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Abstract A nonparametric Bayesian method for regression under combinations of
local shape constraints is proposed. The shape constraints considered include mono-
tonicity, concavity (or convexity), unimodality and in particular combinations of
several types of range-restricted constraints. By using a B-spline basis, the support
of the prior distribution is included in the set of piecewise polynomial functions. The
first novelty is that, thanks to the local support property of B-splines, many combina-
tions of constraints can easily be considered by identifying B-splines whose support
intersects with each constrained region. Shape constraints are included in the coef-
ficients prior using a truncated Gaussian distribution. However, the prior density is
only known up to the normalizing constant which does change with the dimension
of coefficients. The second novelty is that we propose to simulate from the posterior
distribution by using a reversible jump MCMC slice sampler, for selecting the num-
ber and the position of the knots, coupled to a simulated annealing step to project
the coefficients on the constrained space. The method is valid for any combination
of local shape constraints and particular attention is paid to the construction of a
trans-dimensional MCMC scheme.

1 Introduction

Estimation of a regression function under combinations of local shape and smooth-
ness constraints is of considerable interest in many applications. Typical examples
include, among others, the dose-response curves in medicine, actuarial graduation,
construction of the utility function, production functions in industry, etc. The func-
tion that provides the best prediction of a dependent variable y conditionally to an
independent variable x is the conditional expectation E(y|x) = f (x). This function
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is called regression function and the estimation of f from n independent copies of
(x,y) is a problem in statistical inference. We consider the case where (x,y)∈R×R.

To study the constrained regression, frequentist and Bayesian approaches are pro-
posed in the literature. Obviously, these approaches have focused on a single shape
constraint on an interval determined by the domain of the independent variable. In
the frequentist case, there is a rich literature based essentially on kernel methods
and regression splines or smoothing splines, which we shall only briefly touch here
(Wright & Wegman , 1980; Villalobos & Wahba , 1987; Mukerjee , 1988; Mam-
men et al. , 2001; Ramsay , 1998; Meyer , 2008). For instance, in the context of
works based on spline, regression under monotonicity constraint has been studied
by Mammen et al. (2001) and Ramsay (1998). Mammen et al. (2001) used a
discretization with smoothing and isotonizing constraints at each stage for estimat-
ing a monotone regression function. Mammen & Thomas-Agnan (1999) proposed
a method based on smoothing splines by firstly calculating the smoothing spline
without constraints and secondly projecting the spline in the constrained space us-
ing a Sobolev norm. A more general work studying inference under constraints of
convexity and monotone in the regression spline was proposed by Meyer (2008).
For a description of the most common nonparametric methods under shape con-
straints, reference book on this topic is Delecroix & Thomas-Agnan (2000). In
the Bayesian case, the literature is less explored, relatively recent and mainly con-
cerns isotonic regression. Both paper of Gelfand & Kuo (1991) and Ramgopal et
al. (1993) proposed a Bayesian method for constrained estimation of dose-response
curves. Lavine & Mockus (1995) used a Dirichlet prior in a nonparametric Bayesian
estimation of isotonic regression function. Their method works only for estimation
problems under monotone constraints and can not be used directly under the pres-
ence of flat regions in the dose-response curve. To solve the problem of flat regions,
Holmes & Heard (2003) proposed a Bayesian approach for isotonic regression us-
ing a piecewise constant function with unknown positions and number of knots.
Another different approach was proposed by Neelon & Dunson (2004) giving an
approximation of the regression function by a piecewise linear function along with
a correlation between the slopes that have been implemented through the prior dis-
tribution. This prior charges the zero slope which allows the method to effectively
detect flat regions in the curve. Gunn & Dunson (2005) used a Bayesian hierarchical
model for modeling unimodal curves. Recently, Shively & Sager (2009) proposed
two efficient approaches for smooth and monotone regression function: the first is
based on the characterization of smooth monotone functions proposed by Ramsay
(1998) and the second is based on regression splines generated by a truncated poly-
nomial basis. Shively et al. (2011) actually generalized the methods from Shively &
Sager (2009), extending them to situations other than monotone regression that can
be summarized by linear constraints (or almost linear constraints) on higher order
derivatives (concavity, unimodality, etc).

In this framework, we consider constrained function estimation using free-knot B-
spline model. This model is originally proposed by Denison et al. (1998) for un-
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constrained nonparametric Bayesian regression. An interesting feature of using free-
knot is that the data are allowed to determine the number and position of knots. The
novelty of our work is that constraints include combinations of several types of local
shape restrictions, constraints on the value of the regression function and also con-
straints can be range-restricted. It is worth noting that combinations of constraints
has never been considered in the literature, except in Abraham (2012) by using a
polynomial plus an integrated Brownian motion, though it seems of practical in-
terest and realistic. As classically, shape constraints will be conveniently expressed
as (pseudo)-differential inequalities of the regression function f , assuming for the
moment that f is sufficiently smooth by controlling the degree of B-spline basis.
Important examples are D f ≷ 0 to check monotonicity or unimodality properties as
well as D2 f ≷ 0 for convexity or concavity. We use the reversible jump MCMC tech-
nique (Green , 1995) for selecting the number and the position of the knots. Recall
that the reversible jump Metropolis-Hastings scheme involves the computations of
the ratio of likelihoods and priors for two sets of parameters whose dimension may
differ. Contrary to the unconstrained case, our constraints on the coefficients induce
numerical difficulties in the computation of the prior ratio. Exactly, in this paper,
constraints are included in the coefficients prior using a truncated Gaussian distri-
bution. Thus, the prior density is only known up to the normalizing constant which
does change with the dimension of coefficients. For this reason, we integrated out
the coefficients from the reversible jump MCMC chain and we use a simulated an-
nealing step that ensures the projection of the coefficients on the constrained space.
In this spirit, the reversible jump MCMC slice sampler coupled to the simulated
annealing step perform well for any combination of shape constraints.

The paper is organized as follows. In Section 2, we introduce the unconstrained
Bayesian inference. This can be viewed as an extension of Denison et al. (1998) as
well as DiMatteo et al. (2001) who treated the free-knot case. Section 3 outlines the
constrained inference for the nonparametric Bayesian regression. Section 4 presents
a numerical experiment to show the sample properties of the constrained estimator
relative to the unconstrained one given in Section 2.

2 The Bayesian model

In this section, we present the Bayesian model and its specification. It is assumed
that data (xi,yi)

n
i=1 are independent such that y = (y1, . . . ,yn)

′ and x = (x1, . . . ,xn)
′.

Clearly, we consider the usual regression model:

yi|x1, . . . ,xn ∼ p(yi| f (xi),σ) i = 1, . . . ,n, (1)

where p(yi|θ ,σ) is a normal distribution N (θ ,σ2), f is a real-valued unknown
function in [a,b] ⊂ R and σ is introduced as a dispersion parameter in the model.
To complete the model (1), we decompose the function f in a B-spline basis by
assuming that f belongs to a class of finite dimension functions. In particular, the
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function f is modeled by a 4-order B-spline as the class of cubic splines is wide and
can be used to approximate any locally smooth function. Thus, for all x ∈ [a,b], we
have the linear combination:

f (x) =
κ+4

∑
j=1

β jB j,t(x), (2)

where β = (β1, . . . ,βκ+4)
′ is the vector of regression coefficients and κ is the di-

mension of interior knots and B j,t is a B-spline function. We denote the parameters
space by Θ = ∪∞

κ=1({κ} ×Θκ) where Θκ is a subspace of the Euclidean space
Rκ+4× [a,b]κ × [0,∞). Also, we denote by θ (κ) = (β1, . . . ,βκ+4, t1, . . . , tκ ,σ2)′ a
generic element of Θκ . We shall now construct a probability measure on the pa-
rameters space Θ by constructing a prior on the approximating set of regression
functions. First, the prior of k is assumed to be a truncated Poisson distribution
(πκ(κ) ∼P{E}(λ ), λ > 0 and {E} is some discrete set). Next, inside each model
κ , the prior for β ∈Rκ+4 is defined by a multivariate normal prior. Specifically, the
prior of β is specified by the g-prior of Zellner given by

πβ (β |t,κ,σ2)∼Nκ+4

(
0,σ2n(B

′
κ,tBκ,t)

−1
)
, (3)

where Bκ,t denotes the B-spline basis. Furthermore, for knots position, we consider
the prior πt(t|κ) = κ!/(b− a)κ and for the variance, we adopt an inverse-gamma
distribution prior πσ2(σ2) ∼ IG(τ1,τ2) where τ1,τ2 > 0. The Prior (3) was widely
discussed in Ibrahim & Chen (2000). Concerning the prior (3), although arbitrary,
such a choice guarantees important properties: In particular, two close functions B j,t
and B j′,t correspond to two coefficients β j and β j′ highly correlated. Note that if the
functions B j,t and B j′,t are near, then:

r j j′ =

∫
[a,b] B j,t(x)B j′,t(x)dx(∫

[a,b] B
2
j,t(x)dx

∫
[a,b] B

2
j′,t(x)dx

)1/2 ≈ 1. (4)

It is easy to remark that the prior correlation between coefficients decreases with
r j j′ . We can interpret the case r j j′ = 0 as follow: B-spline functions B j,t,B j′,t are or-
thogonal and coefficients β j,β j′ are independent. The priors considered are proper
as well. As argued by Denison et al. (1998), we can develop Bayesian inference in
the same spirit as Green (1995). Concerning the Bayesian unconstrained regression
with free knots, we do not claim any originality but essentially follow the method-
ology that was proposed in DiMatteo et al. (2001), in which a careful literature
review has been given on the subject. By integrating the variance and the coeffi-
cients out, we obtain the likelihood L(y|κ, t). In the sequel, we put K = κ + 4 and
V = n(B

′
κ,tBκ,t)

−1. Then, for β ∈XK ⊂ RK , we can write
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L(y|κ, t) =
∫

XK

∫
∞

0

[
(2πσ

2)−
n
2 exp

{
−

(y−Bκ,tβ )
′(y−Bκ,tβ )

2σ2

}
(2πσ

2)−
K
2 |V |−1/2

exp
{
− β ′(V )−1β

(2σ2)

}
τ

τ1
2

Γ (τ1)
(σ2)−(τ1+1) exp

{
− τ2

σ2

}]
dβdσ

2

=
τ

τ1
2 Γ (τ∗1 )(τ

∗
1 )

K/2
∣∣∣ τ∗2V ∗

τ∗1

∣∣∣1/2

(2π)
n
2 Γ (τ1)|V |1/2(τ∗2 )

(2τ∗1+K)/2 , (5)

where Γ (·) denotes the Gamma function and:

m∗ = (V−1 +B
′
κ,tBκ,t)

−1(B
′
κ,ty) =

{
(n(B

′
κ,tBκ,t)

−1)−1 +B
′
κ,tBκ,t

}−1
(B
′
κ,ty) =

n
1+n

β̂ ;

V ∗ = (V−1 +B
′
κ,tBκ,t)

−1 =
{
(n(B

′
κ,tBκ,t)

−1)−1 +B
′
κ,tBκ,t

}−1
=

n
1+n

(B
′
κ,tBκ,t)

−1;

τ
∗
1 = τ1 +n/2;

τ
∗
2 = τ2 +{y′y− (m∗)′(V ∗)−1m∗}/2.

(6)

Note that β̂ denotes the least squares estimator. We precise that we obtain (5) and (6)
thanks to the standard Bayesian calculation from conjugate priors and in particular
from the g-prior. Now, we put Pβ = (σ2, t,κ,x,y) and Pσ2 = (β , t,κ, x,y). We
obtain the full conditional posterior distributions

β |Pβ ∼ Nκ+4

( n
1+n

β̂ ,
n

1+n
σ

2(B′κ,tBκ,t)
−1
)
,

σ
2|Pσ2 ∼ IG

(
τ
∗
1 +K/2,(β −m∗)

′{V ∗}−1(β −m∗)/2+ τ
∗
2

)
,

(7)

where τ∗1 , τ∗2 , m∗ and V ∗ are given by (6). Consequently, it is possible now to simu-
late from the posterior distribution thanks to a reversible jump Metropolis-Hastings
within Gibbs sampler algorithm. Precisely, from the likelihood (5) and the full con-
ditional distributions (7), κ and t will be computed by the posterior mean from
simulations using a reversible jump MCMC move and the coefficients β and σ2

will be sampled from (7) using a Gibbs sampler move. The computation of the
reversible jump MCMC scheme requires a likelihood ratio used in the acceptance-
rejection probability. Let (t,κ) denotes a current state in the reversible jumps move
and (tc,κc) denotes a candidate state. For example, there is a submove in the re-
versible jump MCMC move that involves inserting one knot in the vector t. For this
type of transition from a current state (t,κ) to a candidate state (tc,κc = κ +1), we
obtain the likelihood ratio by

L(y|tc,κc)

L(y|t,κ)
= (τ∗1 )

1/2 (τ∗2 )
(2τ∗1+K)/2

(τ∗c2 )(2τ∗1+K+1)/2

|V ∗c|1/2

|V ∗|1/2

|V |1/2

|V c|1/2 = (τ∗1 )
1/2 (τ∗2 )

(2τ∗1+K)/2

(τ∗c2 )(2τ∗1+K+1)/2 , (8)

where τ∗c2 is obtained by replacing (tc,κc = κ + 1) in (6). We note the likelihood
ration simplification |V ∗c|1/2|V |1/2/|V ∗|1/2|V c|1/2 = 1 thanks to the use of the g-
prior (3).
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3 Constrained Bayesian inference

The free-knot unconstrained model discussed in Section 2 can be modified in a
straightforward way to allow for constrained regression model. The shape con-
straints considered in this work will be derived by restricting the first and the second
derivatives of (2) to be positive respectively to obtain monotonicity and convexity.
The unimodality will be derived by restricting the first derivative of (2) to have
exactly one root x∗ ∈]a,b[. Suppose that it is intended to control the shape of the un-
known function f , defined by (2), on an interval I = [a0,b0]⊆ [a,b]. For all x∈ [a,b],
denote by t jx the smallest knot greater than x. As known implicitly from the first use
of the sequence t, it will be convenient to assume that t j < t j+1 for all j as it en-
ables us to write that t jx−1 < x≤ t jx for all x ∈ [a,b]. Note that B( ja0−k),t, . . . ,B jb0−1,t

are the B-splines with order k and whose support intersects with [a0,b0], that is
[t j, t j+k]∩ [a0,b0] 6= /0 for j ∈ {( ja0−k), . . . , jb0−1}. Thus, controlling the shape of
f on I is reduced to control the shape of the restriction:

f|I(x) =
jb0−1

∑
j=( ja0−k)

β jB j,t(x), for all x ∈ I. (9)

By noting j0 = ( ja0 − k) and from de Boor (2001, p.117), it is known that the

first derivative of (9) is D f|I(x) = (k−1)∑
jb0−1
j= j0+1

β j−β j−1
(t j+k−1−t j)

DB j,t(x) and the second

derivative is D2 f|I(x) = (k− 1)(k− 2)∑
jb0−1
j= j0+2

β j−2β j−1+β j−2
(t j+k−2−t j)(t j+k−1−t j)

D2B j,t(x). Thus,
thanks to the positivity of B-spline functions, it is immediate that

(i) ( f|I is monotone) If β j0 ≤ β j0+1 ≤ ·· · ≤ β jb0−1, then, for all x ∈ [a0,b0] and k≥ 2
we have D f|I(x)≥ 0.

(ii) ( f|I is unimodal concave) Let jb0−1≥ 3. If β j0+1−β j0 > 0, β jb0−1−β jb0−2 < 0,
(β j +β j−2)≤ 2β j−1 for j = j0 +2, . . . , jb0 −2, then D f|I(a0)> 0, D f|I(b0)< 0
and D2 f|I(x)≤ 0 for all x ∈ [a0,b0] and k ≥ 3.

Then, it is clear that a natural way to impose local shape constraints on f is simply
by conditioning the prior distribution on some sets. For example, if it is intended to
impose a monotone shape constraint on the interval [a0,b0], we have the set:

S = { fI |β j ∈ R,β j0 ≤ β j0+1 ≤ ·· · ≤ β jb0−1},

for unimodality concave restriction, we have the set:

S = ∩
jb0−1
j= j0+2{ fI |β j ∈ R,β j0 < β j0+1,β jb0−2 > β jb0−1,β j−2β j−1 +β j−2 ≤ 0},

and for unimodality restriction, we have the set:

S=∪
jb0−2
`= j0+2{ fI |β j ∈R,β j0 = β j0+1 < β j0+2≤ ·· ·≤ β`≥ β`+1≥ ·· ·≥ β jb0−2 > β jb0−1}.
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Clearly, it is also easy to impose a succession of increasing, decreasing, con-
cave or convex parts and to locate the constraints at some parts of the x-axis.
For reasons of simplicity, we denote by S the set of vectors β S = (β S

j )
K
j=1 such

that f fulfill the constraint S. The g-prior of the unconstrained coefficients de-
fined in Section 2 can be generalized in the following manner to handle any con-
straints: πβ S(β S|t,κ,σ2) ∝ NK

(
0,σ2n(B

′
κ,tBκ,t)

−1
)

1β S∈S. Clearly, the prior den-

sity of β S is simply proportional to the density of the unconditioned normal distri-
bution (3) multiplied by the indicator function 1β S∈S. It is straightforward to check

that the full conditional posterior distribution of β S is NK

(
n

1+n β̂ ,σ2V ∗
)

1β S∈S

where the matrix V ∗ is obtained from the unconditioned case. For clarity, let us
discuss the following example: f is monotone increasing function on [0.1,0.35],
concave on [0.3,0.7], equal to 2.25 in 0.8 and no constraint elsewhere. Then, the
monotone increasing constraint involves the B-splines B j0.1−k,t, . . . ,B j0.35−1,t whose
support intersects [0.1,0.35] while the concavity constraint involves the B-splines
B j0.3−k,t, . . . ,B j0.7−1,t and the value constraint involves only the B-spline B j0.8−1,t
(it is necessary to consider t j0.8 = · · · = t j0.8+k−1 = 0.8). Thus, the prior density of

coefficients is proportional to NK

(
0,σ2V

)
1{β S∈S=S[0.1,0.35]∩S[0.3,0.7]∩S0.8}. By way of

example, we generate data according to model (1) with a true regression function
defined by f (x) = 15x2 sin(3.7x)+ 2ψ0.3,0.1(x), n = 50 and σ = 1 where ψm,σ de-
notes the normal density of the N (m,σ) distribution (see Figure. 1). We assume
that it is known that f is unimodal on [0,1] (first increasing and then decreasing),
concave on [0.55,1] and twice differentiable.
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Fig. 1 Data (circle), true regression function (solid curve) and constrained estimate (- - -).

For the constrained Bayesian inference, it is now difficult to construct a trans-
dimensional MCMC sampling scheme for the reason that simulations from the pos-
terior by a reversible jump Metropolis-Hastings algorithm require the exact knowl-
edge of the prior density for β S. Thus, it is necessary to find the normalizing con-
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stant of the truncated g-prior πβ S(β S|t,κ,σ2). As we are unable to compute this
normalizing constant we propose to use a simulated annealing step that ensures the
projection of the coefficients on the constrained space. In this spirit, the reversible
jump MCMC slice sampler coupled to the simulated annealing step perform well
for any combination of shape constraints. To construct the MCMC algorithm for the
free-knot model under combinations of shape restrictions we use the unconstrained
coefficients β with prior (3) to obtain the constrained coefficients β S by project-
ing β in the constrained space S. By denoting ‖ · ‖2 the Euclidean norm, there is a
projection operator P such that Pβ = β S where

Pβ = argmin
β̃∈S
‖β̃Bκ,t−βBκ,t‖2

2 = argmin
β̃∈S

Q(β̃ ). (10)

Our main idea from the use of the projection (10) is to make inference indirectly on
β S using unconstrained coefficients β where for each vector β we compute β S =Pβ

by solving an optimization problem of the form (10) using a simulated annealing
step. The constraints can be enforcing thanks to the proposal step of the simulated
annealing move. It is clear that the use of the projection allows to avoid the compu-
tation of the normalizing constant of the truncated g-prior. In the sequel, we denote
by β̂ S = Pβ̂ and we aim to compute the likelihoods ratio LS(y|κc, tc)/LS(y|κ, t) in
the presence of constraints where

LS(y|κ, t) =
∫∫

LS(y|κ, t,β S,σ2)πβ S(β S|t,κ,σ2)πσ2(σ2)dβ
Sdσ

2

=
∫∫

LS(y|κ, t,Pβ ,σ2)πβ (β |t,κ,σ2)πσ2(σ2)dβdσ
2, (11)

and LS(y|κ, t,Pβ ,σ2) is the constrained likelihood. Then, the constrained version
of the likelihood (11) will be used to build a reversible jumps simulation chain
with stationary distribution π(t,κ|y). Furthermore, by using Laplace’s method, we
approximate the integration (11) and we can show that the constrained likelihoods
ratio can be approximated with an error O(n−1/2). For example, let us consider
one transition in reversible jump simulations chain from a current state (κ, t) to a
candidate state (κc = κ +1, tc), the constrained likelihoods ratio is approximated by

LS(y|κc, tc)
LS(y|κ, t)

' 1√
n

( (y− β̂ SBκ,t)
′(y− β̂ SBκ,t)

(y− β̂ ScBc
κ,t)
′(y− β̂ ScBc

κ,t)

)n/2
, (12)

where β̂ Sc = Pβ̂ c and β̂ c = (Bc
t,k
′Bc

t,k)
−1Bc

t,k
′y. The approximation (12) is obtained

with an error O(n−1/2). The result (12) is true for all subsets S of constraints that
are considered in this paper and it can be shown by application of Taylor’s theorem
and the method of Laplace (for more details we refer the reader to Wang (2008)).
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4 Numerical experiment

This section outlines a numerical experiment through a real application to acidifi-
cation kinetics. The control of acidification is an important issue in cheese-making.
For instance, the influence of several environmental conditions on acidification ki-
netics has been studied in Jeanson et al. (2009). The acidification kinetics under
N2H2 modality that is presented in Figure 2 consist of n = 1429 measures of pH
recorded alternatively at one and two minutes intervals. It is known, independently
of the data, that the pH must be a decreasing function of the time during the experi-
ment. Some errors may occur during the recording process because of the measuring
device sensitivity to electrical interference problems. This is the case of data shown
in Figure 2: the pH is not a decreasing function on the interval [8.93,20.8]. It is of
interest to estimate what would be the true acidification curve if no measurement
error had occurred. As shown in Figure 2, we give the unconstrained estimate (· · · ),
constrained estimate calculated using all the dataset (- · -) and local constrained
estimate (under local decreasing constraint on the interval [8.93,20.8]) calculated
after removing erroneous measurements (- - -). We can note that the constrained
and the unconstrained estimates are identical on the interval of the x-axis where
the constraints are fulfilled by both the constrained and the unconstrained estimates.
We can also note that the constrained estimate calculated using all the dataset (-
· -) achieves a compromise between erroneous data and decreasing constraint. In
Figure 3, we give the unconstrained estimate (- - -) seen in Section 2 calculated
after removing erroneous measurements (without data on the interval [8.93,20.8])
and 95% credibility interval (· · · ). It is clear that unconstrained estimate present an
imperfect behavior on the interval [8.93,20.8]. Finally, we can note that the con-
strained estimate given in Figure 4 is the most convincing one: It is obtained by
removing erroneous measurements and enforcing a local decreasing constraint on
[7.98,20.8]. The only difference between the constrained estimate given in Figure
4 and the constrained estimate (- - -) given in Figure 2 lies in the choice of the
position of the local shape constraint. To obtain the estimates, we run the MCMC
sampler for 100 000 iterations and retain every 10-th point of the chains. From the
10 000 retained values of each parameter, we compute a 0.05-credible set for βl
for every l ∈ {1, . . . ,K}. The computed 0.05-credible set for σ2 is [0.0206,0.0239]
and the posterior mean is 0.0222 (in the unconstrained case), is [0.0157,0.0179]
and the posterior mean is 0.0168 (where a local decreasing constraint is enforced on
[8.93,20.8]) and is [0.0154,0.0176] and the posterior mean is 0.0165 (where a local
decreasing constraint is enforced on [7.98,20.8]).

5 Discussion

In this article, the Bayesian framework enables to impose local shape constraints
on the regression function thanks to the coefficients prior distribution. The local
support of B-splines is an interesting property as a lack of data (or a lack of prior
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Fig. 2 The data: pH vs. time (mn) rescaled by a factor of 10−2. Unconstrained estimate see in
Section 2 (· · · ), constrained estimate calculated using all the data (- · -) and the local constrained
estimate (under local decreasing constraint on the interval [8.93,20.8]) calculated after removing
erroneous measurements (- - -).
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Fig. 3 Unconstrained estimate (- - -) seen in Section 2 calculated after removing erroneous mea-
surements (without data on the interval [8.93,20.8]) and 95% credibility interval (· · · ).

information) in a small region of the x-axis does not affect the inference on the
whole definition domain of the independent variable. The performance of the con-
strained estimate compared to the unconstrained one is shown thanks to a real nu-
merical application. Computation of the constrained estimate and simulations from
the posterior distribution can be done with no additional difficulties and only requir-
ing a coefficients prior density known up to a normalizing constant. However, the
reversible jump MCMC move combined with a simulated annealing move allows
only to search for a single optimized solution of the constrained problem and does
not provide to obtain a credible set for the estimate. We expect that future work will
address the problem of the construction of constrained prior distribution with known
normalizing constant. Clearly, such a prior enables us to compute the prior ratio of
the acceptance probability in the reversible jump MCMC scheme without resorting
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Fig. 4 The local constrained estimate (under local decreasing constraint on the interval
[7.98,20.8]) calculated after removing erroneous measurements (- - -).

to the simulated annealing step. We project also in the future to detect automatically
the interval of erroneous measurements seen in the pH data application.
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