, we will deduce that existence and uniqueness of a strong solution of the
SDE driven by the PPMs (2.6) follow as a consequence. Note that the size properties for this class
of point measures have been largely studied in the literature. More importantly, the following
Theorem 2 proves that the size of the vertices will grow with bound which guarantees that the
system does not explode.

Theorem 2 Admit assumptions (2.4) and (2.5). Consider that E[〈N0, 1〉m] < ∞ for some
m ≥ 1, then for any 0 < T <∞:

E
[

sup
τ∈[0,T ]

〈Nτ , 1〉m
]
<∞. (2.9)
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Proof First, a computation using Φ(N ) = 〈N , 1〉m in (2.7) (by setting f = 1 and F (x) = xm)
shows that

〈Nτ , 1〉m ≤ 〈N0, 1〉m +

∫ τ

0

∫
N∗

∫
Rd

∫ 1

0

1{i≤〈Nt−,1〉}1{ρ≤(kinv(xit−,z))/(γ1k̃
inv(z))}(

(〈Nt−, 1〉+ 1)m − 〈Nt−, 1〉m
)
Pα(dt, di, dz, dρ)

+

∫ τ

0

∫
N∗

∫
D̄G

∫ 1

0

1{i≤〈Nt−,1〉}1{ρ≤(aff(xit−,y)kaff(y))/Afγ2k̃aff(y)}(
(〈Nt−, 1〉+ 1)m − 〈Nt−, 1〉m

)
P aff(dt, di, dy, dρ),

(2.10)

where the inequality holds by neglecting the following nonpositive withdrawal term∫ τ

0

∫
N∗

∫ 1

0

1{i≤〈Nt−,1〉}1{ρ≤(β/β)} ×
(

(〈Nt−, 1〉 − 1)m − 〈Nt−, 1〉m
)
P β(dt, di, dρ) < 0.

For any n ∈ N∗, we consider the stopping time τn = inf{τ ≥ 0, 〈Nτ , 1〉 ≥ n}. Moreover, note
that the right side of the inequality (2.10) is a nondecreasing process (with two recruitment
components) and then, by using the notation A ∧B = min(A,B) for any A,B ∈ R, we find

sup
t∈[0,τ∧τn]

〈Nt, 1〉m ≤ 〈N0, 1〉m +

∫ τ∧τn

0

∫
N∗

∫
Rd

∫ 1

0

1{i≤〈Nt−,1〉}1{ρ≤(kinv(xit−,z))/(γ1k̃
inv(z))}(

(〈Nt−, 1〉+ 1)m − 〈Nt−, 1〉m
)
Pα(dt, di, dz, dρ)

+

∫ τ∧τn

0

∫
N∗

∫
D̄G

∫ 1

0

1{i≤〈Nt−,1〉}1{ρ≤(aff(xit−,y)kaff(y))/Afγ2k̃aff(y)}(
(〈Nt−, 1〉+ 1)m − 〈Nt−, 1〉m

)
P aff(dt, di, dy, dρ)

≤ 〈N0, 1〉m + Cm

∫ τ∧τn

0

∫
N∗

∫
Rd

∫ 1

0

1{i≤〈Nt−,1〉}1{ρ≤(kinv(xit−,z))/(γ1k̃
inv(z))}

(〈Nt−, 1〉m−1 + 1)Pα(dt, di, dz, dρ)

+ Cm

∫ τ∧τn

0

∫
N∗

∫
D̄G

∫ 1

0

1{i≤〈Nt−,1〉}1{ρ≤(aff(xit−,y)kaff(y))/Afγ2k̃aff(y)}

(〈Nt−, 1〉m−1 + 1) P aff(dt, di, dy, dρ),

where the last inequality holds by using the inequality (x+ 1)m − xm ≤ Cm(xm−1 + 1) for some
constant Cm that will change from line to line in the sequel. Now, by taking expectation and
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using the optional stopping theorem, we obtain,

E
[

sup
t∈[0,τ∧τn]

〈Nt, 1〉m
]
≤ E[〈N0, 1〉m] + Cm

∫ τ

0

E
[
1{t≤τ∧τn}

∫
Rd
αγ1k̃

inv(z)dz(〈Nt−, 1〉m + 〈Nt−, 1〉)
]
dt

+ Cm

∫ τ

0

E
[
1{t≤τ∧τn}

∫
D̄G

Afγ2k̃
aff(y)dy(〈Nt−, 1〉m + 〈Nt−, 1〉)

]
dt

≤ E[〈N0, 1〉m] + Cm

∫ τ

0

E
[
(〈Nt∧τn , 1〉m + 1)

]
dt

+ Cm

∫ τ

0

E
[
(〈Nt∧τn , 1〉m + 1)

]
dt

≤ E[〈N0, 1〉m] + 3Cm

∫ τ

0

E
[
〈Nt∧τn , 1〉m

]
dt.

Applying Gronwall’s lemma, for any T <∞, gives

E
[

sup
τ∈[0,T∧τn]

〈Nτ , 1〉m
]
≤ E[〈N0, 1〉m] exp(3CmT ) = Cm,T , (2.11)

where clearly the constant Cm,T do not depend on n. First, we deduce from (2.11) that τn
a.s.−→∞.

Indeed, if not, we can find T ∗ <∞ such that:

PT ∗ = P(sup
n
τn < T ∗) > 0.

This would imply that for each n:

E
[

sup
τ∈[0,T∧τn]

〈Nτ , 1〉m
]

= E
[

sup
τ∈[0,T∧τn]

〈Nτ , 1〉m1{supn τn<T
∗}

]
+ E

[
sup

τ∈[0,T∧τn]

〈Nτ , 1〉m1{supn τn≥T ∗}

]
≥ E

[
sup

τ∈[0,T∧τn]

〈Nτ , 1〉m1{supn τn<T
∗}

]
= nmPT ∗ ,

which contradicts (2.11). Finally, from Fatou’s lemma we conclude that:

E
[

sup
τ∈[0,T ]

〈Nτ , 1〉m
]

= E
[

lim inf
n→∞

sup
τ∈[0,T∧τn]

〈Nτ , 1〉m
]

≤ lim inf
n→∞

E
[

sup
τ∈[0,T∧τn]

〈Nτ , 1〉m
]

≤ Cm,T ,

which completes the proof. 2

An immediate consequence of Theorem 2 is the existence and uniqueness of the process
(Nτ )τ≥0 in the sense of SDE (2.6).

Corollary 1 Assume that (2.4) and (2.5) hold and that E[〈N0, 1〉] < ∞. Then there exists a
unique process (Nτ )τ≥0 in the sense of Definition 1.
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Proof Existence holds as we can construct (Nτ )τ≥0 using a Monte Carlo algorithm (see Section
(2.2) for a pseudocode of this algorithm), where the events are chosen thanks to an acceptance/re-
jection principle according to the PPMs Pα, P β and P aff . It remains only to verify that the jump
instant sequence Tk tends a.s. to infinity, and this follows from (2.9) with m = 1. Indeed, if not,
we can find T̄ such that limk→∞ Tk < T̄ . This would imply, given the accumulation of an infinite
number of events in the interval [0, T̄ ], that, for all n,

P( sup
τ∈[0,T̄ ]

〈Nτ , 1〉 > n) > 0.

Therefore, by Markov inequality,

E[ sup
τ∈[0,T̄ ]

〈Nτ , 1〉] > nP( sup
τ∈[0,T̄ ]

〈Nτ , 1〉 > n),

which contradicts (2.9) with m = 1 and then proves that Tk → ∞. Finally, uniqueness also
holds, since we have no choice in the construction. 2

2.2 Algorithm and graphical configuration

The distribution (law) of the network process is characterized by its infinitesimal generator
(1.1). This characterization is relatively abstract, so we subsequently propose now to design an
exact Monte Carlo algorithm that simulates the network and provides an empirical representation
of its law. The method is exact as, up to the pseudo-random numbers generator approximation,
it generates a network that has the same distribution as the considered Markov process (Nτ )τ≥0.

Let T > 0 and let us consider the evolution system on the compact time interval [0, T ].
Given a vertex chosen at random in the system, the type of point phenomenon to be considered
is determined by a sampling technique, and it is decided whether the chosen phenomenon is
actually applied or not by an acceptance/rejection sampling technique. Vertices in the graph G
generated by the process N are independent of each other. Each vertex in the state x has three
independent exponential clocks that control the occurrence of the events. Straightforwardly, an
efficient Monte Carlo procedure consists of the existence of one global clock, that models all
point mechanisms, computed easily thanks to the properties of the exponential distribution by,

Hτ = hατ + haff
τ + hβτ , where


hατ = αNτ ,
haff
τ = AfNτ ,

hβτ = βNτ .
(2.12)

Let T0 = 0 and start with a randomly chosen initial state N0. For k = 1, 2, 3, . . ., suppose the
time of the last event Tk−1 and the corresponding state of the system NTk−1

given, we describe
how to simulate NTk starting from NTk−1

, for k = 1, 2, 3, . . . , n with Tn = T a stopping time. In
order to determine the instant Tk when the next event could take place, we draw one realization
from the exponential distribution with parameter HTk−1

using (2.12). Then, from the instant Tk−1

12



Algorithm 1 Exact Monte Carlo simulation of the modeling by random measures

Draw initial condition of the process N0 and set T0 ← 0
for k = 1, 2, ..., n do

HTk−1
← (hαTk−1

+ haff
Tk−1

+ hβTk−1
)

∆tk ∼ exp(HTk−1
)

Tk ← Tk−1 + ∆tk

Compute the three probabilities: ραk ←
hαTk−1

HTk−1

; ρaff
k ←

haff
Tk−1

HTk−1

; ρβk ←
hβTk−1

HTk−1

u ∼ U [0, 1]
if u ∈ [0, ραk ] then
i ∼ U{1, ..., NTk−1

}
z ∼ K inv(xiTk−1

, dz)
NTk ← NTk−1

+ δxiTk−1
+z % recruitment by invitation

else
if u ∈ (ραk , ρ

α
k + ρβk ] then

i ∼ U{1, ..., NTk−1
}

NTk ← NTk−1
− δxiTk−1

% withdrawn of vertex at state xiTk−1

else
y ∼ Kaff(dy)
i ∼ U{1, ..., NTk−1

}
u′ ∼ U [0, 1]

if u′ ≤
aff(xiTk−1

,y)kaff(y)

Afγ2k̃aff(y)
then

NTk ← NTk−1
+ δy % recruitment by affinity

end if
end if

end if
end for

13



Figure 1: Geometric graph shown a state of the network process in the unit square (here D̄G = [0, 1]2,

N = 198 and af = 0.125). Vertices are indicated by small circles and connected by linear lines (edges)

if the intervertex distance is small than 0.125.

to the instant Tk of the next event, i.e., along the time interval [Tk−1, Tk) nothing is happening
and the iterations of the scheme describing the occurrence of events are given in Algorithm 1.

We introduce now the configuration with geometric graphs. Accordingly, we are interested,
as an illustrative example, in constructing a random geometric graph on one state of the net-
work with size N = 198 particles in the unit square (D̄G = [0, 1]2) and with affinity threshold
af = 0.125. As shown, the particles x1, . . . , x198 are related through a random network and are
represented by the vertices of an undirected graph. Between two neighbors, we place an edge if
‖xi − xj‖ ≤ af , for any i 6= j, to highlight the affinity interaction mechanism (see Figure 1).

In the next section, we shall study the long-time behavior of the process based on the random
measures described previously and we state our main result.

3 Long-time behavior

After fixing the model within which we work (its existence, uniqueness and algorithmic con-
struction), we investigate now the crucial question related to the long-time behavior of the
empirical measure (2.1). At first glance, we refer the interested reader to Liggett (1985) for an
amount of techniques and classical results about the survival and extinction properties concern-
ing the interacting particle systems. Notice that the contact process (which is one of the most
studied interacting particle systems) was introduced recently in the graph theory and a plethora
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of contact process models have been proposed in the literature about random networks like con-
figuration models, or preferential attachment graphs (Durrett, 2007; Chatterjee & Durrett, 2009;
Mountford et al., 2013; Schapira & Valesin, 2017).

First, we gather a brief treatment of some properties useful for better understanding the
generative process and keep forthcoming analysis more clear. We state in the sequel a result that
shows essentially that if there is at most one vertex at each state at time τ = 0 which means
that a.s.

sup
x∈D̄G

N0({x}) ≤ 1, (3.1)

then this also holds for all τ ≥ 0.

Proposition 1 Assume that conditions (2.4), (2.5) and (3.1) hold. Suppose that E[〈N0, 1〉] <
∞, then for all τ ≥ 0, a.s. ∫

D̄G

Nτ (dx)Nτ ({x}) = 〈Nτ , 1〉, (3.2)

that is supx∈D̄G
Nτ ({x}) ≤ 1.

Proof For all τ ≥ 0, let Φ(Nτ ) =
∫

D̄G
Nτ (dx)Nτ ({x}) − 〈Nτ , 1〉. Note that the function

Φ is nonnegative and a.s. Φ(N0) = 0. Moreover, for any x in the support of the measure
N ∈ MF (D̄G), we have Φ(Nτ − δx) − Φ(Nτ ) ≤ 0. For any n ∈ N∗, we consider again the
stopping time τn = inf{τ ≥ 0, 〈Nτ , 1〉 ≥ n} and deduce from (2.8) that

E[Φ(Nτ∧τn)] ≤ 0 + αE
[ ∫ τ∧τn

0

∫
D̄G

Nt(dx)

∫
Rd

{
Φ(Nt + {δ(x+z)})− Φ(Nt)

}
K inv(x, dz)dt

]
+ E

[ ∫ τ∧τn

0

∫
D̄G

{∫
D̄G

(
Φ(Nt + δ(y))− Φ(Nt)

)
aff(x, y)Kaff(dy)

}
Nt(dx)dt

]
,

where the first and the second terms of the right-hand side are equal to zero because K inv(x, dz)
and Kaff(dy) have densities together with the fact that N is atomic. We conclude that a.s.
Φ(Nτ∧τn) = 0 and we finish the proof by remarking that τn

n→∞−→∞ a.s. by using again (2.9) with
m = 1. 2

The next result shows the absolute continuity of the expectation of Nt. We define the
expectation of a random measure N by the deterministic measure E[N ] given by 〈E[N ], f〉 =
E[〈N , f〉], for any measurable nonnegative function f .

Proposition 2 Assume that assumptions (2.4) and (2.5) hold true, that E[〈N0, f〉] < ∞ and
that E[N0] admits a density g̃0 w.r.t. the Lebesgue measure. Then, for all τ ≥ 0, E[Nτ ] has a
density g̃τ such that

E[〈Nτ , f〉] =

∫
D̄G

f(x)g̃τ (x)dx,
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for all measurable nonnegative function f on D̄G.

Proof Consider again, for any n ∈ N∗, the stopping time τn. Let D be a Borel set of Rd with
Lebesgue measure zero. Then we can write, by taking Φ(N ) = 〈N ,1D〉 in (2.8) that, for all
τ ≥ 0, all n ≥ 1:

E[〈Nτ∧τn ,1D〉] = E[〈N0,1D〉] + αE
[ ∫ τ∧τn

0

∫
D̄G

Nt(dx)

∫
Rd
1D(x+ z)K inv(x, dz)dt

]
− βE

[ ∫ τ∧τn

0

∫
D̄G

Nt(dx)1D(x)dt
]

+ AfE
[ ∫ τ∧τn

0

∫
D̄G

{∫
D̄G

1D(y)Kaff(dy)
}

Nt(dx)dt
]
.

It is straightforward to check that the first term on the right-hand side vanishes since, by assump-
tion, E[〈N0,1D〉] = 0. Moreover, for any x ∈ D̄G,

∫
Rd 1D(x+ z)K inv(x, dz) = 0, then the second

term is also zero. Furthermore, the third term is obviously nonpositive. Finally, the last term
is zero since

∫
D̄G

1D(y)Kaff(dy) = 0. Therefore we deduce that, for any n ∈ N∗, E[〈Nτ∧τn ,1D〉]
is nonpositive and thus zero. Hence, E[Nτ∧τn ] is absolutely continuous w.r.t. Lebesgue measure
and thus, by the Radon-Nikodym theorem, there exists a measurable nonnegative function g̃τ∧τn
such that 〈E[Nτ∧τn ], f〉 =

∫
D̄G
f(x)g̃τ∧τn(x)dx, for all f ∈ C(D̄G). To conclude, note again from

(2.9) with m = 1 that a.s. τn
n→∞−→∞, which completes the proof. 2

Our goal now is to sketch the long-time behavior of the model (its extinction and survival
properties). First, we refer the reader to Etheridge (2004) for more details about the techniques
used to prove extinction and survival in some specific continuous processes. In addition, extinc-
tion and survival have been largely studied for the general class of processes with state space
N. Unfortunately, their techniques cannot be adapted to discontinuous processes as is the case
here. We are only able to handle a proof, under the compactness assumption of the state space
D̄G, that shows that the process (Nτ )τ≥0 does a.s. not survive when α ≤ β. Before stating a
result in this sense, at first step we need to show the following technical Lemma 1 that is useful
to show at a second step Theorem 3.

Lemma 1 Assume that D̄G is compact in Rd and there exists a constant υ > 0 such that, for
all r ≥ 1 and all (r + 1)-particles x1, . . . , xr, y ∈ D̄G, we have

r∑
i=1

1{‖xi−y‖≤af} ≤
r∑
i=1

κ∑
`=1

1C`(x
i)1C`(y) + υ, (3.3)

where {C`, ` = 1, . . . ,κ} is a family of disjoint cubes of Rd with side af/
√
d that we need

to cover the state space D̄G. Then, there exists a non decreasing function φ : R+ 7→ R+,
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satisfying φ(0) > 0 and limx→∞ φ(x) =∞ such that the map φ(x) is linear on [0,∞) and for all
N ∈MF (D̄G)

〈N ⊗Kaff , aff〉 ≤ φ(〈N , 1〉). (3.4)

Proof Let consider a family C = {C`, ` = 1, . . . ,κ} of disjoint cubes of Rd with side af/
√
d.

We cover the state space D̄G with the finite number κ of cubes where we note that for each l and
each x, y ∈ C`, ‖x− y‖ ≤ af . Obviously we have y in some cube `′ (y ∈ C`′ for `′ ∈ {1, . . . ,κ}).
For all r ≥ 1 and all x1, . . . , xr, y ∈ D̄G we have∫

D̄G

r∑
i=1

aff(xi, y)Kaff(dy) ≤
∫

D̄G

r∑
i=1

Af1{‖xi−y‖≤af}K
aff(dy)

≤ Af

∫
D̄G

r∑
i=1

κ∑
`=1

1C`(x
i)1C`(y)Kaff(dy) + Afυ

= Af

r∑
i=1

1C`′ (x
i)

∫
D̄G

1C`′ (y)Kaff(dy) + Afυ

≤ Afr

∫
C`′
Kaff(dy) + Afυ

= AfrP(y ∈ C`′) + Afυ.

Now, since the process N ∈MF (D̄G) is atomic, we conclude that 〈N ⊗Kaff , aff〉 ≤ Afp`′〈N , 1〉+
Afυ where p`′ = P(y ∈ C`′) (for instance p`′ = 1/κ if the affinity kernel Kaff is uniformly dis-
tributed). Hence, immediately (3.4) holds with φ(r) = rAfp`′ + Afυ. 2

Now, we are in position to demonstrate the following Theorem 3 about the long-time behavior
of the empirical measure (2.1) on graphs.

Theorem 3 Assume that conditions (2.4) and (2.5) are satisfied together with E[〈N0, 1〉] <∞.
Furthermore, admit that all the assumptions of Lemma 1 hold and assume also that α ≤ β, then
the extinction time τ ?0 is a.s. finite which says that

τ ?0 = inf{τ : 〈Nτ , 1〉 = 0} <∞. (3.5)

17



Proof Let us take Φ(N ) = 〈N , 1〉 in (2.8) (by setting f = 1 and F (x) = x). Writing

E[〈Nτ , 1〉] = E[〈N0, 1〉] + αE
[ ∫ τ

0

∫
D̄G

Nt(dx)

∫
Rd
K inv(x, dz)dt

]
− βE

[ ∫ τ

0

∫
D̄G

Nt(dx)dt
]

+ E
[ ∫ τ

0

∫
D̄G

{∫
D̄G

aff(x, y)Kaff(dy)
}

Nt(dx)dt
]

= E[〈N0, 1〉] +

∫ τ

0

E
[
〈Nt, α− β〉

]
dt

+

∫ τ

0

E
[ ∫

D̄G

{∫
D̄G

aff(x, y)Kaff(dy)
}

Nt(dx)
]
dt.

Now, since E[〈Nτ , 1〉] is differentiable, by differentiating E[〈Nτ , 1〉] we obtain

∂τE[〈Nτ , 1〉] = (α− β)E[〈Nτ , 1〉] + E[〈Nτ ⊗Kaff , aff〉]
≤ (α− β)E[〈Nτ , 1〉] + E[φ(〈Nτ , 1〉)] (3.6)

= (α− β)E[〈Nτ , 1〉] + φ(E[〈Nτ , 1〉]), (3.7)

where inequality (3.6) is obtained from Lemma 1 and equality (3.7) holds by the fact that
E[φ(r)] = φ(E[r]) (since φ is linear from N to R∗+). We know from Lemma 1 that the map φ(x)
is nondecreasing and satisfying φ(0) > 0 together with limx→∞ φ(x) = ∞. By considering x0

the greatest solution of (α − β)x0 = −φ(x0) and by using (3.7) we obtain that, for all τ ≥ 0,
E[〈Nτ , 1〉] ≤ max(E[〈N0, 1〉], x0). Hence, we deduce immediately that

sup
τ≥0

E[〈Nτ , 1〉] <∞. (3.8)

In the rest of the proof, we deal with the N-valued process Nτ = 〈Nτ , 1〉. Our main goal now is
to check that, for any n ∈ N∗, we have

P(lim inf
τ→∞

〈Nτ , 1〉 = n) = 0. (3.9)

To verify (3.9), let us admit that lim infτ→∞〈Nτ , 1〉 = n. Then clearly the size process 〈Nτ , 1〉
reaches infinitely often the state n and reaches a finite number of times the state n−1. Straight-
forwardly, this is a.s. impossible since each time 〈Nτ , 1〉 reaches the state n, the probability that
its next state is n− 1 is bounded from below by (β/(α + β + Af)) > 0.

Now, since 〈Nτ , 1〉 is N-valued, we immediately conclude from (3.9) that a.s.

lim inf
τ→∞

〈Nτ , 1〉 ∈ {0,∞}. (3.10)
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Furthermore, since zero is an absorbing state, we deduce from (3.10) that a.s. limτ→∞〈Nτ , 1〉
exists and

lim
τ→∞
〈Nτ , 1〉 ∈ {0,∞}. (3.11)

By applying Fatou’s lemma together with (3.8) we obtain

E[ lim
τ→∞
〈Nτ , 1〉] = E[lim inf

τ→∞
〈Nτ , 1〉] ≤ lim inf

τ→∞
E[〈Nτ , 1〉] ≤ sup

τ≥0
E[〈Nτ , 1〉] <∞. (3.12)

Hence a.s. limτ→∞〈Nτ , 1〉 < ∞ and it’s easily seen from (3.11) that a.s. limτ→∞〈Nτ , 1〉 = 0.
This proves the theorem. 2

Let us make some comments on the proof of this result now. Our main tool is a completely
general requirement that the vertices degree be bounded in the sense of inequality (3.3) used to
show Lemma 1 as well as the restriction α ≤ β on the two rates of the system. Recall that the
number of neighbors of a given vertex is the degree of the associated vertex. The existence of
the positive constant υ in the right-hand side of (3.3) is trivial on any graph since the size of the
system N and af are bounded above every time. The striking fact is that the order of magnitude
of υ seems necessary to evaluate the extinction time: if vertices of larger and larger degree are
present in the graph G, this should only contribute to the extinction time being larger. Still,
one can study the dependence of the extinction time on the value of (υ,Λ) and this needs to be
carried out in its own right. In the light of this result, the question of how the expectation of τ ?0
grows with the number of vertices on finite graphs of degree bounded by a given number needs
a much deeper investigation.

Remark 1 More generally, let consider the process (Nτ )τ≥0 with state dependent rates α(x) and
β(x). Assume that there exist some constants α ≤ β such that for all x ∈ D̄G, α(x) ≤ α and
β(x) ≥ β. Then (Nτ )τ≥0 dies out a.s., meaning that for any finite initial configuration, the empty
graph configuration is almost surely eventually reached, that is, P(∃τ > 0, 〈Nτ , 1〉 = 0) = 1.

Remark 2 In contrast, we can show that in some cases the process (Nτ )τ≥0 survives with positive
probability. At first glance, the problem is that the assumptions for the survival will never be mild
(e.g. the space state D̄G will never be continuous or one needs to constrain the affinity function
to be completely local; i.e., aff(x, y) = Af1{x=y}) since we have to establish a rigorous coupling
with the contact process. The task seems very difficult and much appropriate investigations are
widely requested to be able to handle a proof in a general case.

4 Nonparametric inference

In this section, we propose a spline nonparametric inference to approximate the distribution
of a rescaled version of the system size process which assesses the extinction order of magnitude
and its time evolution. Spline modeling for densities estimation has been used for instance by
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Stone (1990) who shows that the sieved maximum likelihood estimator attains the optimal rate
of convergence for estimating a smooth density. Our objective precisely consists in estimating
a complicated distribution based on large sample over time. When we deal with the N-valued
process Nτ = 〈Nτ , 1〉, we may obtain a rescaled formulation of this size process, which will be
the base of our study, by

Sτ :=
〈Nτ , 1〉
N?

, τ ≥ 0. (4.1)

Here N? > 0 denotes the order of magnitude of the network size Nτ of interest and the rescaled
process (4.1) is a [0,∞)-valued pure jump process (Sτ )τ≥0 (exactly with values in 1

N?N). This
classical rescaled technique is chiefly employed in our context to study a normalized version from
the initial discrete size process.

Because of the extinction in finite time (under the assumptions of Theorem 3), the distribution
of the rescaled size process fails to have a density w.r.t. the Lebesgue measure on [0,∞). Roughly,
let Pτ (dv|s) = P(St+τ ∈ dv|St = s) be the transition kernel of the process (Sτ )τ≥0 and let
πτ (dv) = (π0Pτ )(dv) be the distribution of Sτ where π0 denotes the initial distribution. We need
to explain the notation of the right action on measure by: (π0Pτ )(dv) =

∫
R+
π0(ds)Pτ (dv|s).

The probability measure Pτ (·|s) gives positive probability to zero the absorbing state and we
may decompose it rigorously into singular part Eτ and absolutely continuous part pτ from the
following Lebesgue decomposition:

Pτ (dv|s) = Eτ (s)δ0(dv) + pτ (v|s)dv, (4.2)

where δ0 is the Dirac mass at state 0 and dv is the Lebesgue measure on [0,∞). Particularly, Pτ
is absolutely continuous w.r.t. the reference measure m(dv) = δ0(dv) + dv on R+ with density

p?τ (v|s) =

{
Eτ (s), if v = 0 ,
pτ (v|s), otherwise.

(4.3)

To complete the presentation of the distribution under study, we suppose also that the initial
distribution π0 is absolutely continuous with respect to the reference measure m(dv), and we let:

p?0(v) =
π0(dv)

m(dv)
=

{
E0, if v = 0 ,
p0(v), otherwise.

(4.4)

We assume that there are n observations V τ
n = (vτ1 , . . . , vτn) sampled from an unknown

distribution Pτ (·|s) on the interval [0,∞) in the real line that is bounded away from infinity
with τ ∈ (0, T ]. Our model on this measure will be supported on the set of smooth functions
constructed from a spline basis. Fix some ”order” q, a natural number such that q ≥ 3, and
let L(τ) ≥ 2 be another natural number, which will increase with n, and partition the half-
open interval [min(V τ

n ),max(V τ
n )) into L(τ) subintervals [min(V τ

n ) + (l− 1)∆τ
n/L(τ),min(V τ

n ) +
l∆τ

n/L(τ)) for l = 1, . . . , L(τ) and ∆τ
n = max(V τ

n )−min(V τ
n ). Consider the linear space of splines
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of order q relative to this partition, that is, all functions p : [0,∞) 7→ R which are piecewise
polynomial of degree < q and which are q − 2 times continuously differentiable. This space
of splines has dimension J(τ) = q + L(τ) − 1. The reader can find a thorough presentation
of splines in de Boor (2001). We are tempted to use the set of M-splines M1,q, . . . ,MJ(τ),q of
order q and with the known nondecreasing sequence of knots ξτ = (ξτ1 , . . . , ξ

τ
L(τ)−1+2q). It is

worthwhile to stress that the exact nature of M-spline function does not matter to us here,
except that it refers to a certain normalized B-spline function on its minimal support [ξτj , ξ

τ
j+q),

i.e., Mj,q := (q/(ξτj+q − ξτj ))Bj,q which implies straightforwardly that
∫ +∞
−∞ Mj,q =

∫ ξτj+q
ξτj

Mj,q = 1.

The transition kernel Pτ (dv|s) is a probability measure for any s ≥ 0, so that the extinction
probability Eτ (s) starting from s satisfies, for all τ ∈ [0, T ] and s, v ∈ [0,∞)∫

R+

pτ (v|s)dv = 1− Eτ (s). (4.5)

In practice, the issue is that the function pτ (v|s) is not available in closed form. For θτ ∈ RJ(τ)
+

(to meet the requirement that pτ needs to be positive since it is known that Mj,q ≥ 0) let us
approximate the continuous part with the spline:

pθτ (v|s) =

J(τ)∑
j=1

θτjMj,q(v, τ). (4.6)

As a consequence of the preceding modeling, the problem of routine calculation of spline coeffi-
cients, that depend on the time, may be addressed using the maximization of the log-likelihood
as follows:

(θ̂τ1 , . . . , θ̂
τ
J(τ)) = arg max

(θτ1 ,...,θ
τ
J(τ)

)∈Θ(τ)

L (vτ1 , . . . , vτn , θτ ), (4.7)

where the log-likelihood that takes into account the extinction is given by

L (vτ1 , . . . , vτn , θτ ) =
n∑
k=1

log
(
Eτ (s) +

J(τ)∑
j=1

θτjMj,q(vτk , τ)
)
, (4.8)

and we could restrict θτ to the subset

Θ(τ) =
{
θτ ∈ RJ(τ)

+ :

J(τ)∑
j=1

θτj

∫
R+

Mj,q(v, τ)dv = 1− Eτ (s)
}
. (4.9)

Note that, in (4.8), the irrelevant density of the initial observation, S0, has been left out since n
will be chosen large. Hence the equation (4.7) defines a nonlinear programming problem. In the
following we construct a solution to this problem (that may vary over time and extinction level)
for the set of probability densities on [0,∞), which next induces a nonparametric model on the
continuous part of probability densities pθτ through the map θτ 7→ pθτ .
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Theorem 4 The problem defined by equation (4.7) has a unique solution on Θ(τ). Suppose that
θ̂τ = (θ̂τ1 , . . . , θ̂

τ
J(τ)) is a solution to the maximization of the log-likelihood (4.8) on the constrained

subset (4.9), then, for j = 1, . . . , J(τ), it must satisfy

θ̂τj =

(
1− Eτ (s)

)∑n
k=1

θ̂τjMj,q(vτk ,τ)

Eτ (s)+
∑J(τ)
j=1 θ̂

τ
jMj,q(vτk ,τ)(

n−
∑n

k=1
Eτ (s)

Eτ (s)+
∑J(τ)
j=1 θ̂

τ
jMj,q(vτk ,τ)

) ∫
R+
Mj,q(v, τ)dv

. (4.10)

Proof From Weierstrass’ theorem, which states that a continuous function defined on a com-
pact interval must have an extreme, we conclude that the solution to maximization (4.7) exists.
Writing the Lagrangian in the following form:

L =
n∑
k=1

log
{
Eτ (s) +

J(τ)∑
j=1

θτjMj,q(vτk , τ)
}

+ λ
{ J(τ)∑

j=1

θτj

∫
R+

Mj,q(v, τ)dv − (1− Eτ (s))
}
. (4.11)

The derivatives of L with respect to θτ are, for j = 1, . . . , J(τ)

∂L
∂θτj

=
n∑
k=1

Mj,q(vτk , τ)

Eτ (s) +
∑J(τ)

j=1 θ
τ
jMj,q(vτk , τ)

+ λ

∫
R+

Mj,q(v, τ)dv. (4.12)

Let θ̂τ be an optimum that satisfies

θ̂τj

( ∂L
∂θτj

∣∣∣
θτj =θ̂τj

)
=

n∑
k=1

θ̂τjMj,q(vτk , τ)

Eτ (s) +
∑J(τ)

j=1 θ̂
τ
jMj,q(vτk , τ)

+ λθ̂τj

∫
R+

Mj,q(v, τ)dv = 0. (4.13)

Summing up the above equations over j and exchanging the order of summation signs lead to

J∑
j=1

θ̂τj

( ∂L
∂θτj

∣∣∣
θτj =θ̂τj

)
=

J(τ)∑
j=1

n∑
k=1

θ̂τjMj,q(vτk , τ)

Eτ (s) +
∑J(τ)

j=1 θ̂
τ
jMj,q(vτk , τ)

+ λ

J(τ)∑
j=1

θ̂τj

∫
R+

Mj,q(v, τ)dv (4.14)

=
n∑
k=1

∑J(τ)
j=1 θ̂

τ
jMj,q(vτk , τ)

Eτ (s) +
∑J(τ)

j=1 θ̂
τ
jMj,q(vτk , τ)

+ λ

J(τ)∑
j=1

θ̂τj

∫
R+

Mj,q(v, τ)dv = 0,

where in (4.14) the denominator of the first term is independent on the index j which justifies that
the summation is performed only on the numerator. The sum in the second term is (1−Eτ (s))
on the subset Θ(τ). Thus we obtain

J(τ)∑
j=1

θ̂τj

( ∂L
∂θτj

∣∣∣
θτj =θ̂τj

)
=

n∑
k=1

{
1 +

−Eτ (s)
Eτ (s) +

∑J(τ)
j=1 θ̂

τ
jMj,q(vτk , τ)

}
+ λ(1− Eτ (s))

= n−
n∑
k=1

Eτ (s)

Eτ (s) +
∑J(τ)

j=1 θ̂
τ
jMj,q(vτk , τ)

+ λ(1− Eτ (s)) = 0.
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From the last equation we are led to deduce the Lagrange multiplier, which satisfies the Kuhn-
Tucker conditions:

λ =
−n+

∑n
k=1

Eτ (s)

Eτ (s)+
∑J(τ)
j=1 θ̂

τ
jMj,q(vτk ,τ)

(1− Eτ (s))
. (4.15)

Substituting (4.15) into equation (4.13), we have

n∑
k=1

θ̂τjMj,q(vτk , τ)

Eτ (s) +
∑J(τ)

j=1 θ̂
τ
jMj,q(vτk , τ)

+ θ̂τj

(−n+
∑n

k=1
Eτ (s)

Eτ (s)+
∑J(τ)
j=1 θ̂

τ
jMj,q(vτk ,τ)

(1− Eτ (s))

)∫
R+

Mj,q(v, τ)dv = 0.

This gives the iteration formula (4.10). Now, we shall show the uniqueness of the solution, that
is there exists only one extreme point interior to Θ(τ) for this nonlinear problem. Roughly, we
will prove that if θ̂τ is an optimum solution, it must be the global optimum. By direct calculation
and Taylor’s theorem, we have:

L(θτ ) ≈ L(θ̂τ ) +

J(τ)∑
j=1

(∂L(θ̂τ )

∂θτj

)
(θτj − θ̂τj ) +

1

2

J(τ)∑
j=1

J(τ)∑
j′=1

(∂2L(θ̃τ )

∂θτj ∂θ
τ
j′

)
(θτj − θ̂τj )(θτj′ − θ̂τj′)

= L(θ̂τ ) +

J(τ)∑
j=1

(∂L(θ̂τ )

∂θτj

)
(θτj − θ̂τj )− 1

2

J(τ)∑
j=1

J(τ)∑
j′=1

n∑
k=1

Mj,q(vτk , τ)Mj′,q(vτk , τ)(θτj − θ̂τj )(θτj′ − θ̂τj′)(
Eτ (s) +

∑J(τ)
j=1 θ̃

τ
jMj,q(vτk , τ)

)2

= L(θ̂τ ) +

J(τ)∑
j=1

(∂L(θ̂τ )

∂θτj

)
(θτj − θ̂τj )− 1

2

n∑
k=1

(∑J(τ)
j=1 (θτj − θ̂τj )Mj,q(vτk , τ)

)2

(
Eτ (s) +

∑J(τ)
j=1 θ̃

τ
jMj,q(vτk , τ)

)2 ,

for θ̃τ a vector on the line segment between θτ and θ̂τ . It’s easily seen that the third term on the
right hand side of the last equation is less than zero. We can finish the proof by concluding that

L(θτ ) ≤ L(θ̂τ ) +

J(τ)∑
j=1

(∂L(θ̂τ )

∂θτj

)
(θτj − θ̂τj ). (4.16)

As known, (4.16) is the sufficient condition for θ̂τ ∈ Θ(τ) to be the global maximum [see, for
example, Luenberger & Ye (2016)]. It follows that the necessary conditions are satisfied easily
and this concludes the proof. 2

Although in this section we are primarily interested in smooth continuous part of the transi-
tion kernel modeling for the rescaled size process, it is desirable to have a unified methodology
applicable to network size distributions that does contain the atomless (has no atom at 0) contin-
uous probability measures which are not absolutely continuous. Let us now consider some simply
functions (in Figures 2 and 3) picked up for illustrative purposes. An example of such a measure

23



1/3

2/3

1

1/2

τk τk′ τk′′ τk′′′ τn = T· · · · · · · · · · · · · · ·τ0 = 0 Time τ

Eτ (s)

Example of extinction probability evolution (α << β)

Example of extinction probability evolution (β < α)

Figure 2: Two examples of extinction probability evolution. The process parameter values are
chosen so as to observe a short transient phase where the rescaled network size grows quickly,
starting from a small initial size value, and reaches a stationary phase in the short term [0, T ].

may be observed in some cases, for instance, when α >> β. For an order q = 1 the linear space
of splines consists of piecewise constant functions with cell boundaries (min(V τ

n ) + l∆τ
n/L(τ))

for l = 0, 1, . . . , L(τ). The design of a spline model on the probability measure by considering

Pτ ≡
∑J(τ)

j=1 θ
τ
jMj,1 enables us to approximate arbitrarily closely (when L(τ) ↑ ∞) this class of

measures constructed on piecewise constant functions as a special case. Therefore, this class
of discrete probability measures with atoms at {min(V τ

n ),min(V τ
n ) + ∆τ

n/L(τ), . . . ,max(V τ
n )} is

weakly dense in the set of all probability measures Pτ (·|s).
We conclude this section with some behavior examples of extinction probability and absolutely

continuous mass evolution in the presence of the phenomenon of extinction. We assume first
α << β to accelerate the extinction of the network and second β < α to highlight the possible
presence of extinction even when assumption α ≤ β of Theorem 3 is not meet. These examples
of functions Eτ (s) and pθτ (v|s) are illustrated respectively in Figures 2 and 3.

Particularly, let us roughly specify the main ideas summarized in Figures 2 and 3. If we
consider a high extinction level (case α << β) a lot of withdrawal events occur just after the
initial state, then during the transient phase of the size network process we expect a large amount
of probability mass to be lost (in the continuous part of the measure) which quickly drives the
network to extinction. More importantly, when the invitation rate is above the withdrawal rate
we will show in Section 5 that the phenomenon of extinction is still present even in the short
term. Moreover, on a large time scale the probability mass in the continuous part keeps on
decreasing slowly, although the latter fact is not clearly diagnosed now (in case β < α). The
time behavior of the absolutely continuous part is then plotted at particular instants τk, τk′ , τk′′
and τk′′′ on Figure 3. By considering the case α << β, the functions pτk and pτ ′k take high values
near absorbing point 0. This induces a probability flow towards 0 and increases the extinction
probability. In the second case β < α, the functions pτ ′′k and pτ ′′′k show that the probability mass
near the frontier point 0 is low since the extinction probability grows much more slowly within
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0
V ′min V ′max v

case β < αcase α << β

←
∫
R+
pτk = 2/3

←−
∫
R+
pτk′ = 1/3

←
∫
R+
pτ ′′k = 2/3

←−
∫
R+
pτk′′′ = 1/2

0
Vmin

Vmax v

Figure 3: Examples of time evolution (at instants τk, τ
′
k, τ
′′
k and τ ′′′k marked in Figure 2) of

the rescaled size distribution (absolutely continuous part). Extinction induces a quick loss of
probability mass in the transient phase when α << β. The loss of probability mass is then much
slower when β < α. Here, Vmin = min(V τ

k , V
τ
k′), Vmax = max(V τ

k , V
τ
k′), V

′
min = min(V τ

k′′ , V
τ
k′′′) and

V ′max = max(V τ
k′′ , V

τ
k′′′).

the time evolution.

5 Some numerical evidence

In this section, we present some short numerical results to illustrate the model and the main
result about the long-time behavior that we discussed in this paper.

We stress first that random graphs on the space state cross time can be very conveniently
generated thanks to the exact Monte Carlo scheme given by Algorithm 1. For this, we simulate
some examples of dynamics since initial networks through continuous time. For simplicity, we
shall illustrate these states in the unit square [0, 1]2. Then, each member of the network is
characterized by a vertex with two coordinates inside the square. We let the algorithm run three
times for the same number of iterations (105 updates) starting from the state N0 ∼ U[0,1]2 with
initial size N0 = 1000 (see Figure 4). We run the algorithm with α = 3, β = 1.6, Af = 2,
af = 0.1 and two Gaussian kernels (for invitation and affinity recruitments) with some dispersion
parameter σ > 0. Figures 5, 6 and 7 show the final states with their degree distributions of
the three simulated dynamics (with σ = 0.001, σ = 0.005 and σ = 0.1) starting from the initial
state N0. We report this first numerical experiment to highlight the behavior of the network
dynamics in function of the dispersion. Thus, we are interested in the influence of spatial
dispersion on the formation of patterns (communities) and other aspects seen in real-world
social network dynamics. The analysis of Figures 5, 6 and 7 shows that with high dispersion new
vertices tend to occupy almost all the space and their dispersion is uniformly in the vicinity of
already present vertices. With low dispersion new nodes tend to occupy only the space located
in the vicinity of nodes that contributed to their recruitments. This favors the formation of
clusters. Unsurprisingly with very small dispersion (σ = 0.001), the network dynamic evolves
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(a) Initial network state with N0 = 1000 (b) Initial degree distribution

Figure 4: Initial network state and its initial degree distribution.

again through a process of clustering. On the basis of this numerical evidence, it appears that
the impact of the dispersion level is important. We refer the interested reader, in this context,
to Ugander et al. (2011) for some details about the anatomy of the facebook social graph.

We can now focus quickly on the main result of our paper, dealing with the large time behavior
of the network. We perform simulations at different levels of extinction. To this end we vary the
invitation and withdrawal rates. We consider three cases:

• small extinction (with α > β): α = 2, β = 1.98, Af = 2.55, af = 0.05, σ = 0.01 and
N0 = 100,

• medium extinction (with α < β): α = 2, β = 2.005, Af = 2.55, af = 0.05, σ = 0.01 and
N0 = 100,

• high extinction (with α < β): α = 2, β = 2.015, Af = 2.55, af = 0.05, σ = 0.01 and
N0 = 100.

In each of these three cases, and with the same initial distribution, we simulate 60 independent
runs of the network process using the scheme detailed in Algorithm 1 with 105 and 106 updates.

The evolution of the network sizes is illustrated through trajectories in Figure 8. In the figure,
we report the realization of the network size for somewhat long periods, simply for illustrative
purposes. It is easily seen from Figure 9 that, for the three extinction levels, the estimated
extinction probability grows quickly in the first period, and seems to approach an asymptotic
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(a) Final network state (low dispersion) (b) Final degree distribution (low dispersion)

Figure 5: Final network state with dispersion σ = 0.001 and its degree distribution.

(a) Final network state (medium dispersion) (b) Final degree distribution (medium disper-
sion)

Figure 6: Final network state with dispersion σ = 0.005 and its degree distribution.
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(a) Final network state (high dispersion) (b) Final degree distribution (high dispersion)

Figure 7: Final state of the network with dispersion σ = 0.1 and its degree distribution.

value. Running the simulation on a much larger period of time (more than 106 updates here) will
result in an extinction probability growing to 1 at least almost surely in the cases with α ≤ β.

To extract a random sample V τ
n = (vτ1 , . . . , vτn) from these trajectories to study its unknown

distribution for each level of extinction we proceed as follows. Let us denote by n0
τ the number of

trajectories that become extinct before instant τ from the total number of trajectories n? = 60.
The probability of extinction is approximated at each time τ ∈ [0, T ] by

Eτ (s) =
Number of trajectories that extinct before instant τ

Total number of trajectories simulated by Monte Carlo
=
n0
τ

n?
.

When we run 105 updates, this computation gives ET (s) = 7/60 (in small extinction), ET (s) =
36/60 (in medium extinction) and ET (s) = 55/60 (in high extinction). With 106 updates,
we obtain ET (s) = 7/60 (in small extinction), ET (s) = 43/60 (in medium extinction) and
ET (s) = 58/60 (in high extinction). Now, we can discretize all the simulated trajectories by
setting a time step ∆? (a mesh) and computing the mean at each time step from the n? values
of the rescaled network size (s`τ = N `

τ/N
?, for ` = 1, . . . , n?). Then, we obtain a sample, which

reads

(vτ1 , vτ2 , . . . , vτn) =
(∑n?

`=1 s
`
∆?

n?
,

∑n?

`=1 s
`
2∆?

n?
, . . . ,

∑n?

`=1 s
`
n∆?

n?

)
where the instants of discretization are clearly τ1, τ2, . . . , τn = ∆?, 2∆?, . . . , n∆?. In particular,
in this numerical study we took N? = N0.
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(a) Low extinction ET (s) =
0.1166667 and 105 updates

(b) Moderate extinction ET (s) =
0.6 and 105 updates

(c) High extinction ET (s) =
0.9166667 and 105 updates

(d) Low extinction ET (s) =
0.1166667 and 106 updates

(e) Moderate extinction ET (s) =
0.7166667 and 106 updates

(f) High extinction ET (s) =
0.9666667 and 106 updates

Figure 8: Sample trajectories that show the time evolution of the number of nodes during 105 updates

(top) and 106 updates (bottom) for small, medium and large extinction levels for the network model.

The instants of extinction for trajectories that extinct are indicated by the vertical stripes on the

time-axis.
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We are now in the position to use simulations to validate the previous results. For the
computation of the spline that models the absolutely continuous part of the unknown density
for the three levels of extinction, it is desirable to use our previous formula derived in (4.10)
to find the spline coefficients in an iterative efficient way. We implemented a simple routine in
R that is extremely efficient and allows to compute all the coefficients in a matter of seconds
on a standard laptop computer. This is very promising since the coefficients have themselves a
temporal dependence structure and we need to recompute the spline at each time. As common
in the optimization context, we start the spline coefficients by a visual examination (from the
histogram of the rescaled process data) when computing our estimators by (4.10), in order to
avoid initialization issues. In all cases numerical tests have shown that it reaches in a fast
manner the optimum which ensures that this formula is very computationally efficient even in
high dimension (large n and large number of knots). In our case, however, we need to determine
the optimal number of knots in the computation of the spline. The major advantages of the
knot selection are its flexibility achieved by adjusting the spline to detect better the high and
low variability regions of the data and to facilitate the control of the absolutely continuous part
of the distribution. For this reason, we implemented a simple routine in R, to select the smallest
knot sequence that gives the best ”bias” at τ = T :

B?(ξτ ) =
(∫

R+

J(τ)∑
j=1

θτjMj,q(v, τ)dv − (1− Eτ (s))
)
. (5.1)

In Figure 10, we report the obtained spline curve at each case to illustrate the approximation
one obtains by using the spline coefficients summarised, for completeness, in Table 1 and Table
2. We note how the estimators perform very efficiently, and show also in Figure 10 the ”wrong
histogram” (with area equal to 1) of the rescaled process to highlight the impact of the extinction
on the loss of probability mass during the time evolution. In all cases, the average of the bias
computed by (5.1) scales approximately as 10−4 to 10−6.

Finally, we show in Figure 11 an example of dynamics without observing the extinction
phenomenon for 106 updates. To obtain this scenario we took α = 2, β = 1.9, Af = 2.55,
af = 0.05, σ = 0.01 and N0 = 100.

Clearly, a full assessment of the long-time behavior would require much deeper theoretical and
numerical investigations; these preliminary results, however, seem rather encouraging for future
developments to assess an extinction threshold (a critical value of β that ensures the extinction
of the network).
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(a) Eτ (s) evolution during 105 updates (b) Eτ (s) evolution during 106 updates

Figure 9: Time evolution of the extinction (discrete part Eτ (s)) during 105 updates (left) and 106

updates (right) for the three extinction levels. The first (left) plot is within the transient phase. In the

right plot the extinction probability has already reached a high level after 7 × 105 updates, but keeps

on growing. We note that within the last period, the probability mass loss is much slower than the first

period of the process.
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(a) pT (v|s) in low extinction
ET (s) = 0.1166667

(b) pT (v|s) in moderate extinction
ET (s) = 0.6

(c) pT (v|s) in high extinction
ET (s) = 0.9166667

(d) pT (v|s) in small extinction
ET (s) = 0.1166667

(e) pT (v|s) in medium extinction
ET (s) = 0.7166667

(f) pT (v|s) in high extinction
ET (s) = 0.9666667

Figure 10: Spline approximations of the continuous part pT (v|s) during 105 updates (top) and 106

updates (bottom) for small, medium and large extinction levels for the network model. Particularly,

we note in the right plots (high extinction case) that the high values of the continuous part near the

absorbing point 0 induces a heavy flow of probability mass through this point, increasing the extinction

probability.
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Table 1: Maximum likelihood estimate θ̂τ of M-spline coefficients θτ for the three data sets
generated according to the Monte Carlo scheme with 105 updates.
Extinction ET (s) Time: τ = T Estimate θ̂τ computed thanks to (4.10)

(updates) (Summary of the rescaled process)

(min(V τn ) = 0.9998333, max(V τn ) = 7.6955 and n = 100000)

Low 0.1166667 105

θ̂τ1 = 2.174085× 10−10 θ̂τ2 = 8.565083× 10−9 θ̂τ3 = 1.543089× 10−4 θ̂τ4 = 1.235168× 10−2

θ̂τ5 = 3.083254× 10−2 θ̂τ6 = 3.282689× 10−2 θ̂τ7 = 4.739526× 10−2 θ̂τ8 = 4.484551× 10−2

θ̂τ9 = 3.227552× 10−2 θ̂τ10 = 2.287612× 10−2 θ̂τ11 = 2.788059× 10−2 θ̂τ12 = 3.084818× 10−2

θ̂τ13 = 2.708257× 10−2 θ̂τ14 = 2.775744× 10−2 θ̂τ15 = 3.424341× 10−2 θ̂τ16 = 3.583156× 10−2

θ̂τ17 = 3.750553× 10−2 θ̂τ18 = 3.644205× 10−2 θ̂τ19 = 3.240569× 10−2 θ̂τ20 = 2.903384× 10−2

θ̂τ21 = 3.097417× 10−2 θ̂τ22 = 1.860443× 10−2 θ̂τ23 = 2.358073× 10−2 θ̂τ24 = 3.767695× 10−2

θ̂τ25 = 2.062233× 10−2 θ̂τ26 = 2.145072× 10−2 θ̂τ27 = 2.371933× 10−2 θ̂τ28 = 2.622918× 10−2

θ̂τ29 = 2.353721× 10−2 θ̂τ30 = 2.381902× 10−2 θ̂τ31 = 3.532589× 10−2 θ̂τ32 = 4.651074× 10−2

θ̂τ33 = 8.670356× 10−3 θ̂τ34 = 5.660394× 10−5 θ̂τ35 = 3.203012× 10−8 θ̂τ36 = 9.385657× 10−9

(min(V τn ) = 0.98, max(V τn ) = 1.399833 and n = 100000)

Moderate 0.6 105

θ̂τ1 = 4.922400× 10−14 θ̂τ2 = 2.849084× 10−9 θ̂τ3 = 7.175060× 10−6 θ̂τ4 = 4.0153420× 10−4

θ̂τ5 = 1.125218× 10−4 θ̂τ6 = 2.875145× 10−5 θ̂τ7 = 1.311450× 10−3 θ̂τ8 = 2.643139× 10−3

θ̂τ9 = 3.742032× 10−3 θ̂τ10 = 1.396266× 10−2 θ̂τ11 = 1.306715× 10−2 θ̂τ12 = 4.472780× 10−3

θ̂τ13 = 1.941370× 10−3 θ̂τ14 = 6.508060× 10−3 θ̂τ15 = 1.434618× 10−2 θ̂τ16 = 9.115738× 10−3

θ̂τ17 = 5.459323× 10−3 θ̂τ18 = 1.560724× 10−2 θ̂τ19 = 2.770310× 10−2 θ̂τ20 = 4.468627× 10−2

θ̂τ21 = 3.731368× 10−2 θ̂τ22 = 3.229601× 10−2 θ̂τ23 = 1.719026× 10−2 θ̂τ24 = 2.047739× 10−2

θ̂τ25 = 3.375852× 10−2 θ̂τ26 = 1.288016× 10−2 θ̂τ27 = 9.920117× 10−3 θ̂τ28 = 5.011079× 10−3

θ̂τ29 = 2.634596× 10−3 θ̂τ30 = 3.763269× 10−3 θ̂τ31 = 7.746913× 10−3 θ̂τ32 = 2.066092× 10−2

θ̂τ33 = 2.032063× 10−2 θ̂τ34 = 6.915656× 10−3 θ̂τ35 = 3.937873× 10−3 θ̂τ36 = 6.833797× 10−5

θ̂τ37 = 6.294704× 10−8 θ̂τ38 = 4.162673× 10−9

(min(V τn ) = 0.2341667, max(V τn ) = 1.029333 and n = 100000)

High 0.9166667 105

θ̂τ1 = 5.707158× 10−9 θ̂τ2 = 1.519021× 10−8 θ̂τ3 = 1.131019× 10−4 θ̂τ4 = 2.369929× 10−2

θ̂τ5 = 2.434907× 10−2 θ̂τ6 = 1.687326× 10−3 θ̂τ7 = 2.355056× 10−3 θ̂τ8 = 2.710018× 10−3

θ̂τ9 = 2.080085× 10−3 θ̂τ10 = 3.265613× 10−3 θ̂τ11 = 6.049836× 10−3 θ̂τ12 = 3.179036× 10−3

θ̂τ13 = 2.357804× 10−4 θ̂τ14 = 1.402780× 10−4 θ̂τ15 = 4.676280× 10−5 θ̂τ16 = 9.136491× 10−4

θ̂τ17 = 1.801794× 10−3 θ̂τ18 = 1.373335× 10−4 θ̂τ19 = 2.815007× 10−5 θ̂τ20 = 1.674692× 10−5

θ̂τ21 = 8.295516× 10−5 θ̂τ22 = 1.081382× 10−3 θ̂τ23 = 1.064029× 10−3 θ̂τ24 = 6.632055× 10−4

θ̂τ25 = 2.208127× 10−3 θ̂τ26 = 3.198497× 10−3 θ̂τ27 = 1.944023× 10−3 θ̂τ28 = 2.897280× 10−4

θ̂τ29 = 2.560822× 10−6 θ̂τ30 = 1.362724× 10−10 θ̂τ31 = 4.309607× 10−11
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Table 2: Maximum likelihood estimate θ̂τ of M-spline coefficients θτ for the three data sets
generated according to the Monte Carlo scheme with 106 updates.
Extinction ET (s) Time: τ = T Estimate θ̂τ computed thanks to (4.10)

(updates) (Summary of the rescaled process)

(min(V τn ) = 0.9981667, max(V τn ) = 65.84017 and n = 1000000)

Low 0.1166667 106

θ̂τ1 = 3.518104× 10−10 θ̂τ2 = 1.112296× 10−7 θ̂τ3 = 1.542933× 10−3 θ̂τ4 = 2.185024× 10−2

θ̂τ5 = 2.275028× 10−2 θ̂τ6 = 2.128447× 10−2 θ̂τ7 = 1.992416× 10−2 θ̂τ8 = 2.216032× 10−2

θ̂τ9 = 2.473679× 10−2 θ̂τ10 = 2.685424× 10−2 θ̂τ11 = 1.973229× 10−2 θ̂τ12 = 1.666651× 10−2

θ̂τ13 = 1.838155× 10−2 θ̂τ14 = 2.246801× 10−2 θ̂τ15 = 2.483913× 10−2 θ̂τ16 = 2.966979× 10−2

θ̂τ17 = 2.929490× 10−2 θ̂τ18 = 2.277037× 10−2 θ̂τ19 = 2.609092× 10−2 θ̂τ20 = 2.787385× 10−2

θ̂τ21 = 2.387240× 10−2 θ̂τ22 = 2.239408× 10−2 θ̂τ23 = 2.012067× 10−2 θ̂τ24 = 2.296877× 10−2

θ̂τ25 = 2.407899× 10−2 θ̂τ26 = 2.200312× 10−2 θ̂τ27 = 2.389224× 10−2 θ̂τ28 = 2.441591× 10−2

θ̂τ29 = 2.088154× 10−2 θ̂τ30 = 1.948037× 10−2 θ̂τ31 = 2.250216× 10−2 θ̂τ32 = 2.338947× 10−2

θ̂τ33 = 1.951102× 10−2 θ̂τ34 = 1.924499× 10−2 θ̂τ35 = 2.129246× 10−2 θ̂τ36 = 2.331658× 10−2

θ̂τ37 = 3.276030× 10−2 θ̂τ38 = 2.657141× 10−2 θ̂τ39 = 2.740650× 10−2 θ̂τ40 = 2.632676× 10−2

θ̂τ41 = 1.695569× 10−2 θ̂τ42 = 1.075273× 10−3 θ̂τ43 = 7.241221× 10−8 θ̂τ44 = 2.872643× 10−10

(min(V τn ) = 0.9376667, max(V τn ) = 4.692667 and n = 1000000)

Moderate 0.7166667 106

θ̂τ1 = 7.945395× 10−10 θ̂τ2 = 3.232795× 10−9 θ̂τ3 = 3.372351× 10−5 θ̂τ4 = 8.431666× 10−4

θ̂τ5 = 5.501464× 10−3 θ̂τ6 = 7.326125× 10−3 θ̂τ7 = 6.924348× 10−4 θ̂τ8 = 1.959284× 10−3

θ̂τ9 = 8.371880× 10−3 θ̂τ10 = 2.643959× 10−3 θ̂τ11 = 2.307764× 10−3 θ̂τ12 = 2.569450× 10−4

θ̂τ13 = 9.043526× 10−4 θ̂τ14 = 4.662708× 10−2 θ̂τ15 = 3.412853× 10−2 θ̂τ16 = 1.482417× 10−2

θ̂τ17 = 1.136030× 10−2 θ̂τ18 = 9.867720× 10−3 θ̂τ19 = 1.066432× 10−2 θ̂τ20 = 1.477488× 10−3

θ̂τ21 = 8.770843× 10−4 θ̂τ22 = 3.061089× 10−3 θ̂τ23 = 5.289628× 10−3 θ̂τ24 = 4.869629× 10−3

θ̂τ25 = 3.791995× 10−3 θ̂τ26 = 3.054407× 10−3 θ̂τ27 = 2.040948× 10−2 θ̂τ28 = 7.911098× 10−3

θ̂τ29 = 2.205378× 10−3 θ̂τ30 = 1.656508× 10−3 θ̂τ31 = 3.088973× 10−3 θ̂τ32 = 1.171999× 10−3

θ̂τ33 = 1.958612× 10−3 θ̂τ34 = 2.489652× 10−3 θ̂τ35 = 2.083094× 10−3 θ̂τ36 = 4.914467× 10−3

θ̂τ37 = 2.636359× 10−2 θ̂τ38 = 1.365230× 10−2 θ̂τ39 = 6.812665× 10−3 θ̂τ40 = 9.868614× 10−4

θ̂τ41 = 7.461842× 10−4 θ̂τ42 = 3.190064× 10−3 θ̂τ43 = 1.120269× 10−3 θ̂τ44 = 1.623366× 10−3

θ̂τ45 = 2.186164× 10−4 θ̂τ46 = 2.800214× 10−8 θ̂τ47 = 1.811918× 10−9

(min(V τn ) = 0.0615, max(V τn ) = 1.0 and n = 1000000)

High 0.9666667 106

θ̂τ1 = 7.050851× 10−11 θ̂τ2 = 9.422341× 10−9 θ̂τ3 = 1.303347× 10−5 θ̂τ4 = 2.262978× 10−3

θ̂τ5 = 9.718180× 10−3 θ̂τ6 = 6.828396× 10−3 θ̂τ7 = 2.687288× 10−3 θ̂τ8 = 2.157739× 10−4

θ̂τ9 = 2.982128× 10−4 θ̂τ10 = 1.454721× 10−3 θ̂τ11 = 1.073393× 10−3 θ̂τ12 = 1.298159× 10−4

θ̂τ13 = 2.236029× 10−4 θ̂τ14 = 1.153824× 10−3 θ̂τ15 = 8.586745× 10−4 θ̂τ16 = 5.150211× 10−5

θ̂τ17 = 3.761612× 10−7 θ̂τ18 = 6.207028× 10−4 θ̂τ19 = 1.234211× 10−3 θ̂τ20 = 2.891756× 10−4

θ̂τ21 = 2.922409× 10−4 θ̂τ22 = 3.094402× 10−4 θ̂τ23 = 3.413757× 10−4 θ̂τ24 = 2.544367× 10−4

θ̂τ25 = 8.369699× 10−4 θ̂τ26 = 4.639923× 10−4 θ̂τ27 = 9.657284× 10−5 θ̂τ28 = 7.847927× 10−5

θ̂τ29 = 5.129204× 10−6 θ̂τ30 = 8.388677× 10−5 θ̂τ31 = 1.383068× 10−4 θ̂τ32 = 1.355711× 10−4

θ̂τ33 = 1.762992× 10−4 θ̂τ34 = 5.217563× 10−4 θ̂τ35 = 4.377643× 10−4 θ̂τ36 = 4.195602× 10−5

θ̂τ37 = 2.134336× 10−6 θ̂τ38 = 2.000416× 10−6 θ̂τ39 = 2.119797× 10−6 θ̂τ40 = 3.331573× 10−8

θ̂τ41 = 4.762100× 10−10 θ̂τ42 = 6.445016× 10−12 θ̂τ43 = 1.488554× 10−12
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(a) Sample trajectories without ex-
tinction within 105 updates

(b) pτ (v|s) evolution at 10 instants (c) Sample trajectories without ex-
tinction within 106 updates

Figure 11: Time evolution of the number of nodes within 105 updates (left) and 106 (right) without

observing any extinction. The plot in the center shows the time evolution of the density at 10 instants

during 105 updates.
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Saint-Flour XXI-1991. Lecture Notes in Mathematics, Vol. 1541, réd. P.H. (eds), pp. 1–260.
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