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STOCHASTIC EQUATIONS WITH TIME-DEPENDENT SINGULAR DRIFT

D.KINZEBULATOV AND K.R.MADOU

ABSTRACT. We prove unique weak solvability for stochastic differential equations with drift
in a large class of time-dependent vector fields. This class contains, in particular, the critical
Ladyzhenskaya-Prodi-Serrin class, the weak L? class as well as some vector fields that are not

: 2+e€
even in L 7%, € > 0.

1. INTRODUCTION

The subject of this paper is the problem of existence and uniqueness of a weak solution to

stochastic equation
¢
Xt:$—/ b(r, X, )dr +V2W,, t>0, zeR? d>3, (1)
0

where W; is a d-dimensional Brownian motion, and the vector field b(t, ) : [0, co[xR? — R? can
be singular (i.e.locally unbounded) both in ¢ and = variables.

The problem of finding the minimal assumptions on the vector field b (called drift) so that,
for every z € RY, there exists a unique weak (strong) solution to (I)), is one of the central and
classical problems in the theory of diffusion processes. The necessity to work with Brownian motion
perturbed by a discontinuous drift is dictated by applications, among them the problems of the
theory of controlled diffusion processes; see also [26] and references therein regarding connections
with hydrodynamics.

The study of stochastic equations with locally unbounded drift goes back to Portenko [25] who
proved existence of a unique in law weak solution to (Il) assuming that

b(t,)| € LP([0,T] x RY), p>d+2 or |b(-)| e LP = LP(RY), p>d.

In the same period of time, Kovalenko-Seménov [14] considered the corresponding Kolmogorov
operator —A + b -V with stationary b = b(x) in a wide class of form-bounded vector fields (see
Definition [L.1] below) and constructed an associated Feller semigroup. Their result serves as the
point of departure for the present paper. The next important step was made by Krylov-Rockner
[24] who proved that () has a unique strong solution provided that
d 2
|b] € LL ([0, 00[, L™ + L), ;+6<1, 2<g< o0 (LPS)

loc
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(Ladyzhenskaya-Prodi-Serrin class). Further, in [2] Beck-Flandoli-Gubinelli-Maurelli considered b
in the critical Ladyzhenskaya-Prodi-Serrin class

<1 (LPS,)

loc

o] € LT ([0,00[, L" + L) forr >d, q > 2, g—i—

LN )

and proved that there exists a unique strong solution to equation dX; = —b(t, X;)dt + /2dW;
starting with a diffusive random variable, using an approach based on solving the corresponding
to () stochastic transport equation. In [30], Xia-Xie-Zhang-Zhao proved weak well-posedness
of (@), for every initial point z € R, in the case |b| € C([0,T], L%). Recently, Rockner-Zhao
[26] constructed a weak solution to (II) unique in an appropriate class (i.e. satisfying Krylov-type
estimate) for b = by + be, where

d 2
‘bl‘ € Lq([oaTLLT)? ; + g = 17 r E]d,OO[ and bQ € LOO([()?TLLCLU})? (2)

where L% is the weak L¢ class (in fact, appropriately localized) reaching critical-order singular-
ities.

We comment on the existing literature on () in greater detail further below.

In the present paper we treat the problem of weak well-posedness of ([Il) with b in a large class
of time-dependent vector fields. It contains the critical Ladyzhenskaya-Prodi-Serrin class (LPS/),
the class (@), other classes of vector fields having critical-order singularities, as well as some vector
fields b = b(x) with |b| not even in L2¢ ¢ > 0.

loc

Definition 1.1. A vector field b : [0, co[xR? — R is said to be (time-dependent) form-bounded
if |b] € L2 ([0, 00[xR%) and there exist a constant § > 0 such that

loc
/0 1b(t, Y (2, ) |3dt < & /0 IVt )3t + /0 o(0)llot, |3t

for all p € C([0,00[xR%), for a non-negative function g = gs € L ([0, 00[). Here and below,

- llp =1 - Mlze-
We write b = b(t,z) € Fy.
Shortly,

b(t,)|* < 6(—A) +g(t) in the sense of quadratic forms.

The constant ¢ is called the form-bound of b. It plays a fundamental role in what follows.
Our main result, stated briefly, is as follows.

Theorem. Letd >3, b=0b(t,r) €Fs, 6 < d 2. For every x € R? there exists a weak solution to
) that is unique in an appropriate class (dependent on b). The weak solutions to (d) constitute
a Feller process.

For detailed statement, see Theorem 2.1l Its proof is essentially operator-theoretic (see outline
below). Our principal object is a Feller evolution family associated to the Kolmogorov operator
—A+b(t,x) -V, b € Fs. The stochastic equation (J) is used to characterize the corresponding
Feller process.
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Example 1.1. The following are some sub-classes of Fs defined in elementary terms.
We have

be LPS) = bEeFs,
be L®(0,00L L*) = beTF,,

be L>*(]0,00[,Cs) = 0beFy,

where L = L¥%(R%) and C; = C4(R?) (s > 1) are the weak L? class and the Campanato-
Morrey class, respectively, with § depending on the norm of b in these classes.

We discuss these examples in detail in Section Bl

Note that

by € Fs,bo €F5, = by +byeFy, V6 =61 + /09,

so the sums of the vector fields from different classes listed above are form-bounded as well.
For example,

—9\2 1
b(t, z)|? < 5(%) K(t)|z — 20| 2 4+ C|t — to] ™ (log(e + |t — to| 1)) YT 4>0, CeR,

where £ is measurable, |x(¢)| < 1, is in Fs (by Hardy’s inequality).
For every € > 0, there exist b = b(x) € Fs such that b ¢ L%Ots, e.g.

150,140) — 1B(0,1-a
‘ (1’)‘2 _ (0,1+a) ( )

— , ¢>1, 0<a<l.
2| = 1| 7" (= In |2 — 1)

Let us emphasize that Fs is not a refinement of the class (LPS) in the sense that Fy is not
situated between %l + % =1 and % + % > 1. In contrast to the sub-classes of Fg listed above, the
class Fy is defined in terms of the operators that constitute —A + b(¢,z) - V.

Example 1.2. In [2] Sect. 7], the authors show that the stochastic equation (Il) with the initial
point z = 0 and the vector field

b(zx) :\/gd_2

|z| %2 € Fy,

does not have a weak solution if § > 4(%2)2. Informally, the attraction to the origin by b is so
strong that the process get stuck there with positive probability. See also [29].

On the other hand, if § < d~2, then by Theorem B.I] a weak solution exists. (In fact, since this
vector field is time-independent, a less restrictive assumption on § would suffice, see [9].)

Thus, the existence of a weak solution to (Il) depends on the value of J.

It should be noted that, generally speaking, additional constraints on divb allow to further
weaken the regularity assumptions on b, see Zhang-Zhao [34], Zhao [35], Rockner-Zhao [26] and
references therein. These results, however, lie outside of the scope of the present paper, so we will
not comment on them further.
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Existing results. After Krylov-Rockner [24], Zhang [32] established strong well-posedness for
t t
Xy =x— / b(r, X, )dr +/ o(r, X, )dW, (o unif. non-degenerate) (3)
0 0

when b € (LPS)) and o is uniformly continuous, |Vo| € (LPJ), see also |31, [33].
Regarding the stationary case, in Kinzebulatov-Seménov [§] the authors considered equation
(@ with b = b(z) in the class of weakly form-bounded vector fields: [b| € LL . and

1[B1Z0]3 < §(A — A)Tg|3  for all ¢ € C(RY) (F5*)

for some constants 6 > 0 and A = Ay > 0. The class of form-bounded vector fields b = b(x) € F;
is a proper subclass of Fgf They proved that if § < ¢4 (an explicit constant), then the Feller
semigroup associated to —A 4+ b -V (see [10]) provides weak solution to equation (), for every
z € R? The smallness of § is in fact necessary in view of Example Moreover, the family of
these weak solutions is “sequentially” unique, cf. remark after Theorem 2.1

Earlier, Bass-Chen [I] proved that there exists a unique in law weak solution to (IJ) assuming
that b = b(x) is in the Kato class. The Kato class contains some vector fields |b| & Lllota, e >0,
and is a proper subclass of F(lg/ 2

The result of [8] was extended in [9] to equation (B) with bounded o = o(z) satisfying Vo € Fs,,
which allows to treat ¢ having critical discontinuities, although at expense of restricting the class
of the drifts b = b(z) from Fy'? to F.

Regarding the strong well-posedness of equation (Il) with b € Fy, in Kinzebulatov-Seménov-
Song [12] the result of [2] on the well-posedness of the stochastic transport equation was extended
in the stationary case to include drifts b = b(x) € Fg, which allows to construct a strong solution
to dX; = —b(X;)dt + +/2dW; with diffuse initial data arguing as in [2].

In [15], Krylov proved that there exists a unique strong solution to (@) if |Vo| € L{ , |b| € L%

In [I6], he constructed a strong Markov process that provides a weak solution to (B assuming
that o = o(t,z) is only bounded measurable, and

b € LI ([0,00, L") for r € [d,00], ¢ € [1,00], §+1<1.

loc -

q
In [20] 2], the author investigated the properties of these solutions, establishing, in particular,
the boundedness of the resolvent operator, It6’s formula, Harnack inequality, see also [17, [I8] [19].
In [22], the author considered |b] € L+1([0,1] x R?) (or, more generally, in a Morrey class) and
proved, in particular, that the problem

O +A+b-V)v=1F wv(l,-) =0,
has a unique solution, and the latter satisfies, for every p €]1,d + 1],
18s0 ]l oo,y reys 1D?0ll Lo (o, 1yxrety < NillfllLoqo,1yxrey + Nallfll Laqo,1jxrey,  Ni = Ni(d, p),
and
IVelliagorpezn < Ml 0= At

(The estimates of the same type on the “order 1 + £” derivatives of solution also play crucial role
in the present paper, see ([l below.) We also refer to recent papers [4, 23] where Alexandrov type
estimates are obtained for drifts of Morrey type.
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After [26] where Roéckner-Zhao constructed a unique weak solution to () for b = by + bo
satisfying (2)), they proved in [27] the strong existence and uniqueness for () assuming that either
bl € C([0,T],L%) or [b] € L([0,T], L"), £ + 2 =1, r €]d, o0].

The examples above show that the class (2] considered in [26] is a proper subclass of Fs.
Moreover, we have from the very beginning the strong Markov property of the constructed weak
solutions as a consequence of the Feller property. It should be added, however, that we prove
uniqueness in a class of weak solutions different from the one considered in [26].

About the proof. The main ingredients of the proof of Theorem 1] are as follows:

(a) A Feller evolution family {U"*};<; (= contraction positivity preserving strongly continuous
evolution family of bounded linear operators on the space Cy := {f € C(R?) | lim,_,00 f(z) = 0}
endowed with the sup-norm) such that the function

u(t7 ) = Ut’sf(')v f € Coo

is a weak solution to Cauchy problem (0; —A+b(t,z)-V)u = 0, u(s,-) = f(-). The Feller evolution

family {U"*}s<; is constructed using an approximation of b by smooth bounded vector fields b,

that do not increase the form-bound § of b (see Theorem 2I)(7) below for detailed statement).
(b) The estimate

V0 s o,z + IVIVOLE 2 (o .22
< ORI oo iy + VA9, €l s3] (4)
for the solution v to the inhomogeneous Cauchy problem
(0 — A +b(t,x)-V)v=|flh, wv(s,-)=f()eW?

where f € Fg, 8 < 0o, h is bounded and has compact support, with constant C' independent of h
and f.
An estimate of the type ([@l) appeared for the first time in the fundamental paper of Kovalenko-
Seménov [I4]. There the authors proved that the solution w to the elliptic equation
2
(L=—A+b-Vw=Ff, b=bx)eFs o< 1/\(ﬁ)2

satisfies , 5
IVwlly + [VVwl2 3 < Cllflle q€2V(d—2), =], > puo>0, (5)

Vo

as was needed to carry out an LP — L iteration procedure that verifies conditions of the Trotter
Approximation Theorem in Cy,. The latter yields the corresponding to —A+b-V Feller semigroup.

The Feller evolution family {U%*}, employed in the present paper, was constructed in [6] via
a direct (parabolic) variant of the iteration procedure of [I4], which we outline below in Section
[l The regularity estimate () is the content of Theorem below. We note that there is a
non-negligible difference between the proofs of (@) and (Bl due to presence of the term v in the
former, which forces the more restrictive assumption § < d=2 (compared to § < 1A (dTQ2)2 in [14],
see Remark [Il below).

Armed with (a), (b), we provide two constructions of the weak solution to (). The first
construction follows [§], [9] and uses as the point of departure the probability measures on the
cadlag trajectories determined by the Feller evolution family U%*. The second construction uses
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a tightness argument, similarly to the proof of the existence in [26]. In view of the approximation
result for U%*, thus constructed probability measures coincide with the ones in the first proof.

The proof of the uniqueness also appeals to the approximation result for {U%*} and the regu-
larity estimate (). This is in addition to the fact that {U"*} (and thus the family of the weak
solutions to (Il) parametrized by = € }Rd) does not depend on the choice of a bounded smooth ap-
proximation {b,,} of b preserving the form-bound of 4, see above. Similarly to [8], [9], we consider
the latter to be a uniqueness result for (I]) on its own.

Further discussion. 1. Generally speaking, a drift b € Fy rules out W?2? estimates on solutions
to the corresponding elliptic or parabolic equation for p large. More precisely, let (u—A+b-V)w =
f,b=>b(z) € Fs, f € C* and w € Wb for r large (e.g.by (B)). Then, taking into account that
for every e > 0 there exist b € Fs such that b & L>¢, one only has

loc
2r

Aw= w+b-Vwe LT

loc

dr
(this is in contrast to the sub-class |b| € L%, which provides Aw € L@+).

2. The heat kernel of —A + b(t,z) - V, b € Fs does not satisfy in general neither upper nor
lower Gaussian bound. In fact, already for b(x) = c|x|~2x the sharp two-sided bounds on the heat
kernel take form “a Gaussian density multiplied by a singular weight if ¢ > 0, or a vanishing weight
if ¢ < 0”. Nevertheless, the two-sided Gaussian bounds on the heat kernel of —A + b(t,x) - V are
valid when b € F5 but under additional assumptions on div b, such as the Kato class condition,
see details in Kinzebulatov-Seménov [10] (in a more general context of divergence-form parabolic
equations).

3. The proofs of the main results of the present paper (Theorem 2] and Theorem below)
can be extended, arguing as in [9], to stochastic equation

t t
Xi=x— / b(r, X, )dr + \/5/ o(r, X, )dW,, zeR% (6)
0 0

with b € Fs and ¢ : [0,00[xR? — R®@R? (measurable, bounded, uniformly non-degenerate) such
that a := oo " satisfies

(Oupai)t | €Fopy 1< jk <d, (7)
assuming that the form-bounds J and 4y, are smaller than certain explicit constants dependent
on the dimension d. The latter allows to treat form-bounded drifts together with some diffusion
coefficients having critical discontinuities. For instance,
TR x
a2

where x € L*°([0, oc[) is measurable, infy>g £(t) > —1 and ||k|| o ([0,00[) 18 sufficiently small, or an

a(t,z) = I + k(t)

infinite series of such matrices discontinuous at different points. Another example is

1

a(t,x) = I + ¢ sin® (k(t) log |z])er @ e1 + easin? (t7%)z]' 77 )ea @ es,

where ¢; € RY, [e;] =1, ¢; > 0 (i = 1,2), ||&]| o (0,00 is sufficiently small, and 8 > 1, v < 62—_61

Let us note that condition ([7]) arises first of all as the condition providing the Sobolev regularity
estimate () for solutions to the divergence-form parabolic equation (0 —V -a-V +b-V)v =0,
b € Fs. The second use for (7)) is to put the corresponding to (G) Kolmogorov operator —a-V2+b-V
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in divergence form —V-a-V +b-V, b:=Va+b € Fy, as is needed to apply the regularity estimate
to construct the Feller evolution family and the weak solution to (@l). See [9] for detailed discussion.

4. The result of Kovalenko-Seménov [14] (i.e. estimate (B)) + Feller semigroup) has an alternative,
somewhat more elementary proof [7]. Namely, under the same assumption on ¢ as in [I4], one
first “guesses” the resolvent Rq(u) of —A+b-V in L9, ¢ €]2V (d — 2), %[ That is, for r, p such
that 2 <r < g <p < o0, set

Ry() = (= A)™" = (= A)25Qu(p)(1 + Ty) ' Gy(r) (= A)55, > po, (%)

where the operators in L4

N

3=

2 _1_ —l41 9 2 2 2_q
Go(r) =be - V(u—A)727r, Qqp) = (p—A) 27#[b] e, ba:=1bls b,

2 —1 1_2
T, =bi -V~ A) b

are bounded and |T;||4—q < 1 (L? — L9 norm). Here the boundedness of Gy(r), Qq(p), Ty is a
consequence of the hypothesis b € Fy, while || 1,44 < 1 follows from the assumption on ¢ and 4.
In fact, expanding (1 + 7,)~! in the geometric series, one obtains that the RHS of (&) coincides
with the formal K. Neumann series for y— A+b-V. Now, since ¢ > d — 2, the regularizing factor
(n — A)~1/2-1/P in (@), with p chosen sufficiently close to g, yields, via the Sobolev Embedding
Theorem, that, for every f € L, the solution w = R,(u)f to the equation (u — A +b-V)w = f
is Holder continuous. This observation allows to constructs the resolvent Rc. (u) of the sought
Feller generator by the formula

R (p) == [Rg(p) I LIN C’oo]cclf:_)Cm (closure of operator).

Let us note that the representation (&) provides more detailed information about the regularity
of higher-order derivatives of w: (u — A)%Jr%w € L4, cf. ([@). That being said, the construction
of the Feller semigroup via the iteration procedure of Kovalenko-Seménov [I4] has some crucial
advantages: it admits extension to time-dependent drifts (see [6] and the present paper) and to
discontinuous diffusion coefficients [9].

Notations. Let B(X,Y) denote the space of bounded linear operators between Banach spaces
X —Y, endowed with the operator norm || - || x—y. B(X) := B(X, X).
We write T' = s-X-lim,, T,, for T, T,, € B(X,Y) if

lm||Tf—T,flly =0 forevery f € X.
n

Let || - [lp = [ - |le-
Put

() = fa)= | foda

(all functions considered below are real-valued).
Let |- llp—q = Il [[Lr—La-
Coo := {f € O(RY) | limy_y00 f(x) = 0} (With the sup-norm).
S is the L. Schwartz’ space of test functions.
We denote by | the restriction of an operator (or a function) to a subspace (a subset).
We write ¢ # ¢(n) to emphasize that ¢ is independent of n.
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2. MAIN RESULTS
We first introduce few notations and recall some standard definitions.

1. In what follows, given a form-bounded vector field b = b(t,z) € Fs5, we denote by {b,,} a

sequence of smooth bounded vector fields such that
b — b in L2 ([0, 0o[xRY, RY) (8)

and
o0

/Opom(ta ')cﬂ(tw)\\%dtéé/oo IV, ')H%dH/ g(®lle(t, )zdt 9)
0 0 0

for all ¢ € C°([0, 0o[xR?), for a function 0 < g € Li ([0, 0]) independent of m (in other words,

loc

by, do not increase the form-bound § of b). An example of such {b,,} is given in Section B.2 below.
2. Consider Cauchy problem (s > 0)
{ (0 — A+0b(t,z) V)u=0, (t,x) €]s,00[xRY,

CP
u(s+,) = £). )
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Definition 2.1. Let b € Fs and f € L2 _. A real-valued function u on |s, co[xR? is called a weak

solution to (CP) if
1) u € L2 (]s, 00, LE ),

loc

2) |Vul € L (]s,00[, LL ), so b- Vu € L (s, 00, Li..),

loc loc

3) the integral identity

/ (u, Oyt = / ((Vu, VA) + (Vu, bh))dt
0 s
is valid for all h € C°(]s, c0[xR?), and

3 12i?<“(t”)’w(')> = (f,v)

for all ¢» € L? having compact support.
3. Set
p(x) = prp(e) = 1+ klz)~’, =R,
where 6 > g is fixed, and x > 0 is to be chosen. We have
V| < 0v/kp. (10)

We will be applying (I0) to p with  chosen sufficiently small.

Theorem 2.1. Letd >3, b€ Fs, § < d~2. The following is true.
(i) Let {by} be bounded smooth vector fields satisfying ), (@). Then the limit

5-Coo- lim U (by,)  (loc. uniformly in 0 < s <t < o),

m—o0

where U (by,) is the Feller evolution family of (CPy, ) (Definition[71), exists and determines a
Feller evolution family, say, U4 = U%$(b). For every f € Cs, the function

ult, ) =U"f(),
is a weak solution to (CPy). If f € Coo N L2, then u is unique in the class C ([0, 00[, L?).

(ii) The corresponding backward Feller evolution family P%t, t € [0,T], T > 0 (Definition [81)
determines probability measures {Py},cpa on (C([0,T),RY),B; = a(w, | 0 < r < t),t € [0,T]),
where wy is the coordinate process,

P07tf(x) = E]P’x [f(wt)]7 te [OaT]7 f € COO;
such that, for every x € R, P, is a weak solution to stochastic equation

t
X, = o / b(r, X, )dr + V3W, (SE)
0

(Definition [8.3).
For every x € R?, ¢ €]d, (5_%[, feFg, B < oo, and h € C([0,T],S) there exists a constant ¢
dependent only on d, q, 9, gs, B, gg and T' such that

T 2
Br. | I h(ren)ldr < AR o o (1)
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Moreover, ([[I)) holds with the RHS replaced by c||f|h|? \/p—mHLQ(OT XRd)’ where pz(y) == p(y — x),
for kK > 0 chosen sufficiently small.

(71) The probability measures {P;},cra do not depend on the choice of {by,} in (i).
Also, if, for some x € R, PL P2 are weak solution to (SE)) that satisfy (1) for some q €]d, 5_%[
with f =1 and with f = b, then
Pl = P2 = P,.

Remarks. 1. The following “sequential uniqueness” result was proved in [8], see also [9]. Let
b = b(z) be form-bounded (in fact, it can be weakly form-bounded, see the introduction). Provided
that the form-bound ¢ of b is smaller than a certain explicit constant ¢ = ¢(d), if {Q, },cgra are weak
solutions to (SE)), and are obtained via some approximation procedure, i.e.there exist bounded
smooth b, € Fs with ¢ independent of n = 1,2,... such that for every 2 € R?

Q, = w-lim IP’m(l;n)

(no convergence of bp to b is assumed), then
Q. =P;, z€R’,

where {P,},cra are from Theorem [2.1)(i2). We expect that a similar result can be proved in the
assumptions of Theorem 2.1l but we do not address this matter here.

2. The following result is a consequence of |28, Theorem 1.1] (for the stationary case b = b(x),
see [14]). If b € Fg, 0 < 0 < 4, then for every p € I., where I ::]2_—2\/3, oo[, the limit

5-LP-1im U"5(b,,)  (loc. uniformly in 0 < s <t < 00)

exists and determines a strongly continuous quasi contraction positivity preserving evolution fam-
ily in LP, say, Up For every f € LP, the function u(t,-) = Uf, *f(+) is a weak solution to (CPy)
in LP (if 6 > 1, then p > 2, so Definition 2.I] has to be modified accordingly, see [28]; it should be
noted here that the interval I. is sharp, see [10] for detailed discussion). For all 0 < s <t < T,

_del_1
[ut, g < Crt — )" 2%~ £, <p<g<oo (12)

2
26
and

lu(t, My < e = IO FL 0<s <t < oo

(the latter easily yields that the initial condition for u is satisfied in the strong sense).
By construction,
U;’s [LPNCs = UM | IP N Oy,

where U%* is the Feller evolution family from Theorem .1i7). Thus, in view of (I2)), by Dunford’s
Theorem, U;’s and Ub*, 0 < s < t < oo are integral operators whose integral kernels coincide a.e.

Let us also note that 6 = 4 is the critical value for the weak solvability of (SE|) with b(z) =
5d_72|:17|_2:1: (at least as d — o0), see Example above.

The following are the key analytic results used in the proof of Theorem 211
Let L} := LY(R%, pdx), where p(z) = (1 + k|z|?)~% was introduced above.
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Proposition 2.1. Let d > 3, b € Fs with 6 < 4, f € Fg with 8 < 0o, both b and f are bounded
and C> smooth. Let h € C([0,T],S), f € C*(R?). Fiz T > s. Let v be the solution to Cauchy
problem

U(‘S?') = f7 (13)
For every q > ﬁ, q > 2, there exist constants K and k dependent only on d, q, d, g5, B, 9s
and T such that

{ O —A+b-V)v=|flh, tel[sT]

002 o2y < K DI By + 171%),
for0<s<r<T.

Definition 2.2. We say that a constant is generic if it depends only on d, ¢, 6, gs, 3, g, T, p.

Theorem 2.2. In the assumptions of Proposition [21], assume additionally that § < d~2. Let
1

q €]d,0”2[. Then there exist generic constants C' and k such that, for all0 < s < r < T, the

solution v to (I3) satisfies the following estimate

a
1012 e oty + 170ty + 1910121222
< ORI 122y 12) + IV F 2 + 1£1%)

3. EXAMPLES
3.1. Form-bounded vector fields. 1. One has
be L®([0,00, L4+ L®) = beF;s

with appropriate 6.
Indeed, let b = by + by, where by € L>®([0,00[, L%), by € L>®([0,00[, L°>). Then, by Holder’s
inequality, for a.e.t € [0, 00 and all ¢ € C2°(]0, oo[xR%),

bty (t, )5 < (1 +e)llbr(t, ) 7w, ')||isz2 + (L e Dbt )5l )IE - (e>0)
(we are applying the Sobolev Embedding Theorem)
< Cs(L+e)[Iba (8 )IFIVD(E,IF + (L Hllba(t, )% et 13-
Integrating this inequality in time, we obtain that b € Fs5 with § = Cg(1 + E)”bluzw([o,oo[,Ld)'
2. Also,
be C([0,00, L+ L®) = beF; withd that can be chosen arbitrarily small.

Without loss of generality, b € C([0,00[, L¢). Consider first a b = b(x). Since |b| € L%, for every
g > 0 one can represent b = by + bg, where [[b1[lg < € and ||b2[|oc < 00. (For instance, by = b1p|<m,
and by = b — be, so by the Dominated Convergence Theorem ||b1||4 can be made arbitrarily small
by selecting m sufficiently large.) Now the previous example applies and yields the required. In
the general case, the continuity of b in time allows to represent b(t,-) = by (t,-) + ba(t,-), where
lb1(t,-)||lq < € for all t € [0,1] and by is bounded on [0, 1] x R%. Repeating this on every interval
[n,n +1] (n > 1), one obtains [|b1| e (jo,00[,z¢) < € and by € Ly ([0,00[, L>). (The continuity in

loc
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time is not necessary for the smallness of 9, e.g. consider b(t, x) = a(t)by(z) where a € L*([0, c0])
is discontinuous and |bg| € L%.)

3. Further, any vector field

be LP([0,00[, L), —+

Q|

<1,

=N

is in Fy with appropriate 9.
Indeed, e.g.in the more difficult case g + % =1, by Young’s inequality,

1
[b(t, )] L _d (bt x) N\ 2
b, )| = ———=([b(t, )|)) s <~ =17 | + (b)) )2,
ot @) Tl )
where the first term is in L>°([0, oo[, L?) (and so by the first example it is form-bounded) and the
second term is in L2([0, c0[, L) (the second term squared is to be absorbed by the function g).

Q=
[MiS]

(If p < 00, g > d, then one can argue as in the previous example to show that § can be chosen
arbitrarily small.)

3. The class of form-bounded vector fields Fs contains vector fields b = b(z) with || in L&Y
(the weak L? class). Recall that a function h : RY — R is in L& if

I7/law = sup s{z € R? : |h(x)] > s}|"/* < oc.
>0

By the Strichartz inequality with sharp constant [I3, Prop. 2.5, 2.6, Cor. 2.9], if |b| in L%™, then
b e Fs, with

Vo1 = [Ibl(A = A) 72 [|aa

1 . 19
< ol Mol ™ 8 = 8) 3 a2 < ol

where Q4 = W%F(% + 1) is the volume of B(0,1) C R

4. The Chang-Wilson-Wolff class W (s > 1) consists of the vector fields b = b(z) such that
1
b]* € Li,e  and bl := SUP T /Q [b(2)” 1Q)%e(Ib(x)* 1(Q)?) dz < o0,

where |@Q] and (Q) are the volume and the side length of a cube @, respectively, ¢ : [0, 00[— [1, 0o[

is an increasing function such that [ mg?x) < o0. By [3],

be W, = beF;

with 6 = 6(|[6?]|w,) < oc.

The class W contains, in particular, the Campanato-Morrey class Cg (s > 1):

1
1 5
b> € Lf,. and (@ /Q \b(m)\zsdx> < ¢,l(Q)™? for all cubes Q.

More generally, vector fields in L ([0, co[, Cs) or L*°([0, 0o[, W) are form-bounded.
We refer to [10] for further discussion of form-bounded vector fields and their role in the theory
of divergence-form elliptic and parabolic equations.
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3.2. Approximation. Given ab € Fs, a sequence {b,,} of bounded smooth vector fields satisfying
@®), @) can be constructed e.g. by the formula (extending b to ¢t < 0 by 0)

b := Cm€ ™20 (1,,h),
where 1,, is the indicator of {(¢,z) | [b(t,x)] < m,|z| < m,[t| < m} and A, is the Laplace
operator on R x R¢, for appropriate €, | 0 and ¢, 1 1 so that b, € Fs with ¢ independent of m.
Proof. Set by, = et (1,,b) and write

b = L+ (b, — Lb).
Clearly, the first term 1,,b € Fs with the same g = g(b). In turn, since for all m = 1,2,... we
have

1,0 € L*°([0,00[, L") for every d < r < oo, sprt 1,,b C [0, m] x B(0,m),

the following is true: given any 7., J 0 we can select &, | 0 so that e.g. Hgm — 1mb”Lr([07oo[7L'r) < Y
and so the second term by, — 1,,b € Fogq2, with g =0, see Example 2. Hence,

b € Fs,  with 5, = (V8 +1/C572,)? and g = g5,

Now, selecting ¢, = % and recalling that b, = cmgm, we have b, € Fs with the same g = g5. O

4. PROOF OF PROPOSITION 2.1

We will treat more difficult case ¢ > 2. We multiply the equation in ([I3) by pv|v|?~% and
integrate to obtain

5mmm+@§ﬁlvwmﬁ*ww

1 r _ T _

Sl = [ oololt 2, Vodde+ [ (polol 2 R+ R (14)
where R} := —% ;((V )
We will get rid of them, using estimate (I0]), towards the end of the proof. The terms to estimate

p) - V|v|?). From now on, the terms containing Vp will be denoted by Rfl.

are
M, = —/ (pv|v|772, by - VU)dt  and My E/ (pv|v|972, |f|R)dt
We have, using the quadratic inequality,
2 s
My = =2 [ (BVIol b

2 [T q 1 r
<% @Mﬁﬂwg;/wwmwﬁ@>®

(we are using by, € Fy)

gz’swwmrmw_—a/rv wuww+lhwmmmm
v 1) r o)
< (s ) [ lvlel i+ oo [ s iohla+ o (2 + 7)),

where R2 := [7(|v|3Vp, V|v|3)dt, R3 := [] <'W‘ |v]9)dt.
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Next,

T _ 1 T
Mr < T [ iR+ = [ pliie (>0

(we are applying in the first term acﬁap/p—l—cp,/p/ Withp:%’p/:g)
q_
’Y(q—2)/r 2 ’y/r 2 1/7”
< = |7 lv]9)dt + — fI*|h|?)dt + — v|9)dt
2 [ iear s 2 [P+ [ o)

(we are using f € Fp)

< 29225 [t Piar+ [ as(olploitat

4q
2 i l/r q 14 =28 2 | p3
w0 ol + = [ Golopae + PUBE (R + B,

Thus, we obtain from (I4)):

~{plo()) + D /:<p|V<v|v|%—1>|2>dt

< Liplsm + | ' <A595<t> T Asgs(t) + %) (plol)dt

v [" 2 1 4 (¢ —2)8 2 3
— fI7|h|?)dt —_— -
b [ tpiPinma + R+ (o + W20 ) 2+ ),
where
4(qg — 1 2 -2
D (q2 ) 2, 0 )7
q q  2qv 4q
_ b _e—2)
d 2qv’ p 4q
We maximize D by taking v := @. Then
4g—1) 25  ~(qg-2) 2 .
D= — ) >0 < > our assumption on
z y 1 125775 ( p q)

provided that ~ is chosen sufficiently small.
Now, applying quadratic inequality and the inequality |Vp| < 01/kp, we obtain
5 _ 2 T T
B+ (o + D2 (2 1) < ([ o191l e+ [ (ol
2qv 4q s s
with ¢(k) L 0 as £ | 0. Thus, we obtain from (I5):
1 " a_
o)) + (D = <)) [ (ATl
1 T ,Y T
< <l + [ GO+ - [ {plfPhinat
where G(t) := Asgs(t) + Az gp(t) + % + c¢(k). We fix k so that D — ¢(k) > 0.
In particular, for all s <r < T,

1 1 T 5y q
a(plv(r)l"> < 5<p|f|‘1> +/ G(t)(Jv]?)dt + 2_q||f|h|g‘|L2([s,T],Lf,)a

(15)
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SO
Lo < Lglrmy + [ Gloyplolryar + LeInls 2
g s g = 4\ . piv 2 L2([s,T),L2)"

Hence, re—denoting T by r, we obtain from the last two inequalities

ol sy + (O = () [ (AT Lol )P
g<p\f\ 2 / G(t)(plolt)dt + /T<p\ﬂ?rh\q>dt

Using [ G(t)(p|v|?)dt < [ G(t)dt [v[l oo (1s,r],L9) and assuming first that r is sufficiently close to
$ S0 that = —2 fsr G(t)dt > 0, we obtain from the previous inequality the required bound, i.e.

q
101 o o,y < B IFIRIZ 125 07,22 + 1F117),

with K := (3 —2 [T G(t)dt) "' 2,

Applying this bound repeatedly, we extend it to an arbitrary [s,r] C [s,T] for any T' > s. The
proof of Proposition 211 is completed.

5. PROOF OF THEOREM

Let v be the solution of (I3]). We will prove existence of generic constants Cy and  (k from
the definition of p) such that

V001 e .20y + IV 17012 1 E2 150,22
< CO(”ﬂh‘%H%2([s,r},L%) + VL) (16)

for0<s<r<T.
(I6) combined with Proposition [2Z1] will yield the required.
Set
w:=Vuv, V;:=0,, w; =V, wy:=V;Viv,

pi = —Vilpwiw|"?) (1 <i<d).
Put

r d r
o= [ ol Y Vwyit, = [ ol 9l P
s i=1 s

Multiplying the equation (I3]) by the “test functions” ¢;, integrating, and summing upin 1 <i < d,

we obtain

d r d r d r d T
Z/ (o0, Do) dt = Z/ (o1, Av)dt — Z/ (91, by - W)t + Z/ (v, [Fl)dt
i=1"% i=1"% i=1"% i=1"%
or
S =5+S5+5;s.
Our goal is to evaluate S, S; and to estimate Sg, S3 in terms of J, and I, (> J,), arriving at the

principal inequality

(plw(r)|?) + C1Jq < {pIV f|%) +/T G(t)<p|w|q>dt+C/T<p|f|2|hlq>dt
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with generic constants C; > 0, C' and a function G € LL ([0, 00[), from which (6] will follow
easily.
1. Integrating by parts, we obtain:

d r
S = Z;/S (p(wi|w|T2), yw;)dt
1 " q _ 1 q _1 q
- / Orlpl it = (phu()|") = (oI V119

2. Next, we integrate by parts twice:
d_ pr
s1==3 [ (Vulpwifutr?), Ay
i=17%
d  pr
_ Z/ (PV (wilw]1=2), Vaw)dt + R
i=1"%

d
T 1 T
— —2 2y 1 -2 2 4
= —/s (p|lwl]? ;:1 |Vw;|*)dt 2/3 (pV[w|1™=, V|w|7)dt + R,

where R} := — 2?21 JI{(Vp)|w|172,w;Vw;)dt. The terms containing Vp will again be denoted
by Ré. We will get rid of them towards the end of the proof.
Thus,

Sy =—1I;—(q—2)Jq + Ry.
3. In order to estimate So, we evaluate:
i = —pwiilw|T™? = (g = 2)plw| " w; Vilw| — (Vip)wilw|?2. (17)

Thus,

Sy = /T<p\w\q_2Av,bm-w>dt+/r<pw-V\w\q_2,bm-w>dt+R2
s = Ile + W + R,
where R] := — [[((Vp) - w|w]T2, by, - w)dt.
Let us estimate Wy, Ws. Applying the quadratic inequality, we have
Wi <2 [ plulraoRydt+ = [ GlbnPluide (> 0)

(we are applying b € Fy)

<2 [ tolulr iy

"’%[5/:<|V(\/ﬁ|w|q/z)|2>dt—I—/Tga(t)(plwlqmt}

s

r _ 1 q2 r )
=7 [t vaﬂm;{azw / 95<t><p\w\q>dt] +oEERD,(8)
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where RS := [7 <|w|%Vp,V|w|%>dt, Rl =[] <%|w|q>dt. Now, representing |Av|? = |V - w|?

S
and integrating by parts twice, we obtain

T ' d T
/<pyqu—2\m\2>dt:—/ <pww\q—2.w,m>dt+z/ (pwiV|w|?2, Vuwy)dt + I, + RS + R
S S Z_l S
= F+H+1,+ R+ R),

where RS := — [[((Vp) - ww|!™?, Av)dt, R) := S [T {wi|w|?=2V p, Vw;)dt. Applying the qua-
dratic inequality, we have

1 r 1 1
P [l a0, B @230+ )

Thus, for any s > % (we will fix s later),

-9 T 1 1
(1 - (]4—%> / (plw|T72| Av|*)dt < I, + (¢ — 2) <%Jq t5lg+ §Jq> + R+ Ry (19)

Thus, applying (I9) in (I8)), we arrive at

45¢

5
W< ————M——
L= 44 —q+2

(Iq +(q—2)(s4], + %Iq + %Jq)> + %(5%2@ + / s (®) <pyqu>dt>

v 4z 8, poy . O n6  p7
Z4%_q+2(Rq+Rq)+;(RﬁRq).

Remark 1. In the elliptic case one can estimate Sy more efficiently, using the equation for v one
more time to evaluate Awv, see [14].

Next, using the quadratic inequality, we obtain

Wa < (a=2) [ (olult™?[ 9wl [bmuwf?)d

T B 1 T
<t@-2(v [ ol V0l + o [ b Pluita) >0
(we are applying b € Fy)

5 ¢ 1" 5 6 -
< (g — i il q il
<-2(wit Lt g [ a4 ).

completing the estimate of Ss.
4. To estimate Ss3, we represent it, using (7)), in the form

ng/ <p\w\q‘2Av,\f!h>dt+/ (pw - V|w|?=2, [f|h)dt + RL
=:Z1+ Zo+ R},

where R} := [T((Vp) - wlw|172, [f|h)dt.
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Applying the quadratic inequality, we have

« T 1 [7
20 <% [ plulrauPydtt o [ (ol R (a1 > 0)

(we are using (19))
xaq 1 1 1 »oq ] 9
< —— I -2 —I,+ = — L+ —
< 4%_q+2[ gt (a=2)(edy+ 51+ 2Jq)] + o q+4%_q+2(Rq+Rq),
where
L, := / <p|w|q_2|f|2|h|2>dt.
Next,

7y < (¢—2) / (ol 371 ], [w| @2 Bt (o > 0)

1

/
[

It remains to estimate L,. Applying inequality ac < ep% + e = (e > 0) with p = q/(q — 2),
p' = q/2, we obtain

Ly = / (T [l 2, pa|f] e |h|2)dt

—2 4 [T 2 r
<ie / (PPt + 2= / (If 2Ih|9)dt
(we are using f € Fg)

W[ " 2
e [ﬁqZJq—k/ gg(t)<pyqu>dt+ﬁ(Rg+R;)] +2e 8 [ (plf2In ).

<4

This completes the estimate of Ss.

5. Applying 1-4 in the identity S = S1 + S3 + S3, we obtain

1 1 T
§<p\w(r)\q> + NI+ MJ, < E<!Vf!"> +/ [Asg5(t) + Apgg] (plw|?)dt (20)
r 10
2 %
+0/ (plf*[n%)dt + > iR}
s i=4

for appropriate generic constants ¢; > 0, where

1
N OadE Lo o),
4 —q+ 2 2

q
b gBem? 1 q—2

M:=q—2—(qg—2 —q’ —
q (q )<V+042+16VQ+ 1 (a1+4a2>

02 (y+on)x

1
TIT g2t ATy

-2 1 —-2/1 —2 2/ 1 —2
As =1 + -, Ag — ezl ——l—q and C:=c3= —+q .
a; dag g\a1 4o
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We maximize N + M by choosing

Then N =1 — q\/_ + o(e, a1, a2), where o(e, a1, ag) can be made as small as needed by selecting
sufficiently small a1, as and . Due to V6 < ¢!

N > 0. Thus, we can apply in (20) the elementary inequality I, > J, arriving at

gmw( ) + (N + M)J, < = <\Vf\> (21)

r 10
+/ G(t)<p|w|q>dt+0/ (p|f|2|h|q>dt+ZCiRz
s s i=4

for all s <7 < T, where we denoted G(t) := Asgs5(t) + Aggp(t).
Now,

we may and will select oy, ag and € so that

N+M=(q —1—Q\—f(2 —3)) + 02(g, a1, a2),

where 09(g, a1, a2) can be made as small as needed by selecting sufficiently small oy, ao and e.
Our assumptions on ¢ and ¢ ensure that we can select ay, ag and € so that in 2I) N + M > 0.
Next, applying the quadratic inequality, the form-boundedness of f and the inequality |Vp| <
0+/kp, we can estimate the Rl terms in ZI) by [ (plw(t)|?)dt, J, and [ (p|f[*|k|?)dt, with coef-
ficient ¢(k) that can be made as small as needed by selecting  sufficiently small.
Thus, (2] yields

1 T a
{plu)[) + (N + M el )/ (Vw3 2)dt

1 T q
< gHVquLg +/ (G(t) + (k) plw|")dt + (C + c(w)) IFIRIZ1[72 s . 22)

with x chosen sufficiently small so that N + M — ¢(k) > 0.
Finally, arguing as in the end of the proof of Proposition 2.1] (selecting r sufficiently close to s
and using the reproduction property), we obtain (I6). The proof of Theorem is completed.

6. SOME COROLLARIES OF THEOREM

Let {b,,} be a bounded smooth approximation of b satisfying (&), (@). In the proof of Theorem
2.1 we will use

Corollary 6.1. In the assumptions of Theorem[2.3, let v = vy, be the solution to Cauchy problem
(Or — A+ by, - Vv =|[flh, v(s,-) =0.
For every q €]d, 5_%[, there exists a generic constant Cy such that

2
V1l Loo ([s,r xRy < Co||f|h|%||22([s7r]7p)

forall0<s<r<T.
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Proof. Repeating the proof of Theorem with p = 1 (in which case all terms Rfl disappear), we
obtain (taking into account that the initial function f here is 0)

19017 o (0 r1.20) + V000 (0. 20y + VIV E N T2 22y < CUFIRIZ G210 ,22)-

Now, applying the Sobolev Embedding Theorem to the second term in the LHS, we obtain the
required. O

Corollary 6.2. Let d >3, b€ Fs with § < d™2. Letv = Vk,m,n be the solution to
(Or — A+ by, - V)v = |b, —bplh, wv(s,-) =0,
where h € C([0,T],S). For every q €]d, 5_%[ there exists a generic constant Cy such that
0l ety < CollCe = ) B o1
forall0 <s<r<T.
Proof. f := b, — b, € Fys5 in Corollary O
Corollary 6.3. In the assumptions of Corollary[6.2, let v = v, be the solution to
(O —A+by,-Vv="h, v(s,-)=0, hecCX]0,T]xR?).
For every q €]d, 5_%[ there exists a generic constant C' such that
1012 s (o g.20) + IV e g,y + IVIV OB 2 (g.02) < ClPN L0 g0y,
forall0<s<r<T.
Proof. We repeat the proof of Theorem with p =1, f =1 and the initial function f =0. O
Corollary 6.4. In the assumptions of Corollary[6.2, let v = v, be the solution to
(Or — A +bpy, - V)v=|bg|, wv(s,-)=0.
For every q €]d, (5_%[ there exist generic constants C1, Co and k such that
170 e 512y < Cllbin/Bll 21 22
VIl oo (s,r] xRy < C2 sup, 10xv/PzlL2((s,m,22),  P2(@) == plz = 2),
forall0 <s<r<T. ’
Proof. Repeating the proof of Theorem with f = b, and h = 1, we obtain
Hv”‘lw([s’rug) + |’VU|’qoo([s,T},Lg) < CkuH%Z([s,r},Lg)'

By ([Q),

Q|

1 1 1 1
V0l o128y = SUPLpIVOI") T = sup |V 70) = 2 (Tppol")

[s,7]
1 1 1
> [V (pav)llq — fﬁl!pwl!q,

so applying the Sobolev Embedding Theorem to the first term, we obtain the first inequality. The
second inequality follows from the first one using translations. O
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Corollary 6.5. In the assumptions of Corollary[6.2, let uw = u,, be the solution to
(O —A+bpy-Vu=0, ul(s,-)=f
For every q €]d, (5_%[ there exist generic constants C and k such that
lull]

) + ”VUquo( ) + ”V’vu‘%”%Q([s,rLLf,)

< C(I9 11y +1£1,)

> ([s,r], L [s,r], L}

and
1
o5 ul| oo (s 01 xrety < C(IVFllog + [1.fllg)-
forall0<s<r<T.

Proof. The first estimate is Theorem with f = 0. The second estimate follows from the first
one using the Sobolev Embedding Theorem and arguing as in the proof of Corollary O

7. PROOF OF THEOREM [2.1](7)

The convergence result of Theorem 2.1)(7) was proved in [6]. The method of proof is the parabolic
variant of the iteration procedure of Kovalenko-Seménov [14]. For reader’s convenience we outline
the proof below.

Definition 7.1. A Feller evolution family is a family of linear operators {U"*}o<s<t<7 C B(Cwo)
such that

1) ULTU™ = U (r € [s,1]),

2) U = 1d,

3) T flloo < |1 flloos UM*[CE] € CX,

4) U™ = $-Coo-limy), UHS (r > s).

By a standard result, if b is bounded and smooth, then, given an initial function f € Cy, there
exists a unique classical solution u to Cauchy problem (CP}), and the operators

Ut,sf(.) = U(t,-), OSSStST,
constitute a Feller evolution family.

Now, let b € Fs, 6 < d~2 and let b,,, m = 1,2,... be a bounded smooth approximation of b
satisfying ®), @). Let Uj® = U5 (by,) be the Feller evolution family determined by (CPy ). Let
fFel® up(t,:) = Uf,iff() We write Uy, = U};® if no ambiguity arises.

1. Subtracting the equations for u,,, u, and setting h := u,, — u,, we obtain
Oth — Ah + by, - Vh + (b, — by) - Vu, =0,  h(s,:) =0. (22)

Multiplying the last equation by h|h|P=2, p > 2%\/3, integrating and applying the quadratic

inequality and b € Fs (we only need § < 4 at this step), we arrive at [0, Lemma 2]:
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For every 0 < o < 1 there exist 0 > 0, k = k(§) > 1 and a mq such that for all m,n > my, for
2

all p > py > =5 e have

[[tm — unl

Lifa([s s+6],L T 2+2a)
v 2k L -2
<C05”vumHL2)\’ S 8+0},L2‘7I(Rd))> (p )p ”um - un”L(sz)k([s,s—‘rﬁ],L(p*z)")’ (23)
for any o such that
d
l<o<——" | —4—=1,
ST 2v%a o o

and

1/(1-a) d/(d—2+2a) 1+1
A B o AN
for a constant Cy = Cy(8) that does not depend on m or s.

2. Since § < d~2, we can apply [6] Lemma 1| (or Corollary where we apply the Sobolev
Embedding Theorem to the term ||V|Vu,,|? HLQ( (5.1, L2)) to obtain

Ve ey + IVl 0 < CITS
La([s,r],Ld=2)
Applying Young’s inequality in the last estimate, one can bound the factor ||V, || ;21 ([s,5-+6],L27" (R))
in inequality (23) by C1]|V f|l;- Now, one can iterate the resulting inequality. Set
Dr ={(s,t) |0<s<t<T}, Drg:=Drn{(s,t)|0<t—s<6}, 0O<T.

We have [6l Lemma 3]:
In the assumptions of Theorem 2.1}, for any py > 2_—2\/3 there exist 8 > 0, constants B < co and

yi=(1- %)( d+2 + 20) >0 (1 <o < 2) independent of m,n such that
|Um f — UanLOO(DT,@de) < B0<§l<ll.l)“ ; [Umf — Un fHLPo ([s,5+6],LP0) Jor all n,m (24)

(the fact that ~y is strictly positive is the main concern of the iteration procedure).

3. That {U,,f} indeed converges in LP°([s,s + 6], LP9) is the content of [0, Lemma 4].
proof consists of subtracting the equations for u,,, u, and using quadratic inequality and b € F;
to show that the sequence {U,,f} is fundamental in L (D7, L?) and hence, since UL’ are L™
contractions, in L>°(Dr, LP) for all 2 < p < oc.

Combining Steps 2 and 3, we obtain the convergence result of Theorem 2.1¥¢) first on Dy g and
then, using the reproduction property of U,tﬁs, on Dr:

3 5-Coo- li_I)Il Ubs = U f (loc. uniformly in (s,t) € Dr), f € C®.

Since Uf® are (positivity preserving) L contractions, so is U"*. Now a density argument allows
to extend U%* to C. The convergence result of Theorem 2.1(7) follows.

The fact that U f, f € Cu delivers a weak solution to (CPy)) is the content of [6, Proposition
1.
The uniqueness of the weak solution in class C([0, oo[, L?) was proved (in greater generality) in

28],
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8. PROOF OF THEOREM [2.11(4)

Having at hand Theorem [2.I](¢) and Corollaries [6.IH6.5], we will give two proofs. Both of them
use rather standard arguments.

The first proof uses the fact that we have at our disposal a backward Feller evolution family
PY 0 <t <r<T (see below) and follows [].

The second proof uses a tightness argument, as in [34, B35, 26]. It yields, for every x € R,
a weak solution P, to (SE). In view of the convergence result in Theorem 2IV(i), P,, x € R?
coincide with the probability measures determined by PO .

Recall that by X" = X", m = 1,2,... we denote the strong solution to the stochastic equation

t
X"=x —/ by (7, X™)dr +V2Wy,  x € R
0
We will need

Definition 8.1. A backward Feller evolution family {P"" }o<;<,<7 C B(Cso) satisfies
1°) PbspPsT = PUT (s € [t,r]).
2°) P = 1d,
3°) [P flloo < I fllocs PHT[CL] € CL,
4°) PV = §-Coo-limpps P57 (1 > 3).

The terminal-value problem
{(8t+A+b(t,x)'V)w:O, 0<t<r<T,
u(r,-) = f()

determines a backward Feller evolution family: P f(-) := w(t,-).

We have
P (b) = UT=4T="(b),  b(t,x) = b(T —t,z),

where U%* is the Feller evolution family for (CPy).
Definition 8.2. A probability measure P,, € R? on (C([0,T],R%),B; = o(w, | 0 < r < 1)),
where w; is the coordinate process, is said to be a martingale solution to stochastic equation (SEI)
if

1) Pylwo =2] =1,

2) By [y [b(t,we)|dt < 00, 0 <7 < T

3) for every f € C2(R%) the process

P flen) = fla) & [ (ZAF bVt
0
is a B,-martingale under P,.

Definition 8.3. A martingale solution P, of (SEJ) is said to be a weak solution if, upon completing
B; (to By), there exists a Brownian motion W; on (C([0,T],R%), B, P;) such that

Wy =T — / b(t, wy)dt + VeWw,, r>0 P,—a.s.
0
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8.1. Proof Nel.
CLAIM 1. Forallz €¢ R4, 0 <t <r <T, (P (z,-)) = 1.

This is a consequence of Corollary [6.5] and the convergence in Theorem [2.1](¢). (Indeed, working
with the weight p, we can show, for a fixed z, that for every ¢ > 0 there exists R > 0 such that
(PY (z, ga_po,r) (")) < e forallm=1,2,..., and so (Pr (z,)1po,r) (")) = 1 —e. Passing to
the limit in m and then in R — oo, we obtain (P (x,-)) > 1 — ¢, which yields the required since
e > 0 is arbitrary. For details, see the proof of [8, Lemma 2].)

By a standard result (see e.g. [5, Ch. 2]), given a conservative backward Feller evolution family,
there exist probability measures P, (z € RY) on (D([0,T],R%), B, = o(w, | 0 < r < t)), where
D([0,T],R?) is the space of right-continuous functions having left limits, and wy is the coordinate
process, such that

Eo[f(wr)] = PO f(x), 0<r<T.
Here and below, E; := Ep,_.

The following estimate, which is a consequence of Corollary [6.4] plays a crucial role both in the

present proof and in the alternative proof given below.

CrAIM 2. There exists a constant C' > 0 independent of m, k such that

sup sup E/ bk (¢, X¢13)|dt < CF(r —s)

m geRd s

for 0 <s <r <T, where F(h) := h + supscjo. 17— fss+h g(t)dt.
Proof. Let v = vy, 1, be the solution to the terminal-value problem

(Or +A —bp, - Vv =—|bg|, v(r,-)=0, t<r.
By 1t6’s formula,

o(r, X™) = v(s, X™) + /T(atv + Av — by, - Vo) (t, X[™)dt + \/5/ Vo(t, X")dW,.
Taking the expectation, we obtasin 8
IE/T by (£, X™)|dt = Eo(s, X™).

Since Ev(s, XI") < ||v(s, ) |loo, We olitain from Corollary

E [ 10t X7t < € sup b/ 222
s Z€EZL

Since by € Fy, we have

g Vp|?

L e e A G AL

< S = 9)IVe/valB+ IVAlB | sty

(we are using (I0) and [|\/pll2 < o0)
< CF(r—s)

for0<s<r<T. O
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CLAM 3. Eg[ [y [b(t,w;)|dt] < oo.
Proof. Using Theorem [2.1)(7) we can pass to the limit m — oo in Claim [2] to obtain
Em[/or by (1 wn)|dt] < CF(r — 5) < oo
Now, Fatou’s Lemma applied in & — oo yields the required.

CLAIM 4. For every f € C2(R?), the process
ML= ) = f@)+ [ (AT 4Vt
0
is a Bl.-martingale under P,.

Proof. Set P := (PX™)~! and E”" := Epp. First, we note that

EP(f(wr)] = Ealf ()], ET] /0 (A ()] - Ef /0 (AR (m— o),

as follows from the convergence result in Theorem 2.1{(7). Next, we note that

E?/ (b - V) (£ o)t — Em/ (b- V)t w)dt (m — o).
0 0
The latter follows from:

(a)

E

< C|(bm — ba)IV 12| 22(10,,22)

/0?“ ((bm —by) - Vf) (t,wy)dr

—0 (m,n — o)
since b, — b in Ll2OC

in the proof of Claim [2] using Corollary instead of Corollary
(b)
EP [/ (b Vf)(t,wt)dt] S E, [/ (b - V)t w)dt|  (m = oo).
0 0
(c)

Ey

[ - Vf)a,wt)dt\ < Ol — BV I a0 1)

—0 (n— 0).

25

(*)

(%)

([0, 00[xR%) and f has compact support. The inequality is proved arguing as

The proof is similar to (a) (using Corollary where we pass to the limit in m and then in &

appealing to Fatou’s Lemma).

We are in position to complete the proof of Claim [l Since
Ml = flr) = F@) + [ (ZAF b V)t )i
0
is a Bl-martingale under P7",

x = ENf(wy)] — fx) + E;n/ (=Af + by - Vf)(t,w)dt is identically zero on R?,
0
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and so by (&), (=)
x = Eyf(wp)] — f(z) + Ex/ (=Af+0b-Vf)(t,w)dt is identically zero in R%.
0

Since {P;},cpra are determined by a Feller evolution family, and thus constitute a Markov process,
the latter suffices (see e.g.the proof of [I7, Lemma 2.2]) to conclude that M is a B/-martingale
under P,. O

Having at hand Claim [ we establish
CLAIM 5. {P,},cpa are concentrated on (C([0,T],RY), B).

The proof repeats the proof of [8, Lemma 4].
We denote the restriction of P, from (D([0,T],R%), B)) to (C([0,T],R%), B;) again by P,, and
thus obtain that for every = € R? and all f € C?

MY = fur) - Fa) + /O (CAF b V(b wdt, we C(0,T],RY,

is a B,-martingale under P,.

Thus, P, is a B,-martingale solution to (SEJ.

The proof that M is also a martingale for f(x) = ; and f(z) = x;z; is obtained by following
closely [8 proof of Lemma 6| (we have to work again with the weight p and Corollary [6.4). It
follows that

T we — T+ / b(t,wy)dt
0

is a continuous B,-martingale having the cross-variation of a Brownian motion times v/2, so, by
Lévy Theorem, P, is a weak solution to (SEI).

Finally, we note that P, satisfies estimate (II) in view of Corollary [6.I, upon applying the
convergence result of Theorem 2.I)(7) and then applying Fatou’s Lemma to appropriate bounded
smooth approximation f,, of f that does not increase the form-bound 5 of f (such f,, can be
constructed as in Section B.2).

8.2. Proof Ne2. Claim 2l will again play a crucial role.

CLAIM 6. There exists a constant C independent of m such that, for every 0 < B < 1
cB .

-5 (h), h>0,

sup sup E[ sup | Xt oz — Xﬁ]ﬁ] <
m zeRd  Lt€[0,T],a€[0,h]

where F(h) = he + F(h).

Proof. Armed with Claim 2] we can repeat [20, proof of Theorem 1.1|. For any stopping time
T<T,

T+h
E sup | XM, — X" |< E/ by (t, X)) |dt +V2E sup [Wyyq — Wil
a€[0,h] ’ ’ T ’ a€[0,h]

Thus, applying Claim 2] (with & = m), we obtain

E sup X[, — X% < CF(h)+ Cih? < CF(h).
a€l0,h]
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Now a Chebyshev-type argument [34, Lemma 2.7| yields the required. O

It is easily seen that F(h) | 0 as h | 0, and thus so does F(h). Thus, applying Chebyshev’s
inequality in Claim [6] we have for every e > 0

lim sup sup P sup | Xttaz — Xiw| > €| =0.
m geRd  Lte[0,7],a€[0,h]

It follows that {P7 := (PX™)~1}2°_, is tight. Therefore, for every z € RY there exists a sequence
P,,, and a probability measure P, on (C([0,T],R%), B;) such that

P — P, weakly as kK — oo.
The latter and the convergence result in Theorem 2.11(7) yield

P' — P, weakly as m — oo. (%)
CLAIM 7. For every x € R, P, is a martingale solution to (SH).

Proof. Put E, := Ep,, EJ* := Epm. Claim 2] can be stated as
T
E?/ b (t,w)|dt < CF(r—s), forallzeRY m,k=1,2,...,
S

where C' is independent of m and k. Taking the limit in m and then applying Fatou’s Lemma in
k, we obtain

Em/ |b(t,w)|dt s finite (i.e. < CF(r — s)).

It remains to show that for every f € C?

MY = () - fl@) + /0 (CAF bVt wdt

is a martingale under P,.. By a standard result, it suffices to show that for every “test function”
n € Cy(C([0,T],RY)), forall 0 < s <r < T,

E.[M]n] = E,[MIn).

We will need the following:

(a)

Em

T

/0 ((bm —by) - Vf) (t,wr)dt - n(w)| < Clnllool|(bm — bn)‘vf‘% ”L2([0,r],L2)
—0 (m,n — o0)

since by, — b in L2 ([0, oo[xR%) and f has compact support. To prove the inequality in (a), we

argue as in the proof of Claim 2] but use Corollary 6.2 (with k£ = m).
(b)
Em [/ (b -V f) (£ cor)d - n(w)} S E, [/ (b - VF)(twn)dt - (w)|  (m — 00).
0 0
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Eg

/0 (b= bn) - V) (t,w)dt - n(w)| < Clinlloo| (b = b)YV F12]| 2((0.).2)
-0 (n— o).

The proof of the inequality in (c) follows closely the proof (a) (using Corollary [6.2] passing to the
limit in m and then in k appealing to Fatou’s Lemma).

Now, having at hand (a)-(c), we complete the proof. We have
EPMI™ ) = EP[MI™), m=1,2,..., (%)
where

MI™ = fu) — f(2) + /O "(CAS + b V)t ),

so it remains to pass to the limit in m in (H). The assertions (a)-(c) yield

EP| /O (b - V)t 0r) ()] — E| /O (b V1)t )t ()],

while
EP[f (wr)n(@)] = Ealf o))
and
B[ /0 (—AS) (w)n(w)dt] — E| /O (AN @)n@)dt]  (m — o),
follow from (EH). O

Thus, P, is a Bi-martingale solution to (SEl). The rest repeats the end of the first proof.

9. PROOF OF THEOREM [2.](747)

The first statement is immediate from assertion (i): given two bounded smooth approximations
{bm}, {b),,} of b, by (i) their combination {b1,b],ba, b2, , ...} will produce a new Feller evolution
family that, in turn, must coincide with the Feller evolution families produced by {b,,} and {b/,}.

Let us prove the second statement. We have PL P2 two martingale solutions to (SE) that
satisfy

T
Ei /0 It w)ldt < el ago e (25)

and

. T 2
B [ blrwnh(twnlde < bl heC(0.1),8) (26)
0

0,T]xR4)’

with constant ¢ independent of h (i = 1,2). Here and below, EL := Epi, E?2

z = Ep2. Let us show
that for every ' € C°(]0, T[xR%) we have

T T
; =2 Wt )
Ex[/o F(t,wndﬂ—m/o F(t,w0)di] (27)

which will then imply PL = P2,
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Let u,, be the solution to
Oyup, — Auy + by, - Vuy, = F, un(Tv ) =0,

where b,, are as in Section 3.2 i.e.

by, = cne™1,b,

29

(28)

where ¢, 1 1, 1, is the indicator of {(t,2) € [0,T] x R? | |n| < n, |z| < n, |b(t,z)| < n} and, given

any d < p; < oo, we can select €, | 0 sufficiently rapidly so that

1100 = bullLe1 (jo,77,L010) — 0 71— 00.

(29)

Set 7 := inf{t > 0| |w¢| > R}, R > 0. Since u,, is smooth, we can apply Ito’s formula, obtaining

(i=1,2)

) ) TATR
B (T A Ty wrnry) = ttn (0, 7) + B / Pt wp)dt
0

. TATR
TR / [(b—ba) - V] (f, ). (30)
0
We represent
R TNATR ) TATR
Ef,c/ [(b—by) - Vup | (t,wy)dt = Ef,c/ [(b—1,b) - Viuy | (¢, wy)dt
0 0
) TATR
+E / [(Lnb — by) - V] (£, 0r)dlt
0
= I} + 12
1. Let us estimate I}. We have
) TATR
I < E;/ [1BI(L — 1)Vl (£, cor) e
0
(we are applying (26])
2
¢ 2
< L0 L = L) Vet 12 7
In turn, for a 0 < § < 1, we have
q9
11B0,r)10I(1 = 1) [Vun|2 || 20,71 xRa)
4 1-0
< 120, 1L = Ll 170 (2 L0, b1V T ) 5
The first multiple ||1 5, g)|b[(1— 1n)|]6L2([0 7)xgdy — 0 asn — 00. The second multiple is uniformly

(in n) bounded: by b € Fy,

[16]] Ve, [23-9) H%Q([O,T}de)

T
gq/qvw%r
0

T
209 [2)dt + / 9(8)(|Vun |7 dt,
0

where the RHS is uniformly bounded in view of Corollary [6.3] provided that 6 is chosen sufficiently

close to 0 so that %5 €]d, 5_%[. Thus, I} — 0 as n — occ.
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2. By (23),

) TATR
I2 < E;/ (11,6 — by || Vun|] (s, ws)ds
0

2
q 219
S CH1B(07R) llnb — bn‘ 2 ’vun’ 2 Hz2([0,T]XRd)7

where, for every 0 < 0 < 1,

11 50,81 1nb — bl 2 [Vtn| 2 | 120 17 xR

g =L - 1-0
< 11508 | Lnb = 0al2 172 g0 r7me) IVl 77 1 21 77,50

The second multiple is uniformly (in n) bounded in view of Corollary 6.3 provided that € is chosen
sufficiently close to 0 so that ﬁ €ld, 573 [. The first multiple tends to 0 as n — oo in view of

@9) with p; = §.
Combining 1 and 2, we arrive at

TNATR
Ezv/ [(b —by) - Vun] (t,wy)dt| =0 asn — oo. (31)
0

Now, we will need
Lemma 9.1. u,, converge uniformly on [0,T] x R? to a u € C([0,T] x R%).

Lemma follows from the convergence result in Theorem 2.I(¢) and the Duhamel principle.
Alternatively, one can carry out the LP° — L°° iteration procedure used in the proof of Theorem
2.1(2) but for equation ([28). Indeed, taking the difference between solutions w,,, u, to equation
28) with b = by, b = by, respectively, we arrive at the same equation (22)), and hence to the
same iteration inequality (23]). To estimate the factor containing Vu,,, we appeal to Theorem
rather than to [6, Lemma 1|. We arrive at (24]), which yields the required uniform convergence
once we establish the convergence of u,, in L?. The latter follows easily by modifying the proof of
[6, Lemma 4].

Thus, using u, (7, -) = 0 and applying (31 and Lemma @.Ilin ([B0), we pass to the limits n — oo
and then R — oo to obtain

T
0 = u(0,z) +E;/ F(t,w)dt i=1,2,
0
which yields (27). The proof of Theorem 2] #i7) is completed.
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