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ON PARTICLE SYSTEMS AND CRITICAL STRENGTHS OF GENERAL
SINGULAR INTERACTIONS

D.KINZEBULATOV

ABSTRACT. For finite interacting particle systems with strong repulsing-attracting or general
interactions, we prove global weak well-posedness almost up to the critical threshold of the
strengths of attracting interactions (independent of the number of particles), and establish
other regularity results, such as a heat kernel bound in the regions where strongly attracting
particles are close to each other. Our main analytic instruments are a variant of De Giorgi’s
method in LP and an abstract desingularization theorem.
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2 PARTICLE SYSTEMS WITH SINGULAR INTERACTIONS

1. INTRODUCTION

The paper is devoted to study of well-posedness and other properties of multi-particle system

N
dX; = M;(X;)dt — % > Kij(X; — X;)dt +V2dB;,  X;(0) = x; € R (1.1)
i=Lj#i

(i =1,...,N), where [0,00[> t — X;(t) is the trajectory of the i-th particle in R%, {B;(t)}i>0
are d-dimensional independent Brownian motions, under broad assumptions on singular drifts
and interaction kernels M;, K;; : R? — R? that can be repulsing-attracting or have general
form, e.g. | K| in L or weak L¢ (Definitions 2]). Concrete examples include critical-order point
singularities

d—2 vy
K(y) = i\/ETW’ y € R? (1.2)

(defined to be zero at the origin) or hypersurface singularities

Liiqyi<dy

[lyl = (= 1In []y] - 1[)?’
(so |K| & L¥e for any € > 0), or their sums. Throughout the paper, dimension d > 3. Important

loc
case d = 2 requires separate study which we plan to carry out elsewhere.

In Theorems [IH4l we cover half-critical or critical (at least in high dimensions d) ranges of
the strength of attracting interactions, establish, in particular, global weak well-posedness of
stochastic particle system (II) and, for the model singular attracting kernel in (L2]), prove a
necessarily non-Gaussian upper bound on the heat kernel of (I.T]) which we believe to be optimal
in the regions where the particles are close to each other. To this end, we use a variant of De
Giorgi’s method and an abstract desingularization theorem obtained earlier in [33].

To illustrate the notion of the critical strength of interactions, let us consider particle system

(TI) with the model singular attracting kernel (2])

N

1 d—2 X;—X;

dXi=—— > V& L=
P

N 2 |Xi— X
As the strength of attraction x increases, the behaviour of trajectories X; undergoes qualitative
changes, e.g. the particles start to agglomerate and one can prove for (4] only local existence
until the moment the particles collide. The strength of attraction k., = 16(%)2 is a critical

|K(y)]>=C

p>1 (1.3)

dt + v/2dB;. (1.4)

threshold for system (I]E)E Informally, this can be seen by inspecting the density of the formal
invariant measure of (L4):

ey = [[ lei—a VTN, 2= (2, an) RV
1<i<j<N
which is locally summable if and only if k < k. (also, as k reaches and surpasses k.. = 16, ¢
ceases to be in VVlicl)
In the case N = 2, one can show that if k > s, and X;(0) = X3(0), then system (4] has
no weak solution, and if kK > K., then particles collide in finite time with positive probabilityﬁ.

However, if k < ki, then (4] has global in time weak solution.

IThis normalization of the coefficient in (I) is due to the use of Hardy’s inequality, see Example [(b).
27 = (X1 — X2)/V/2 satisfies dZ = —4 9-27|Z|7?dt +v/2dB in R?, so a well-known counterexample applies,
see e.g. [T].
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Regarding the case when the number of particles N is large, we refer to [9, [13] for the proofs
of weak well-posedness of the two-dimensional counterpart of (I.4]) and analysis of the phase
transition effects as the strength of attraction x increases. The well-posedness and blow-up effects
for the two-dimensional McKean-Vlasov SDE arising as the limit of the particle system as N —
oo (the corresponding McKean-Vlasov PDE is the famous Keller-Segel model of chemotaxis)
is studied in [I3] and in recent papers [14] [47] where the authors handle the entire ranges of
the strengths of attracting interactions as well as the critical threshold. The proofs in the cited
papers exploit the special structure of the interaction kernel K (y) = c|y|2y.

Many applications require one to handle more general than K(y) = c|ly|~2y singular inter-
actions in dimension d = 2,3 and higher. There is extensive literature on singular interaction
kernels having special form, e.g. gradient form, which includes many kernels arising in Statistical
Physics. We refer, in particular, to [3, 40] where the authors proved for such interaction kernels
weak and strong well-posedness of particle system (LIJ), however, excluding the singularities
of (L2)). We also refer to [I7, [47] where the authors prove, as a part of their results on the
propagation of chaos, strong well-posedness of the particle system (LI]) for K in the sub-critical
Ladyzhenskaya-Prodi-Serrin class. Applied to (1), their condition reads as |K| € LP 4+ L*,
p > d, as is needed to use Girsanov’s transform, which, again, excludes (2)). We also mention
article [8] where the authors work at the PDE level on the torus, consider interaction kernels of
gradient form with the interaction potential pointwise comparable to \/E% log || (which thus
includes the attracting kernel in (I2])) and obtain quantitative estimates on the propagation of
chaos for the McKean-Vlasov PDE for all k¥ < k4.

In the present paper we address the problem of well-posedness of stochastic particle system

(L) directly, by rewriting (I.I]) as SDE
dZ = b(Z)dt +V2dB, B is a Brownian motion in R4 (1.5)
with Z = (X1,..., Xy) and drift b = (by,...,by) : RV? — RN defined by
1 N

N Kij(:Ei—:Ej), l‘:(l‘l,...,x]\/) ERNd, 1<i<N (1.6)
i7

J=1,7#1

bz(l‘) =

and then applying results on well-posedness for SDEs with general drifts, in particular, our
Theorem [ below. Until recently, the results on general singular SDEs could not compete, in
terms of the admissible point singularities of the drift, with the aforementioned results on particle
systems with model interactions (LZ)). In the past few years, however, there was a substantial
progress in proving weak and strong well-posedness of SDE (L.5)) with general drift b, which now
can have critical-order singularities, see [27) 28], 25|, 24], [37, [38, [39], [43] [44]. That said, to apply
these results to (I.I) in a way that would allow to control the strength of interactions (measured,
in the case of (L.2]), by constant k), one needs to keep track of the strength of the singularities
of the drift b (measured by “form-bounds”, see below). To the best of our knowledge, the only
paper that covered all (at least in high dimensions) admissible values of the form-bound of
general drift b was [28]. In a number of ways, the present paper continues [2§].

More specifically, below we consider interaction kernels satisfying the following dimension-free
conditions. Let (, ) denote the integration over R? and | - |2 the L? norm. For a general K we
require that the following quadratic form inequality holds:

(K2, 0) < wlVel3 +cxllell; Vo € C. (1.7)
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In the case K has an attraction component, we require

{ (K], ) < rolVell2llollz + e lloll3
((divE)+0,0) < ki l[Vell + ex 10113,

where constant x, measures the strength of attraction; xo and ¢k, cx,, cx, are any finite con-
stants. These are broad assumoptions on the interaction kernel K that allow it to have critical-
order singularities. See the next section for examples which include interaction kernels (I2]) and
(L3)). The constants k, ko and k4 are called form-bounds. Importantly, the vector field b defined
by (L8] satisfies the same conditions but with the integration over RNV¢ and essentially the same
form-bounds (i.e. obtained from &, x4 by dividing the latter by constants that tend to 1 as the
number of particles increases). Thus, we obtain our results for the interacting particle system
(1) (Theorems [IH]) right away from our results on the general singular SDE (L5]). These are
Theorem BH7l For this to work, in Theorem [l we need to impose dimension-free assumptions on
the form-bounds of the drift b in RV? (so that the assumptions on the strengths of interactions
K, £+ would not depend on the number of particles). This is achieved, as in [28], by means of
De Giorgi’s method ran in LP which allows to “decouple” the proof of the tightness estimate
needed to establish the existence of a martingale solution (cf. (2I7))) from any strong gradient
bounds on solutions of the corresponding elliptic or parabolic equations (that, in turn, introduce
dependence on the dimension in the assumptions on the form-bounds of b). Let us add that
running De Giorgi’s method in LP with p large (rather than with the usual p = 2) allows to
maximize admissible values of the form bounds/strengths of interactions.

Theorem on the general singular SDE (L5]) are of interest on their own. The existence of
a martingale solution part of Theorem [5l under condition (i.e. analogue of (7)) was estab-
lished in [28], but we included this statement in Theorem [§ anyway for the sake of completeness.
The novelty of Theorem [lis related to condition (L8], the strong Markov and Feller properties.
See comments after Theorem [l

The analytic core of the paper are Theorems [ and [@ from which Theorem [5l and a number of
other results follow. Theorem [ is proved by showing that solution of the elliptic Kolmogorov
equation u belongs to appropriate LP De Giorgi’s classes and then following De Giorgi’s method.
These De Giorgi classes, however, are somewhat different from the LP De Giorgi classes found
in the literature, i.e. they contain the integrals of

(1.8)

IV(u— kP22 keR,

rather than the integrals of |V(u — k)4 |P, the latter arising naturally in the problems of op-
timization. Theorem [ i.e.the embedding theorem, plays a key role in the proof of Theorem
Bl but also has applications outside of the present paper. In order to establish Caccioppoli’s
inequality under condition (L8] (as is needed to prove Theorems B and @) we extend to the
non-homogeneous LP setting the iteration procedure introduced in earlier paper [34].

De Giorgi’s method was used earler in the context of singular SDEs in [43], 51} [63]. There the
authors considered singular drifts arising in the study of 3D Navier-Stokes equations.

Let us also mention recent results in [I1] on interacting particle systems and McKean-Vlasov
SDEs with the interaction kernels and drifts in Besov’s spaces of distributions, see also references
therein. However, these assumptions are somewhat orthogonal to the present work and, at least
at the moment, do not include the model interaction kernels (2] (while including other highly
irregular distributional kernels) or keep track of the strength of interactions k. We also comment
in Remark [@ on the existing literature on SDEs with supercritical drifts.
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1.1. Notations. Put
= [ Sy, (£9) = (fg)

(all functions in this paper are real-valued). Let LP = LP(R%, dy) be the Lebesgue spaces endowed
with the norm || - ||,. Let WP denote the corresponding Sobolev spaces. Denote by [LP]? the
space of vector fields R? — R? with entries in LP. We denote by || - ||, the LP — L9 operator
norm. Let Cs denote the space of continuous functions on R? vanishing at infinity, endowed
with the sup-norm. Let Br(y) C R? be the open ball of radius R centered at y € R?, |Bg(z)]
denotes its volume. Set Bgr := Bg(0). Given a function f, we denote its positive and negative
parts by

(e :=FV0, (f)-:=—=(f70)

(@) = cexp (\90\2;—1) if 2] < 1,
0, if |[x] > 1

Set

where ¢ is adjusted to [pay(z)dr = 1, and put v.(x) := eid’y (£), e > 0, € R%. Define the
Friedrichs mollifier of a function h € LL . (or a vector field with entries in L ) by E.h := . x h.

2. MAIN RESULTS

2.1. Particle systems. Let us first consider particle system

1 Xt

Xi(t) =zi-5 O /Kij(Xi(s)—Xj(s))ds—i—\/iBi(t), 1<i<N, te[0,7], (21
J=1,j#1

where z = (21,...,2x5) € RV N > 2. That is, we exclude the drift terms M (X;) from (L.
However, we will explain in Remark Bl below how to put the drifts back there.
Let e, : C([0,T],RN9) — RN be defined by e;(w) := w;.

DEFINITION 1. A probability measure P, (r € R™?) on the canonical space of continuous

trajectories w = (w',...,w!"") in RV is called a martingale solution to particle system (Z1II) on

[0,T7] if
1) Py =6y, where Py :=Poe, (on ]RNd)

) E Zz 1 E] 1,5#14 fO |K2] wt - wt)|dt < o0
3) for every ¢ € C2(RN?) the process

N N '
0,7] 57— ¢(wy) +/ Ayd(wy) Z Z —wi) - Vy,d(w)dt
i=1 j=1,j

J

is a martingale under PP,.
We start with the general interaction kernels.

DEFINITION 2. A vector field K € [L?

2 19 is said to be form-bounded if it satisfies quadratic
form inequality

(K, ¢) < 6lVel3 + cxllell (2:2)

for all o € W12 for some constants x (“form-bound”) and c,. This is written as K € F,.
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The class of form-bounded vector fields F, is closed with respect to addition and multiplication
by functions from L* (up to change of k).

The form-boundedness condition b appears already in the Lax-Milgram theorem. It provides
coercivity in L? of the Dirichlet form of —V -a -V 4 b -V with a uniformly elliptic matrix a.

EXAMPLE 1. (a) If |K| € LP for some d < p < oo, then K is in F,, with arbitrarily small
form-bound  (in this sense the class |[K| € L¢ is sub-critical). Indeed, if e.g. |K| € L,
then, for every € > 0, we can represent K = K+ Ky, where ||K1||g < € and || K3 |loc < 00.
So, we obtain, using the Sobolev embedding theorem,

1K ellz < 21K ldllel e + 21 Ko S lelz < Co2l KalldlVelz + 201Kzl ¢,

hence K € F,, with k = Cg2¢ and ¢, = 2| K2||%.
(b) (Critical point singularities) The model singular interaction kernel
d—2
K(y) = iﬂTﬁ, y €RY, (2.3)
is in F,; with ¢, = 0 (but it is not in any F,/ with £’ < k, regardless of the value of ¢,).
This is the well known Hardy inequality.
(c) (Weak L? class interaction kernels) More generally, vector fields K in L%, i.e.such
that

1K ld,00 = Sl>110>8\{y eR?: [K(y)] > s} < o0 (2.4)

are in F,, with /k = HKHd,OO\Bl(O)]_éﬁ, see [35]. This example includes (Z3]).
(d) (Morrey class interaction kernels) The scaling-invariant Morrey class Moy, with € > 0
fixed arbitrarily small, consists of vector fields K € [L2¢]% such that

loc

1
K|, . == sup 7‘<# |K|2+€dy>m < 0. (2.5)
e r>0,ycR? |BT(y)| Br(y)
By [12], if K € My, then K € F, with & = ¢||K||a,. for a constant ¢ = c(e).
This sufficient condition for form-boundedness can be further refined by considering the
Chang-Wilson-Wolff class [10].
On the other hand, a simple argument with cutoff functions shows that the class of
form-bounded vector fields F is contained in the Morrey class M.
(e) (Hypersurface singularities) Any interaction kernel K of the form (IL3]) is form-bounded,
which can be seen from the previous example by arguing locally.
An example of different kind is given by the weighted Hardy inequality of [19]. Fix

0<® e LS4 for some q > % + 1, where S%1 is the unit sphere in R%. If

d—2)? @
K)P < w220

1
Sd—l‘g

where ¢ := ”<I)| , then K € F,, with ¢, = 0.

IILq(Sdfl)
Put
F:={K | K € F,, for some k < c0}.
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Theorem 1. Assume that the interaction kernels K;; in particle system (21I) satisfy

N 2

Then the following are true:

(i) There exists a strong Markov family of martingale solutions {P;},crna of particle system
(PR
(i) The function
o0
u(zx) == Epz/ e M f(wl,. .., wN)ds, zeRN  feCXRNY, (2.7)
0

s

where X is assumed to be sufficiently large, is a locally Hélder continuous weak solution
to elliptic Kolmogorov equation

</\ A+ — Z Z K;j(x x-)-Vmi>u:f, x=(r1,...,ZN), (2.8)

i=1j=1,57#1
see definitions in Remark [§ where we also discuss the uniqueness of u.

Using a standard argument, we can further show that the martingale solutions in assertion
(7) are weak solutions. We recall from the discussion in the introduction that if x is taken to be
too large then a weak solution to the particle system (2.1]) ceases to exist. So, in Theorem [II(7)
we are dealing with the critical scale of the strength of interactions.

Having at hand Theorem I, we are now in position to ask what additional assumptions on K;;
provide other regularity properties of the particle system. Indeed, in Theorems [l and 4 we will
make the assertion of Theorem [Iland of its counterpart in the case K;; have repulsion-attraction
structure — Theorem [21 — more detailed, at expense of imposing some additional assumptions on
the interaction kernels K;.

In Remark Bl we comment on the regularity theory of the backward Kolmogorov equation for
particle system (2.1) in the case when k = 4(%)2.

We now turn to the interaction kernels having repulsion-attraction structure.

DEFINITION 3. A vector field K € [Li ]? is said to be multiplicatively form-bounded if

([Kle,9) < ol Vellzllellz + cxllel3 (2.9)

for all ¢ € W12 for some constants kg (“multiplicative form-bound”) and c,,. We abbreviate
this as K € MF,,.

Every form-bounded vector field is multiplicatively form-bounded, but not vice versa, see
Remark [0l But we will additionally require from the positive part (divK ), of div K, which can
be viewed as describing attraction between the particles, to be a form-bounded “potential”:

DEFINITION 4. (div K); € L{_ is said to be form-bounded if there exists constant . such that
(divE) 4+, 0) < ki [Vel3 + e llel3 (2.10)

for some c,, . We abbreviate this, with slight abuse of notation, as (div & ) €Fy,

EXAMPLE 2. (a) (Critical point singularities) The model singular interaction kernel (2Z.3])
is multiplicatively form-bounded, see Remark B In turn,

divK = :I:\/_(d 2)° ly| 2,
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1
so, if there is plus in front of v/k (attraction), then by Hardy’s inequality (div K)? € F
Ky = 2y/K, ¢, = 0.
(b) (Essentially largest possible scaling-invariant Morrey class) The class MF,, contains
the largest possible up to the strict inequality in € > 0 scaling-invariant Morrey class
M1+5, i.e.if

K4

) 1

14«

K ||ar,. == sup 7‘<7 \K!1+Edy> < 0,
H r>0,ycR? |Br(y)] /B, (y)

then M. C MF,, with ko = c(d, €)| K|, see Remark 6l Similarly, if the following
Morrey class condition is satisfied

sup r? <
r>0,ycR4

_1
|(div K)+|1+Edy> Tl
|Br(y)| /B ()

1
then (div K)3 € F,_ with appropriate .

The class b € MFy under additional hypothesis divb = 0 appeared in [45] as a broad sufficient
condition for two-sided Gaussian bounds on the heat kernel of —V -a -V + b -V, proved using
a variant of Nash’s method.

Put
MF = {K | K € MF, for some k < oo}.

Theorem 2. Assume that the interaction kernels K;; in particle system (ZII) satisfy

(diV Kij)— eL! + L=, It+a
Kz’j € MF, . % . N ’KZ]‘T eF (211)
(div K;j)f € Fre, with vy <4z~
for some o« > 0 fixed arbitrarily close to zero. Then all assertions of Theorem [l are valid for
such interaction kernels as well.

Theorem 3. (i) For the interaction kernels
d—2, _
Kij(y) = Vi——ly| 7y + Kog(y), y€R’, (2.12)
if the strength of attraction
Kk <16

and Ko i; satisfy (Z6) or (ZII)) with sufficiently small form-bounds, then all assertions
of Theorems [l and [@ remain valid.
(ii) Furthermore, for the model attracting interaction kernel K (y) = /r%52|y| =%y, k < 16,

the heat kernel e=**(z, 2) of particle system 2.1)) (which exists by Theorem[4)(i)) satisfies,
up to modification on a measure zero set, the heat kernel bound

Moy <Y ] nt ez - 4l), telo.T],
1<i<j<N
for some C = Cr, for all z € RN?, » = (21,...,2N) € RN provided z; # zj (i #7), for
a fized function 1 <n € C2(]0,00]) such that

T](T) — T_\/E%% O<r< 1,
2, r > 2.
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REMARK 1 (On Theorems [I 2] and their proofs). It is not difficult to modify the proofs of
Theorems [I] and 2] to extend them to the sums of the interaction kernels satisfying (2.6]) and
(2:11)), under properly adjusted assumptions on the form-bounds.

We prove Theorems [[l and 2 by embedding the multi-particle system (2I]) in the general SDE
[230) considered in RN, with drift b = (by,...,bx) : RN — RN defined by

1 N
bz(.%') = N Z Kij(a;i—a:j), 1':(1'1,...,:]:']\7) ERNd, 1<i<N. (2.13)
i=Lj#i

Lemma 1. If K;; € F(RY), then b defined by [ZI3) satisfies

{ b € Fs(RN9)

_1)2 12
with § = (]V—Ngl)—/{, cs = (NNl) Cre-

14+

1
Lemma 2. If K;; € MF.(R?), (divK;;)2 € F,, (RY), |K;j|™2 € Fo(RY), then b defined by

ZI3) satisfies
b € MF4(RNY)
. _ 2.14
{ thh 5 = %K,, C(S = (N f— 1)657 ( )

1

{ (divb)? € Fy, (RVY), (2.15)

with 64 = %mﬂ cs, = (N = 1)cg,,

with x = %020‘, Cy = %%20‘. (2.16)

Lemmas [Tl 2 allow us to obtain the existence of a strong Markov family of martingale solutions
to () in Theorem [I(7) and Theorem [2(7) from Theorem Bl(¢) for SDE (230). Theorem [l and
other results in Section dealing with general singular drifts, are of interest on their own.

In Theorem [B] the family of martingale solutions for (2.30]) is constructed by applying a
tightness argument where the central role belongs to the estimate

t1
E [ [b(Ya(s))|ds < C(ts — to) T,  to,t1 € [0,T] (2.17)
to
(this is (80])), where b. is a regularization of b that does not increase form-bounds §, 04 (see
Definition []) in Lemmas [T}, 2], and Y% is the strong solution of (2:30]) with drift b.. Constants C,
v > 0 are independent of €.

To prove (Z.I7)) and, furthermore, to prove the strong Markov property, we establish regularity
results for non-homogeneous elliptic PDEs (2Z38) and (243). These are Theorems [ and [0
obtained via De Giorgi’s method ran in LP, where p depends on the values of form-bounds §
and 0. Theorems 8 and [ are the analytic core of the present paper.

We prove Theorem [l by showing that u belongs to LP De Giorgi’s classes and then following
the arguments in [I5, Ch.7], that is, applying De Giorgi’s method. As was mentioned in the
introduction, our LP De Giorgi classes are somewhat different from the LP De Giorgi classes
found in the literature (cf. [15]).

The observation that working in LP for large p allows to relax the assumptions on the form-
bounds goes back to [36] where the authors dealt with Kolmogorov operator

—A+b-V, beFs; <4
at the level of the semigroup theory.
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In [28], the authors proved, using De Giorgi’s iterations in LP, that the general SDE (2.30) with
b € Fs, 6 < 4 has a martingale solution for every initial point. This result yields the existence
of a martingale solution part of Theorem [l under condition on b, which we included in
Theorem [l for the sake of completeness. In what concerns (A7), in the present paper we make
the next step and also prove the strong Markov property.

One of the main observations of the present paper is related to condition of Theorem
This condition dictates the assumption (ZI1) on the interaction kernel K when the latter has
repulsion-attraction structure. In (A3), we relax the a priori condition |b| € L as in to
|b| € Lllota for a > 0 fixed arbltrarlly small, aiming at stronger hypersurface singularities of b
(and thus of K). To achieve this, we once again need to work in LP for p large. In fact, when
dealing with the right-hand side of non-homogeneous equation

(h=A+b-Viu=I[p[f (feC),
as is needed to prove weak well-posedness of the general SDE (2:30]), we require

P = L _>14a
p—1
(cf. Theorem [)). If we were to consider this non-homogeneous equation in L2, we would have to
take v = 1, and so and (ZIT]) would force the old form-boundedness assumption on drift
b, i.e.as in ([A;). Thus, in the present paper we find another compelling reason to work in LP
with p large, not related to the values of form-bounds.

Another technical novelty of the paper is Theorem [@ i.e. the embedding theorem, which has
applications beyond this paper.

The proof of Caccioppoli’s inequality (Proposition[I]) under assumption (Z-IT) uses an iteration
procedure introduced in [34]. In [34], the authors worked in L? and used Moser’s method to
prove the Harnack inequality for positive solutions of (—=V -a-V +b-V)u = 0 with measurable
uniformly elliptic matrix a and b € MFg, § < 0o, provided that the form-bounds of the positive
and the negative parts of div b satisfy some sub-critical assumptions.

The additional right-most condition on Kj; in (Z2.II)) is essentially much weaker than the
left-most condition (informally, the former treats |K| as a potential, while a proper “potential
analogue” of the drift perturbation K - V would be |K|?). For instance, if we were to state
condition (ZII)) on the scale of LP spaces, then it would become

(divK)_ € L' + L*,
(divK), € L% + L™

where, recall, a > 0 is fixed arbitrarily small, i.e. the right-most condition follows from the left-
most one. The same would happen if we were working on the scale of scaling-invariant Morrey
spaces (cf. Example [Ii(d)).

If in Theorem [ (div K;;)+ = 0, i.e.there is no attraction, then we essentially impose only
a condition on |Kjj|, which can have any finite multiplicative form-bound. In fact, in a purely
repulsing situation considered in [3] one can relax the assumptions on the interaction kernels
K;; of gradient form even further.

K| e L+ L™, { K| e L2+ 4 1o,

REMARK 2 (On Theorem[Bland its proof). The improvement of the assumptions on « in Theorem
Bl(7), compared to Theorems [Iland 2] is due to a refinement of Lemma [2] by means of the multi-
particle Hardy inequality of [20]' for d >3,all N > 2

2 _
Can Z /szd 7 — x]‘zdx < /RNd IVo(z)|dx, == (z1,...,ZN), (2.18)

1<i<j<N
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for all o € W12(RN?), where

Cd,N = (d—2)2max{i, ! }
N 3(d—2)2
1+ \/1 £ U2y (v -2

In the proof of Theorem [B[(4i) we replace constant Cy y with smaller constant %. However,
the maximum for large N and d < 6 is actually attained on the second argument. So, constant 16
in Theorem Bl can be somewhat improved for d < 6. See also [16] regarding further improvements
of Cd7 N-

The heat kernel bound in Theorem [3(7) is not unexpected (although we could not find it in
the literature). Indeed, an elementary calculation shows that

=21
Y)= [ |ei—az V7w,
1<i<j<N
is a Lyapunov function of the formal adjoint of A = —A, \/_d 2L ZZ 1 Z] 1j#i oo ml_f| Vi,

i.e. the following identity holds:

_Ax¢+\/_——zvxl< f} A ¢>:0.

g o = @l

One can expect that such Lyapunov function will appear as a multiple in the heat kernel bounds.
That said, the question of how to prove such an estimate is non-trivial due to singularities in the
drift. An interesting aspect of Theorem [3((47) is its proof, which uses an abstract desingularization
result from [33], see Appendix [Al

In Theorem [B}(ii), we expect to have two-sided bound

_Jz—y? _Ja—y|?
Cre” 2t giy) < e ™(z,y) < Cse at pi(y), (2.19)
where
_1
ew) = JI nt 2y -y,
1<i<j<N

as is suggested by the analogous results for Kolmogorov operator —A — y/k|z| ™22V, 0 < k < 4
on RY, see [41]. Moreover, there should be an analogous to Theorem B{(#i) and (ZI3J)) result in
the case of attracting interactions, see [41] and [32] regarding —A + /k|z| 22 -V, 0 < k < 00.
([32, 33] deal with the fractional Laplacian (—A)®/2 perturbed by the model singular drift term
cleg| ¥z -V, 1 < a<?2.)

In the next theorem we show that if one is willing to replace the multiplicative form-boundedness
condition (ZII)) by more restrictive condition ([2.2I]), or even restrict admissible values of the
strength of the interactions, then more can be said about the martingale solutions {P;},cpna
constructed in Theorems [ and

We will need the following definition. Let K satisfy (2.2]), let { K.} be some sequence of vector
fields.

DEFINITION 5. Let us say that K. do not increase the form-bounds of K if
IK-0ll3 < 6Vl +ealleld Vo € WHRY), Ve >0,
i.e. {K.} satisfy (22) with the same constants as K.
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The previous definition extends naturally to K satisfying ([2.9]), (2.I0) or (Z21I) below. In all
these cases, in Section [3] we show that the vector fields K. defined by

K.:=E.K, £]0, E.isthe Friedrichs mollifier, (2.20)
are bounded, smooth and do not increase the form-bounds of K.

Theorem 4. Assume that the interaction kernels K;j in particle system (1)) satisfy either
condition (26]) in Theorem [l i.e.

N \2
or a more restrictive condition than (2.I1]) in Theorem [2:
(diVKij)_ el! + L,
Kij cF, . % . N (2.21)
(div Ky5)} € Fro, with vy < 4d575.
If K;; satisfy (26), fixp > ﬁ If K;; satisfy (Z21)), fix p > ﬁ. Let {Py} ,crna be
N N
the strong Markov family of martingale solutions of particle system (21 constructed in Theorems
1 and [2.
(i) The family of operators {P;}i>0 defined by

Pif(z) :=Ep,[f(wi,.. )], [ e CE®RNY,
admits extension by continuity to a strongly continuous quasi contraction Markov semig-
roup on LP of integral operators, say P, =: e "™ such that
Nd 1
e |pmsg < cwt™2 G677 p<g< oo (2.22)

for appropriate constants ¢ and w. If p = 2, then we have

1NN
Ao DA+ N Z Z sz(xz - xj) Vg, | Cgo(RNd)‘
i=1j=1,j#i
This semigroup is unique in the following sense: for any sequence of bounded smooth

interaction kernels Kj; — Kij in [LE (R4 that do not increase the form-bounds of K,

for every f € C*(RNY) solutions {v,} to

| NN
(8t_A+NZ Z Kiji(xi — ) - Vi, )vn =0, v,(0) = f
i=1 j=1,j#i

converge to the same limit et f in LP(RN?) loc. uniformly in t > 0.

(ii) If 1
(N —1)2a2’

, martingale solution P, satisfies for a given q €]Nd, %H

KeF, withr<

RNd

(SIS

[

then, for every x €
Krylov-type bounds

{ E. [ |h(s, X1(5), ..., Xn(s))|ds < c|b]l oo rxrrey  and

! 2 (2.23)
Eg fO ’b(Xl (3)7 e 7XN(3))Hh(T7 X1 (3)7 s 7XN(S))‘dS < C”b‘h’ 2 ”LQ([O,T}XRN‘i)’
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for all h € C.([0,T] x RN?), for some constant ¢ > 0, where vector field b : RN% — RN
is defined by (2.13]).
Moreover, P, is the only martingale solution to (2.1) that satisfies (2.23]).
(iii) Assertions (i), (ii) are also valid for interaction kernels of the form

Kij(xi,zi — x5) = C(:) Ky (% — x5), (2.24)
where

. N \?
IClloo <1, K% € Fy with s < 4(ﬁ) ,

(tv) There exists constant C' < 1 such that if K;; is of the form (224) with ¢ additionally
having compact support and

C
< 2.25
"IN (2.25)
then for every (z1,...,zn) € RN particle system (ZI) has a strong solution on [0, T

that is unique among all strong solutions defined on the same probability space satisfying
@23).

The proof of Theorem [ uses results from [25] 26] 29] 36], [45]. Theorem [ also extends to the
interaction kernels considered in Theorem [B with (Z.I1]) replaced with (Z2T).

REMARK 3 (Borderline strengths of interactions). One can reach the borderline values of the
strengths of interactions

N \2
K= 4<ﬁ> if (Z6]) holds, or

N
/€+ = 4m lf (DZID hOldS

although, at the moment, only on the torus and at the PDE level, by considering the correspond-
ing to (2.I) Kolmogorov backward equation in the Orlicz space with gauge function ® = cosh —1.
This space is situated between all LP and L. We refer to [22] for details.

REMARK 4 (On Theorem [ and its proof). Assertion (v) follows, after applying Lemma [T from
the result in [25] whose proof, in turn, follows closely the method of Réckner-Zhao [44]. In [25],
the authors needed a technical hypothesis that b has compact support, hence the condition in
(iv) on the support of (.

We are rather satisfied with Theorems [IH3] and assertion (7) of Theorem @ where the assump-
tions on x and k4 stabilize to positive values as N — oo. In assertions (77) and (iv) of Theorem
M, however, the admissible strength of interactions x degenerates as the number of particles N
goes to infinity, which is a by-product of our method of embedding particle system (ZII) in the
general SDE (Z30). Another drawback of assertions (77) and (7v) is the difficulty with taking
into account the repulsion/attraction structure of the interaction kernel K simply by looking
at the divergence of K. Regarding the conditional weak uniqueness as in (i), in Theorem [l
we consider the general SDE (2.30]) and propose another condition on the drift b that provides
conditional weak uniqueness for (Z30) while taking into account the repulsion/attraction. We
show in Example [3] that there is some truth to this condition: it is always satisfied in dimen-
sions d > 4 for the model repulsing drift b(z) = —v/0%2|z| 2z, regardless of the value for
the form-bound § > 0, as one would expect. This requires us to obtain gradient bounds in L4
starting with ¢ > d — 2, hence the need to work in the elliptic setting. (In the parabolic setting
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we would need ¢ > d.) That said, this result, when applied via Lemma [2 to drift (ZI3) with
Ki;j(y) = —ﬁ%\y[”y, leads to a condition on x that still depends on the number of particles
N. So, there is still work to be done to find a proper analogue of Theorem [7 for particle system

&T).

REMARK 5 (Drifts). One can easily extend Theorems [IHl to more general particle system

1 N
dX; = Mi(Xi)dt — > Kij(Xi — X;)dt + V2dB;,

j=Lj#i
where, for every 1 <i < N,
M,; € FM'
Let us discuss for simplicity the case when K;; satisfy (Z6]). We require that p, x satisfy

(Vi + VR <

We only need to embed this particle system into (2.30]), i.e. prove an analogue of Lemma [I] for
vector field b = bM + bK with bM, pX : RV? — RN? having components

T

WM (z) == M(z;), bF(x):= ¥ > Kij(zi—xj), 1<i<N, (2.26)
=L

and then e.g.use Theorem [f] for the general SDE (2.30) as we do in the proof of Theorem

Repeating the proof of Lemma [Il we obtain right away that

N —1)? N —1)?
b € Fsx(RNY)  with 5K:¥,{, céK:%

N2 Cr

and
WM e Four(RYY)  with 6™ =y, csm = Ne,

see Remark [I0in Section @ for the proof. It remains to note that the sum of two form-bounded
vector fields is form-bounded, i.e.b = b™ + b¥ is in Fs with v/6 = V6™ + /6K, and § must be
strictly less than 4, cf. Theorem

Arguing similarly, one can treat general drifts M;(Xy,...,Xy) (1 < i < N) in the particle
system (adjusting the hypothesis on the form-bound, i.e. now 6" = Np).

REMARK 6 (Sufficient condition for multiplicative form-boundedness). A Borel measurable vec-
tor field K : R? — R? is said to belong to the class of weakly form-bounded vector fields F./? if
|K| € L] and

H\K]%()\ — A)_ng_g <k (L* — L?* operator norm) (2.27)
for some A > 0. We have
F!/2 ¢ MF,. (2.28)

Indeed, if K € F}/2, then, arguing as in [45], we have
1 1
(IK]p, ) < K{(A = A)2p,0) < K[[(A = A)29|2[l¢ll2
= fi\/HVsDH% + AlelBllell < wlIVellzliellz + VA3,

i.e. K € MF,.
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The class F}/? (and therefore MF) contains the largest possible up to the strict inequality
in € > 0 scaling-invariant Morrey class M1, i.e. if

1
T+e
[ K[ayse = sup r( |K|1+€dx> < o0,

r>0zerd \|Br| /B, (@)

then My4. C F\/? with k = ¢(d,¢)||K ||, [1I.
It is easily seen that M. is larger than My, which, in turn, contains F,. That said, we also
need to control the form-bounds. In fact, we have

F, CF'/?

e (2.29)

Indeed, rewriting K € F; as
1
IEIA = A) "% 22 < V&
(with A = ¢4 /k), we obtain the required result by applying the Heinz inequality. In (2:29]) we
have a proper inclusion because the class of weakly form-bounded vector fields also contains the
1
Kato class of vector fields |||K|(A — A)72||o < +/k while F,, does not (see [29]).

REMARK 7 (Stronger hypersurface singularities). We refer to [24] and [27] for a weak well-
posedness theory of the general SDE (230]) with b € Fl/ * or with b in the time-inhomogeneous
analogue of the Morrey class M. which allows to 1nclude some critical singularities of b in

time. This allows to treat or

b(zr) =+ H517| _ 1’1_-\/ n(z),
for a fixed 0 <y <1, ce Rand 0 <n e C, ie hypersurface singularities that are essentially
twice more singular than (I3]). That said, in this result the assumption on the form-bound ¢
is also dimension-dependent, so if we were to apply this result to (2Z.II), we would arrive at the
assumption on the strength of interaction s of the form k < ﬁ.

REMARK 8 (On the uniqueness of weak solution to elliptic Kolmogorov PDE). 1. Our most
complete uniqueness result for the Kolmogorov elliptic equation in (2:8]) with interaction kernels
satisfying (Z6) or (ZZI) is in fact proved in [22] on the torus, see Remark Bl Speaking of RY,
let us first say a few words about the case of very sub-critical strengths of interactions.

DEFINITION 6. If K satisfies (2.0) with x < (%)2, we say that u is a weak solution of (2.8)) if
uw € Wh2 N L>® and

:u<u’ (10> <V’LL VQD <Z Z KZ] - xj) : vmiuv 90> = <f’ (10>

i=1 j=1,j7#1i
for every ¢ € W12 (Recall that in (Z8) the initial function is bounded, so the solution is
bounded as well.)
DEFINITION 7. If K satisfies (Z2I) with r; < 255, then u is a weak solution to (28] if
u € WH2N L>® and

plu, @) + (Vu W>

-~ Z Z { div Kij(z; — xj)u, ) + (K (2 — z5)u, Va,0) | = (f.0)

i=1j=1,j7#i
for all p € W12,
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In both cases the uniqueness of the weak solution follows upon applying Lemmas [ 2l and the
Lax-Milgram theorem in L?, i.e. we can take p = 2 in Theorem @l

In the general case, we need to consider (2.8)) in LP, where p is as in Theorem [ In this regard,
we refer to [45] for the definition of weak solution and results on weak solutions of parabolic
equations in LP.

2. If K satisfies (2.I1]), then we can prove that u constructed in Theorem [2(7) is a weak
solution of (2.8) e.g.in the following sense.

DEFINITION 8. If K satisfies (Z.11]), then we say that u is a weak solution of (2.8)) if u € I/VlifﬂLoo
and

plu, @) + (Vu W>

__Z Z [leKu zj)u, @) + (Kij(z; — 25)u, Vo, 0) | = (f9)

i=1j=1,j71
for all p € I/Vlif N L (L° are bounded functions with compact supports).

The latter is a way to establish a link between function u defined by (Z7) and the formal
elliptic equation (2.8]). However, the proof of uniqueness of such a weak solution under condition
(2.I0) remains elusive. Still, we can prove that u given by (2.7)) is unique among weak solutions
that can be obtained via a reasonable regularization of K, cf. Theorem B Alternatively, we
can restrict our attention to the subclass of weakly form-bounded vector fields, see Remark
[6l and prove uniqueness via the Lax-Milgram theorem in the triple of Bessel potential spaces
W22 C W22 C W22 (rather than the standard W2 ¢ L2 ¢ W~12), see [31], although this
comes at the cost of requiring that the weak form-bound of K (and therefore its multiplicative
form-bound ko, cf. (228))) must be strictly less than 1.

2.2. SDEs with general singular drifts. Theorems [I] 2 and [Bl(¢) are proved by embedding
the particle system in a general SDE with singular drift, which we consider here, to lighten the
notations, in R? instead of RN¢:

)=y — / s))ds + V2B(t), te[0,T], yeRY, (2.30)

where a priori b € [LL _]%, {B(t)}+>0 is a Brownian motion in R and then applying Theorem
below.
Set
by, = E. b, ¢€,]0, E.isthe Friedrichs mollifier, ¢, | 0. (2.31)

Theorem 5. Assume that a Borel measurable vector field b in SDE ([230) satisfies one of the
following two conditions:

beFs withd <4 (A1)

or

(divb)_ € L' + L=, e
b € MF, 1 b2 € F (Ag)

(divd)? € Fs, with 04 < 4,

or some o > zed arbitrarily small. en the following are true:

f 0 fized arb ly ll. Then the foll g

) ere exists a strong Markov family 4 of martingale solutions o .
Th Markov family {Py},cga of le sol f SDE
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(i1) The function
o
u(x) == Epz/ e M f(ws)ds, zeRY  feC®RY), (2.32)
0
where X\ is assumed to be sufficiently large, is a locally Holder continuous weak solution
to elliptic Kolmogorov equation (A\—A+b-V)u = f (see Remark[8 for the definitions).
From now on, let us replace condition with somewhat more restrictive hypothesis
beF,
L 1 (A3)
(divb): € Fs, with 1 <4, (divd)? € L' + L.
If b satisfies (A1), fir p > 2_2\/5. If b satisfies (Ag), fix p > ﬁ.
(iii) (136}, [45], see also [29]) The family of operators
Pif(z) ==Ep,[f(w)], t>0, feCF

admits extension by continuity to a strongly continuous quasi contraction Markov semig-
roup on LP, say, Py =: e v such that

del_ 1
le™ 7 [lpmg < ce't 277, p<g<oo

for appropriate constants ¢ and w. The semigroup is unique in the sense that for any
sequence of bounded smooth vector fields

by = b in [LE )¢

loc

that do not increase the form-bounds on b in or ([A3), the classical solutions v, to
(O —A+by,-V)v, =0, v,(0)=feC

—tA

converge to the same limit e **» f in LP loc. uniformly in t > 0.

(iv) The resolvent (p1+ A, (b))~ has Feller property, i.e. for each u greater than some po > 0
it extends by continuity to a bounded linear operator on Cyy:

Ru(b) = [(n+Ap(0) 7 1 L2 N O] € B(Cwo).

Moreover,
Ryu(bn) = Ryu(b)  strongly in Coo,  pu 2 puo,
where R, (by,) coincides with the resolvent of —A +0by, -V on Co, n =1,2,...

In (éii) we can consider b,, defined by (23T)).

The next result shows that, in principle, there is nothing pathological about condition (A3]).
That said, its proof, compared to the proof of the approximation uniqueness in Theorem [5f(#i7)
under condition (A3), requires more detailed information about the solutions of the correspond-
ing elliptic equation.

Theorem 6 (On the approximation uniqueness). Assume that a Borel measurable vector field
b satisfies

be MF,
{ (2.33)

1
(divb)_ € L'+ L, (divb)? € Fs, with §4 <2

Then there exist constants pg and 0 < » < 1 such that if, additionally, |b| € L>~*, then, for any
sequence by, of bounded smooth vector fields satisfying (Z33]) with the same constants as b and
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such that b, — b in L?>~*, the sequence of the classical solutions w, to ( — A+ b, - V)u, = f,
fe e, u> o, converge:

Up = U N L2,
Moreover, if {b,} is some other sequence satisfying the same assumptions as {by}, then the
corresponding solutions i, converge in L? to the same limit u.

Notice more restrictive than in Theorem [B] condition on 04 in (Z33]). The proof of Theorem
follows the argument in [34] dealing with the approximation uniqueness of solution to the corres-
ponding Dirichlet problem in a bounded domain. That is, it also uses Caccioppoli’s inequality
(Proposition [I) and Gehring’s lemma.

Combining Theorem [6] with Theorem [8, we can show that the limit u is locally Hélder con-
tinuous. One can further show that u is a weak solution of (u — A +b-V)u = f and construct
the corresponding semigroup in LP, but we will not pursue this here.

We need assertion (iv) of Theorem B obtained by means of Theorems [§ and [@] in the proof
of the following uniqueness result.

Theorem 7 (Krylov-type estimates and conditional uniqueness). Assume that a Borel measur-
able vector field b satisfies one of the following conditions:

o\ 2
bEF(gwith5<<—> A1 for some g > (d—2) V2 (By)
q
or
beFsN [VVI})C1 (RH)? for some finite 6, has symmetric Jacobian Db := (kai)%i:l,
the normalized eigenvectors e; and eigenvalues \; > 0 of the negative part of Db — %I

for some q > (d —2) V 2 satisfy \/\je;j € Fy, with v := Z;l:l vj < 4(—‘?1).

(B2)
Then the following are true for the strong Markov family of martingale solutions of SDE (2.30)
constructed in Theorem [3:

(i) For every y € R, martingale solution P, satisfies Krylov-type bound
00 2
Epy/o e lgf|(ws)ds < CllglfI3i, VgeF, VfeC, (2.34)

for g > (d—2) V2 close to (d—2) V2, for all X sufficiently large.

(i) {Py} era is the only Markov family of martingale solutions to [Z30) that satisfies Krylov-
type bound in (7).

(1) For everyy € RY, P, satisfies Krylov bound:

Epy/ e\ f(wo)lds < CIIf||_aa_, VfEC, (2.35)
0 d+q—2
for all \ sufficiently large.

(i7") We make ([Z3Bl) more restrictive by selecting q close to (d —2) V 2, so that in (2.35)

d+q;l_2 = 2%5 A 1%5 for some € > 0 small. Let {Pg}teRd be another Markov family of martingale

solutions for ([Z30) that satisfies Krylov bound

EPZ/ e\ fl(ws)ds < Cllfll o, 2. ¥feC, (2.36)
Y 0 2—e 1—¢
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(one such family exists, it is {Py},cra from above). Assume additionally that, for some 1 €]e, 1]
we have . ,

(14 Ja| =) )= == e 1!
for some B > %l fized arbitrarily large, and either (By]) holds with § < (;% A1, where

d=2 if d > 4,
Qs =

€1—
(615\/1) ifd =3,
or ([Bq) holds with ¢ = q. and v < 4(‘1* a2 - Then, {P2},cra coincides with {Py},cga from above.

Some remarks are in order.

1. In the last assertion, the uniqueness class of martingale solutions satisfying Krylov bound
(236]), which depends on our choice of €, determines the extra conditions that one needs
to impose on b. Note that if in (B;)) one has [b| € L%, or in (By) the eigenvectors have
entries in L%, then the form-bounds ¢ and vj (j =1,...,d), respectively, can be chosen
arbitrarily small, in which case these extra conditions on b are trivially satisfied.

2. In (Bg) we require Jacobian Db to be symmetric, so b = VV for some potential V.

Let us illustrate condition (By]) with the following example.
EXAMPLE 3. Let d > 4. Let

d—2 x
b(l’) = —\/g?w,

a drift that pushes solution Y; of (Z30) away from the origin. Put for brevity ¢ := /0 d;22 > 0.
We have divb = —c(d — 2)|z|~% and V;b; = c[—|z|726;; + 2x;x;|x|~1]. Therefore, for every
£ = (&) eRY,

-2
(b D06 = S g9 - dannie = (122 1)l 4 2l
i,j=1
— B, - B_,
where B, > 0 is the matrix with entries 2cz;z ;x| =1, and B_ = c(d 2 _1)|z|721 > 0. Thus,

constant v in condition (Bg)) can be made as small as needed by selectlng q > d — 2 sufficiently
close to d — 2, and so for this b condition (Bg]) can be satisfied for any strength of repulsion from
the origin.

In the previous example it is crucial that we can select ¢ as close to d — 2 as needed. By
working in the parabolic setting we could obtain a stronger uniqueness results, i.e. for every fixed
initial point . However, the parabolic setting requires us to take ¢ > d [26], and so the previous
example becomes invalid: we have to require smallness of § even in the case of repulsion.

REMARK 9 (On some other classes of singular vector fields arising in the study of singular SDEs
and PDEs). 1. A number of important results on the regularity theory of —A+b-V was obtained
in [49] [50] which considered supercritical form-boundedness type conditions on b (in the context
of the study of 3D Navier-Stokes equations). These are conditions of the type: there exists
e €]0,1] such that [b] € Li:75([0, co[xR?) and

loc

| meorege i <o [T Ive ol [T gl
for all £ € C%°([0, co[xR?) (2.37)
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for some § > 0and 0 < g € LL ([0, oo[) under, necessarily, some assumptions on div b which can-
not be too singular. Here supercriticality /criticality /subcriticality refer to how the assumptions
on b behave under rescaling the equation. In the supercritical case one has to sacrifice a large
portion of the regularity theory of —A + b -V including the usual Harnack inequality and the
Holder continuity of solutions to the elliptic and parabolic equations. See also counterexample
to the uniqueness in law for SDEs with supercritical drifts in [53]. However, some parts of the
theory, such as the local boundedness of weak solutions, can be salvaged, see cited papers, see
also recent developments in [4, I8]. Let us also note that if we were to specify ([237)) to the
critical case when the usual regularity theory is still valid, then we would need to take ¢ = 1,

i.e. we would obtain condition (Z21), but not more general condition (ZITJ).

1
2. As was noted in [28], after supplementing (2Z.37) with condition (divb)? € F, for some
v < 4, one can still prove the existence of a martingale solution to SDE (2.30]). In the present
paper we work in the critical setting which allows to us preserve most of the important results
in the regularity theory of elliptic equations that do not involve estimates on the second order
derivatives of the solutions (which are destroyed by the form-boundedness assumptions), and
thus allows to prove, e.g. the strong Markov property, approximation uniqueness or conditional
weak uniqueness results for particle system (L) (see, however, [18] who constructed a Markov
family of weak solutions in a supercritical setting using a selection procedure).
Let us also add that above supercriticality refers to the assumptions on b, but not on (div b) .
In fact, as the counterexample to weak solvability of (L5l) with the model attracting drift shows,
one cannot go beyond the form-boundedness assumption (critical) on (divb)..

2.3. Embedding theorem and Holder continuity of solutions. To prove Theorem [B, we
need the following regularity results for non-homogeneous elliptic equations ([2.38]), (243]). In
these results we assume additionally that the coefficients of (2.38]), ([2:43]) are bounded and
smooth. However, importantly, the constants in the regularity estimates are generic, i.e.they
depend only on the structure parameters of the equation such as the dimension d, constant term
A and the form-bounds of the vector fields (but not on the smoothness or boundedness of the
coefficients).

Theorem 8 (Hélder continuity of solutions). Let b: R? — R? be a bounded smooth vector field
such that either (i.e.b € Fs with 6 < 4) holds, or

b e MF, (Aa)
Ay
(divby)? € Fy, with 6, <4,

where divb = divby — divb_ for some bounded smooth functions divby > 0. Then a classical
solution u to non-homogeneous equation

A=A+b-Vu=feCr, X>0, (2.38)
is locally Hélder continuous with generic constants that also depend on || f||so-

(The difference between (As) and is that in the former case we do not require divby to
be positive and negative parts of div b, which are continuous but not necessarily smooth.)
The fact that the constants are generic is of course the main point of Theorem [8l

Define weight
_a_
ply) = L+ Ky 27", yeR’ (2-39)
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where constant constant k > 0 will be chosen sufficiently small. This weight has property
d
|Vp| < <§ + 1) Vkp. (2.40)

For a fixed 2 € R?, put p,(y) := ply — z).

Theorem 9 (Embedding theorem). Let b,h : R? — R be bounded smooth vector fields such
that

beFs withé <4, hekF (2.41)

or

b e MF, Lty
|h| 2" € F for some small v > 0, (2.42)

(divby)? € Fy, with 6y <4,

where divb = divby —divb_ for some bounded smooth functions divbL > 0. In the former case,
fixp> ﬁ, p > 2, and in the latter case fix p > ﬁ, pP<1l+4+~,p>2

Then, for a fized 1 < 6 < d;iw there exist generic constants Ao, k (in p), C and § €]0,1[ such
that the classical solution u to non-homogeneous equation

A=A+b-Vyu=|hf, feC (2.43)

on R? satisfies

_ 1 1
|u]loo < C sup <(A —20) P ((Ljps1 + 0[PP Ly<0) | F1Ppu) 7P

xE%Zd
! ! L
+ AT (s + [P L) | 172 Pm>”‘9')
for all A > X\g V 1.
2.4. Gradient bounds. The following result is used in the proof of Theorem [7

Theorem 10 (Gradient bounds). Assume that a bounded smooth vector field b satisfies either
condition (By)) of Theorem [ or

beFsnN [I/Vlf)’cl(Rd)]d with finite § and symmetric Jacobian Db := (vkbi)%J:l’
and the negative part B_ of matriz Db — %I for some ¢ > (d —2) V2 (B2)
satisfies (B_h,h) < v{|V|h||?>) + c,{|h|?) for some v < LL(—ZEL).

Then the following are true:

(i) For every g € F there exist generic constants po and K such that, for every u > po, the
classical solution u to elliptic equation (u — A —b-V)u=|g|f, f € CX, satisfies

q _1 q
IVIVu|2]l2 < K (1 — po) < |lglf]2 ]2

(it) There exist generic constants po and K such that the classical solution u to elliptic
equation (L — A —=b-V)u = f, f € C, satisfies, for all p > py,

_1
IV[Vul2 |2 < K (1 — p0) " 7| fI|_aa

d+q—2
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For example, condition (Bsy)) holds if condition (By) of Theorem [1is satisfied, see Lemma [T
Assuming that b € Fs, 0 < (25)% A 1, [36] proved estimate

2
Ve
for solution w to elliptic equation (u—A—b-V)u = f. This estimate was used in [36] to construct
the corresponding to —A—b-V Feller semigroup via a Moser-type iteration procedure. The norm
| fllg in the right-hand side of ([2:44)) does not allow to obtain the uniqueness result in Theorem
[ from (244)), unless b satisfies additional assumption |b| € L(4=2V2 Still, the argument of [36]

can be modified to include a weaker norm of f, and this is what we do in the proof of Theorem
IO In particular, we use the test function

¢ =~V - (Vu|Vu|T?) (2.45)

of [36]. In more recent literature one can find other test functions that give gradient bounds on
u of the same type as in Theorem [I0] (moreover, these test functions work for larger classes of
equations). However, importantly, test function (2:45]) yields the least restrictive assumptions
on form-bounds § and v, which are in the focus of the present paper. In fact, one can argue
that by multiplying the elliptic equation by test function (2:45]) and integrating by parts, one

differentiates the equation in the optimal direction %. We refer to [23] for more detailed

q 1_1
IVIVul2llz < K(u = po)a 2| fllg: g €l(d=2) V2, —] (2.44)

discussion and references.

3. SMOOTH APPROXIMATION OF FORM-BOUNDED VECTOR FIELDS
The proofs of Lemmas employ some arguments from [30]. Let b € [LL (R%)]¢. Define
b :=E:b, €>0,

where, recall, E.h denotes the Friedrichs mollifier of function (or vector field) h, see Section [Tl
for the definition.

Lemma 3. If b € Fg, then the following is true:
1. b. € [L®(RY) N C®(RN4, b — b in [LE (RN)]? as e | 0.

2. b, € Fs with the same constant cs (thus, independent of €).

Proof. 1. The smoothness of b. and the convergence follow from the standard properties of
Friedrichs mollifiers, so it remains to prove that |b.| € L. By Holder’s inequality,

1b(@)] < \/E: b2 (2) = /e (e — )b,

S0
1
b= ()] < (Jb()Pre (@ — )2
(we apply the hypothesis b € Fy)

< GV rele =)+ 5)® = (Ce" +cs)3.

Hence |b;| € L™ for each ¢ > 0.
2. Put . = \/E[p[%, ¢ € WL2 Then

H@‘P”% < <EE’b’27 ‘90‘2> = HbSDEH% < 6HV90£H% +C(5)H(Pa”%7
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where

¢||Ve i
IVeells = | JEHW‘ Iy < IWVEV T2l = [EVIlPIE < I¥lelll < [Vl

and, clearly, [loc(l2 < [loll2-

Lemma 4. Ifb € MFy, then the following is true:
1. b, € [L®RY) N C®RH?, be — b in [LL (RD)]%.
2. b, € MF; with the same cg.

loc

Proof. 1. We only need to prove |b.| € L. By b € MFy, for all 2 € RY,

1be(2)] < {Ib(-) ez — ) < 8|V /re(z — ) o= Cet e
2. Let ¢, = /E-[o[?, ¢ € WH2. We have
{[b=l, ) = (|| E:0l?) = ([bl9Z) < 8]V pzllallellz + eslipell3,
where, repeating the previous proof, |[Ve:lla < [|Voll2, leellz < llell2-
Assume that divd € Lloc We can represent div b, = E.divb as
divbe = divb. 4 — divb, _,

where
divbe 4 := E.(divd)4, divb. _ := E.(divd)_.

23

(3.1)

Note that smooth functions div b, + > 0 are in general greater than the positive and the negative

parts (divb)y :=divb: V0, (divb:)_ := —(divb: A 0) of div b..

Lemma 5. If (divb); € Fs_, (divd)_ € L' + L™, then the following is true:
1. divbey € L% N C%, divh. o — (divb)y in LL_ ase | 0.
2. divb. y € Fs, with the same cs, as the one for b.

Proof. The first statement follows from the properties of Friedrichs mollifiers and the following

estimate (we use notations from the previous proof): for every = € R,

divbe ¢ (z) < ((divd) ()re(@ — ) < 6| Vi/rele = )[*) + s, = Ce™' + 5,

Let us prove the second statement:

(div be+0, ) = ((divh)+92) < 01 [Vepell3 + co, lleelld < 04 Vell3 + cs, 3.

Finally, we will need

Lemma 6. If \h\HTW e F, (y>0), then the following is true:
1. he i= E.h € LR N C®(RY)?, he — h in [LL, (RD) as e | 0,
2. |he| € Fy, with the same cy.

Proof. By Hélder’s inequality, |h.|'™7 < E.|h|'™7, so (|ho|*T7¢?) < (|h|*F7, ¢2), where, recall,
14
- = VE¢l?, ¢ € W2 Now we apply |h|™> € F\ and use |Veela < [Vellz, floe]l2 <

ell2-

O
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4. PrROOFS OF LEMMAS [1] AND
Recall: b= (by,...,bx) : RV — RN is defined by

N
Z T — ), = (1,...,2p) eRY 1<i<N.
]:1

Below |- | denotes, depending on the context, the Euclidean norm in RN? or R?. In this section,
(,) is the integration over R4,

Proof of Lemma Q. We have

N N N 2
bl <SP < Sy 3 i )
=1 1= j=1,7#1
N

> Ky (i — ).

J=lj#i

Therefore, (|b]2¢?) < N, NW_} E;V:L#MKM (z; — x;)|>¢?), where, denoting by Z vector x with
component x; removed, we estimate

e — o V2052 — A
(Kiglws—a)Pe?) = [ [ V=) @, ) duids

(we use K;; € F (R in z; variable)

N2 2
< H/R(Nq)d /Rd |V, o(xi, @)|*daidz + ¢4 /Rngp dx
= #{|Va, ) + cul9?).

Hence (|b|>¢?) < (N— k{|V|?) + NNl) cr{p?), as claimed. O
Proof of Lemma[2. Let us first prove (2.14]). We have
N N

{[Ble?) Z [bile?) Z > (K (s — aj)le”). (4.1)

2=1 J=1,j#i

Denoting by z the variable x with component z; removed, we estimate

A — o N p2N — A — o M2 (. 7 A7
(Ko ap)let) = [ ] 1K= 2l @) deda
(apply K;; € MF . (R?) in z; variable)

1 1
DV 2de ) 20 Vdp ) 2 =y |-
< /R(Nl)d[(/Rd |V, 0(xi, Z)| dxz) (/Rdgp (xz,a:)da:,) + ¢k /Rdcp (w,,x)dmz] dx

1 1
< k(| Vo) 2(0%) 2 + e (0?).

Therefore,

N N N
x5 Kl — )l < 3 (Va4 enlie?)
1=1 j=1,j#i i

@
Il
—

< N]; LVNR(To2)E (%) + (N — Den(e?).
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Applying these estimates in (4.1]), we obtain (2.14]).
Next, we prove (ZI5). We have divb(z) = SN, + E;-V:L#i(div Kij)(x; — x5). So,
1
(divd)4 ZN (div K5)+ (25 — ).
i=1"" j=1,j#i

1
Hence, by (div K;;)2 € F,,, (R?) (note that this condition is linear in (divK;;)+),

. N-—-1
(@v).g?) < T L (V) + (V — D (),
i.e. we have proved (ZI5]) for (divb),.
Now, we prove (2ZI6G). We have
N N 1+a
Bl < Z|b @I <3y X Kt a)l)
i=1 J=1,j#i

a al (N_ 1)a al 14+
<2vy :7N1+a > | Kj(w — x|
i=1 j=T i
Therefore, applying |K;| 5 c F,(RY), we obtain

a (N B 1)1—‘,—0{ a (N B 1)1+a a
(o't < —Nira 92 (IVel?) + NWCO’2 (),

which gives us (ZI6]). O
REMARK 10. In Remark [5] we promised to prove that vector field b™ : RN4 — RN defined by

220) is in Fyu (RV?) with 6¥ =y, csn = Ne,. Here is the proof:

|bM (2:) Z |M; ()%,
where (recall that (, ) is the integration over RN, 7 is vector # € RV with component z; € R9)

(| M;(x:)]©?) /R(N o /Rd i(20) |92 (x5, ) dx;dT

(we use M; € F,(R?) in 2; variable)
D2 dasdr 200 — 2 2
i L Ve o)Pduid e, [ oo = u(Tapl) +eule?).

So,
N

(oM (@)Pe%) = D (M) |?) < ullVel®) + New(@®),
1=1

as claimed.
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5. CACCIOPPOLI’S INEQUALITY
We use the next proposition in the proofs of Theorems [8 and [Ql
Proposition 1. Let b,h : R* — R? be bounded smooth vector fields such that either
beFs withd <4, heF, with x < oo (5.1)

or

b € MF; for some § < oo, Ly
lh| 2" e F, with x < o0 (5.2)

(divby)2 € Fys, with 6, < 4,
for some v > 0 fized arbitrarily small, where divb = divby — divb_ for some bounded smooth

functions divby > 0.
In the former case, fix p > 2%\/3, p > 2, and in the latter case fix p > ﬁ, p<1+7~,p>2.

Let u be a classical solution to non-homogeneous equation
A=A4+b-Vu=I|hf|, feC* AX>0. (5.3)
Fiz Ry < 1. Then, for all 0 < r < R < Ry and every k € R the positive part v :== (u — k)4 of

u — k satisfies

P P K 2
AwE1g, |3+ [[(Vo3)1g,|3 < 2 v Lol

1
(R—r
o b
+ 1| (Lpjs 1+ [h[2 Lp<a) | £12 Luselpa 3
for generic constants K1, Ko (so, independent of r, R and k).

Proof. Let us first carry out the proof in the more difficult case when b and h satisfy condition
(52). We attend to the case when b and h satisfy (5.I]) in Remark [IT1
We fix a family of [0, 1]-valued smooth cut-off functions {1 = 1, r, Jo<r, <rs<r on R? satisfying

{ 1 in B, ,
7]:

0 inR?—B,,
" Vi
n = (rg —11)2 1500 >4
VIVl < \/ﬁmz, (5.5)
Vy/IVnl| < ﬁ1B (5.6)

for some constant ¢. For instance, one can take, for r1 < |y| < rq,

1+\y\*r1 1

n(y) =1 _/1 T p(s)ds,  where p(s) = Ce 1CD® sprigp = [1,2],

with constant C' adjusted to f12 o(s)ds = 1.
We multiply equation (5.3) by vP~'n and integrate to obtain

4(p —1 2
AoPn) + %M%, (Vobin) + 2(Vot, vB V)

+2(b- Vb, vin) = (|h|f, v n).

T INI3
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Then, applying quadratic inequality (fix some € > 0), we have

_ » 2 P P
o) + (M 2 oot < 20rlTI0) - o 9ok, o) 4 plbls o) (5)

(we are integrating by parts)

\Y%
= 4€< 3 7;” )+ (v, 05 Vn) + (divd, o) + p(hlf,oP ') = L+ o+ Iy + L.
By ©G.4),
Ccp P
I < 1
Y de(ry — 7 )2Hv2 2
By ©.2),

I < (|blo%, v%|Vn))

< OV IV 2% /190l + csllo® 1Vl
<5(1(7oE) 19l + 105 V[Vl ) o o[l + ol 19,

Hence, using (5.5)), (5.6]), we obtain

1 P 1 P 1 P
I §5C<7 Voz ]‘B'r 9+ — UﬁlBT 2>7 UE].BT )
2 m“( s, |l (rz_rl)%H |l m” |l
csC 9
21 .
b1, I3

Thus, since 19 —r; < 1,

P

2 P 1
b < (V8L ¥ 1, o+ €1 (1 4+ =g ) I0F 15, I

for appropriate constant C].

Next, by (5.2),

Iy < (divby, vPn) < 84|V (0503 + cs, [lov/al

P Vn
=04 [|(Voz)y/n+ v%\lg +es, vl
pV?’]

<o (MR + (14 5) I8 T ) e, B vls (@ >0)

1\1
<5+(1+€)|’(V1}2)\/—”2+W”U 15,5, o= 5+(1+g>10+05+'
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Again by (5.2),
1 _
514 = ((|h[Ljh>1 + hLjpj<1) fr0P ')
(we open the brackets and apply Young’s inequality)

/ 1
< NP 1> 10Pn) + @(1|h|>1’f’p77>

1
+ " (vPn) + @Oh\”lml\f\pm

(we are applying |h|1+T7 € F,, in the first term (recall: p’ <1+ 7))

p Vn? 1
< 22V )+ 2o L) e 1)(0) + (1L o)

where © := 151 + |h|p1‘h‘§1. Selecting €” sufficiently small and applying the estimates on I;-14

in (B.7)), we obtain
Cq

ro—="

b P b b
Mlvz1g, |3+ Vo215, 13 < [(Vo2)1g,, [l2llv> 15,2

1 v 1.2
+ 01+ sy )b L, [ + Call OB s L 3
(ry =)

Divide (5.8) by [[vZ15,3:
4 P o P
Alv> L, I3+ 1(Vo2)lp, I3~ C1 Alv21p, |5 +11(Ve?)1s, 2

102 1,3 BRI 02112

+Cg(1+ +CgS2,

1
(12 — 7‘1)2>
where
02| /5 105015, 3
03 1,s01p, 3

Inequality (5.10) is the pre-Caccioppoli inequality that we will now iterate.
Put

52::|

4 4
Notis o, B+ I(Vo5)s ., I3

2 n— n—1
a, = 2 2 ,

2
" [02105018,3

the inequality (B.10) yields
a2 <C(R—r)"'2"a, 1 + C*R —r)722%" 4 C?§?

(5.8)

with constant C' independent of n. We multiply this inequality by (R —r)? and divide by C?22".

_ (BR=r)an

Then, setting y, := “—55+, we obtain
Y2 < Ypi1 + 1+ (R—1r)%5?
for all n =1,2,... A priori, all a,,’s are bounded by a non-generic constant

A[v215]2 + [[(Vo2)1g,ll2)/ 05 1a,ll2 < oo,

(5.11)
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S0 sup,, yn < oo. Therefore, we can iterate (5.11I]) and thus estimate all y,, n = 1,2,..., via
nested square roots 1 + (R — r)25? + \/1 + (R —r)25% + /7, obtaining

v <3+2(R-7)%8% n=12...
Taking n = 1, we arrive at a; < K1(R — )2+ K25? for appropriate constants K and Ko, i.e.

1 p
oIO35 01,3
D

”U2lBRH%

AlvE1p, 3+ (Vo?)1s,
D
”U2lBRH%

2
||2 SKl(R—T’)_z—F

)

as claimed.

REMARK 11. If b and h satisfy condition (5.1), then we can work with somewhat simpler cutoff
functions ne Cgoa n= Lin BT’17 n= 0in Rd\Brza ie. ‘Vn’ < Cl(TQ_Tl)_17 ‘An’ < CQ(TQ —7’1)_2,
and we do not need to integrate by parts in order to estimate the second term in the RHS of
(57). Instead, we can just apply quadratic inequality:
1 2
2/(b- Vot vin)| < a(|Vol2n) + —(b2,0Pn), a=—=.
b V0t wbn)| < a((Fulfn) + (B0, o= =

1
Regarding the terms containing h, we simply take v = 1, which transforms condition |h| e F,,
x < oo from (B.2)) into condition h € F, in (51]), and argue as in the estimate on I above.

This ends the proof of Proposition [Il O

6. PROOF OF THEOREM [l

If b satisfies (A7), then we fix throughout this proof p > ﬁ, p > 2. If b satisfies , then

we fix p > ﬁ, p > 2. Let u be a classical solution to non-homogeneous equation
A=A+b-Vu=f, feCx.
Set
vi=(u—k);, keR.

Fix Ry < 1. Here is a special case of Proposition [Ilobtained by taking h = 1 and discarding the
term containing A there. (Strictly speaking, in Proposition [l we have |f| in the RHS, but this
does not affect the proof.)

Proposition 2. For all0 <r < R < Ry,

V085,13 < g8 1 13 + Kol 111

for gemeric constants K1, K.

Lemma 7 ([I5, Sect.7.2]). If {zm}oo_, C Ry is a sequence of positive real numbers such that
Zmi1 < NCFzlte

for some Cy > 1, a > 0, and

20 < N_éCO_‘%Q.

Then lim,, z, = 0.
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Below we follow closely De Giorgi’s method as it is presented in [I5, Ch.7], with appro-
priate modifications to account for our somewhat different definition of LP De Giorgi’s classes
(i.e. functions satisfying the inequality in Proposition [2)), see discussion in Remark [II

Proposition 3. For all0 <r < R < Ry,

1 o
1 ? (|BpN{u>0}]\7 2
supu < C ( uP1 ) (—) +C R»
for generic constants C1, Cy that also depend on || f||oo, where o > 0 is fived by (o +1) = 2.

Proof. Without loss of generality, Ry = 1. Let & s <r<p<l FixneCX n=1lonB,n=0

on R\ Bry,, |Vn| < % Set ¢ :==nv = n(u — k)4, k € R. Using Holder’s inequality and
2

Sobolev’s embedding theorem, we obtain

2 d—2
10215, (15 < €215, 15 < (1p,npusky) 2(CT215,,,)

<alBrn{u> k}la(\VC%\ler+p>

P 4
2

— 1B, N {u > K} (|(Vn%)o )+772Vv2|213w>

Hence
) 2 1 ) P
515,15 < cal B, 1 {u > K} E (=g oL, I + (Vo) L, ).
Proposition 2 yields:
P K P
(70801, 1 < b L B+ Kallf12 1B, 0 > ) (61)
SO
) 2 1 P
%15, 1 < €18, 0 {u> K} E (—rsgllvF L, I3+ /1 B, 0 {u > 1))
C|B N{u > k‘}| P 2
< 1) [0z, |5 + Cllf15I|By N {u > k}|*Fa. (6.2)

Now, returning from notation v to (v — k)4, we note that if h < k, then ||(u— k)ngpm{u>k} |2 <
I[(uw— h)%prﬂ{u>h} ll2 and ||(u— h)%lBﬂm{u>h}H% > (k—h)P|B,N{u > h}|. Therefore, we obtain
from (6.2])

P C 2 2

0= 0510, < -l 1F 1, 1B,0 o > )
C P 2

e ”f”) lu— )51, 1218, 0 {u > b},

Multiplying this inequality by |B,N{u > k}|* ( < Ty h || (u— ) 1p, 13%) and using o +a = %,

we obtain
D
I(uw — k)21, 3B, 0 {u > A}|*

S S SR ) 0

g a)l+a
ot i np e (= 3, 318, 0 {u > 1})
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Now, take r := r;11, p := r;, where r; := %(1—!—%) and k := ki1, h := k;, where k; 1= £(1—-277),
2
with constant £ > RP to be chosen later. Then, setting

o
zi = 2(kire) := |[(u = ki) 21, 3| Br, N {u > ki,

20 4 2P'R%) 1 2P 1t
we have zj41 < K[2% + 55|z a2~ hence

2K 1 14a
R2 dro “pa “i
We apply Lemma[7l In the notation of this lemma, Cy = 2P and N = R2 gpa We need

Zip1 < op(1+a)i 22~

. -1
Z(] é N_EOO a?
s 1
(where, recall, zg = (uplBRm{u>0}>|BR N {u > 0}|*), which amounts to requiring & > C1R?o zj .

Take £ := RP + ClRPa zé’ By Lemma [7 z(d, ) =0, i.e.supr u < €. The claimed inequality
2
follows. O
Set osc (u, R) := SUDy ye By lu(y) — u(y')].
Proposition 4. Fiz kg by
2ko = M(2R) — m(2R) := supu — inf w.

Bar Bar

Assume that |Br N {u > ko}| < v|Bgr| for some v < 1. If
osc (u,2R) > 2”+1C2R%,
then, for k, := M(2R) — 27" Losc (u,2R),
|Br N {u>k,}| < cn_z(d;‘il)|BR|.

Proof. For h €lkg, k[, set w = (u—h)% if h < u <k, set w:= (k—h)? if u >k, and w := 0 if
u < h. Note that w = 0 in B \ (BrN{u > ko}). The measure of this set is greater than v|Bg|,
so the Sobolev embedding theorem applies and yields

(k—h)5Brn{u> kT <cllwilp,) < ea(|Vuw|la)
1 1
< el A (Y (= 1) 2P Lpgngusm)?,
where A := BN {u > h}\ (Br N{u > k}). Now, it follows from Proposition [2] that
P C
IV (= 02 PLpanusny) < g3 (= WP Lpypngusny) + Cal Bar O {u > b}
< C3R¥™}(M(2R) — h)P 4+ C5R%.
For h < k,, we have M (2R) —h > M(2R) — k,, > CQR% Therefore,
(k—h)5|Brn{u>k}T <c|A]PR™T (M(2R) — h)%.
Select k = k; :== M(2R) — 27" Yosc (u,2R), h = k;_1. Then
M(2R) — h = 27%sc (u,2R), |k —h| =2"""osc (u,2R),

SO

\BRﬂ{u>k
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where A; := BN {u > k;} \ (Br N {u > k;i—1}). Summing up in ¢ from 1 to n, we obtain

nBr N {u >k} "7 < CR2Br {u> ko}| < 'R,

and the claimed inequality follows. O

Proof of Theorem [8, completed. Fix ko by 2kg = M(2R) — m(2R). Without loss of generality,
|BrN{u > ko}| < |Bg| (otherwise we replace u by —u). Set k;, := M(2R) —2"""tosc (u, 2R) >
ko. By Proposition [3]

1

1
_ < _ _ p P
S;E(u k:n) — Cl ( |BR| <(u k:’fl) lBRﬂ{u>k‘n}>) i (

|Br N {u > k,}|
| BR

g 2
> + C3RP

< Crsup(u — ky)

(|BR N A{u >k}
Br

14+a
> " L 4Ry
_|_
| Bg| ’

__d o 2
Fix n by en” 2@-0 < (3) = Then, if osc (u,2R) > 2"*1CyR» | we obtain from Proposition @

M(5) ~ kn < S(M(2B) — k) + C5R?,
hence
osc (u, g) < (1- 2n+1)OSC (u,2R) + CgRP (6.3)
If osc (u,2R) > 2"+1C'2R%, then, clearly,
osc (u, g) <(1- TS ——)osc (u, 2R) + 2”+1C’2RP (6.4)
Th]is yields the sought Holder continuity of u via a standard algebraic lemma, see [15] Lemma
7.1]. O

7. PROOF OF THEOREM
We will use Proposition[Il The assumptions of Theorem [0 are exactly those of Proposition [T

Proposition 5. There exists generic constants K and 8 €]0,1[ such that, for all X > 1, the
positive part uy of solution u of non-homogeneous equation (243)) satisfies

1 _ , , X
supus < K (0 1)7 + XUt + WLy | 1,77 ). (71)

B
2
Proof. Proposition [ yields
P P =
Moz1p, |5+ 12 25,y < Ki(R =) vll7m g,
+K2H@pf1u>k||LP(BR)v vi= (u_k)+7 k eR,

where © := 151 + |[h[P1)p<; and K1, K, are generic constants. By the Sobolev embedding
theorem,

)‘”U” ?(By) + HUHP o < C1(R— T)_2|’U|’1£p(BR + 02”@ f1u>kHLp (Bgr)*
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By the interpolation inequality,

1 1 d—2
N0l a gy < BV p gy + = B)llol” o 0<B<1, —=p=+ (1~ Bl—0
Ld-2(B,) q p p
Put 6y := —, sol <6< d 5. We fix 8 €]0, 1] sufficiently small so that 6 < 6y where, recall,

0<b< d_2 was fixed earlier.

REMARK. We could take 8 = 0, in which case ¢ = T and 0y = df2.

APP in the previous estimate becomes 1, which we prefer to avoid keeping in mind some future
applications of Theorem

However, then factor

Hence, taking into account that ¢ = pby,

)\p HUHLPQ()(B < él(R - T)_2||U||I[)/p(BR + 02”@ f1u>kHLp (Br)"
Applying Hélder’s inequality in the RHS, we obtain

NENI[F o 5,y < C1(R—7)" 2| By| 10100 5, +02H@ FLuskllTo(py)- (7.2)

Set

1 1
RmZ:§+W, mZO,

so By, = Bpr,, is a decreasing sequence of balls converging to the ball of radlus . By (7.2),

ApBHUHing(BmH) < C122mHUHI£p0(B + C2H@ f1u>k”Lp(Bm

< G2 ol .+ CoH By 0 {u > 03, (73

m )

where

1
I

= (©”|f"15,,)7
On the other hand, by Hdélder’s inequality,

-4
[ A (e CET T I

Applying (73] in the first multiple in the RHS, we obtain

1011505,

N -
< GAPof <229m||v||Lp0(B +HO\By O o > 0}|) <|Bm N o> 0}|) 3

Now, put vy, 1= (v — km)+ where ky, := (1 —27™) 1 £, where constant £ > 0 will be chosen
later. Then, using 229™ < 2P and dividing by &P?,

1 9
@H'Um—l—l ||ip0(3m+1)

1-2
0

Om
<o (2 I L HBy A fu > ks W) (1B 0 > Kot}
>~ §p9 m—+1 LP8(By,) gpg m+1 m m+1
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Using that A > 1, we further obtain
1 9
@H'Um—l—l ||I[)/p0(Bm+1)

2pom 560 170 =4
< C( o om0 i, SPGA PO OB, O {u > km+1}]> (mem{u > km+1}]> ,

From now on, we require that constant ¢ satisfies & > A"PSH  so

1

0
SW ”Um-i-l ”ipe(Berl) (74)

1—-2
9

_ 2p€m
< O lomsallfags, )+ 1B 1> i} ) (1B 0 40> binia})
Now,
u— km,
—km

< (kmt1 = k) P (0b01p,,) = €702 oy [0,

\Bmﬁ{U>km+1}\=!Bmﬂ{(k > 1}

so using in (ZA) [|vm+10llre(,,) < [[vmllLro(B,,) and applying the previous inequality, we obtain

1 9 = 6m2—— 2__0
om0y < C27 ) (Zolom s )

Denote z, := gngfumHLpg(B - Then

~ 0 _0
Zmy1 < Cy"ZE m=0,1,2,..., 04::1—%, ’)/::2176(2 %)

and 20 5%_< ﬁ-ngm> C

1 1
ay a2

provided that we fix ¢ by

gp@ = ééfya% <u1j_€131> + \TPRO Y

Hence, by Lemma [0 z, — 0 as m — oo. It follows that supp, Ut < ¢, and the claimed
inequality follows. O

To end the proof of Theorem [0 we need to estimate (uﬂel B,) /P in the RHS of (ZI)) in terms
da
of h and f. We will do it by estimating (uﬂ9p>1/p9, where, recall, p(z) = (1 + k|z|?)"27!, and
then applying inequality p > c1p, for appropriate constant ¢ = cg.

Proposition 6. There exist generic constants C, k and Ag > 0 such that for all X > Ao,
(A= 20)(WPp) + (IVu [2p) < C{(Lpjs1 + [hPLy<1) | £1PP)- (7.5)

Proof. Let b satisfy condition (242]). We may assume without loss of generality that p > ﬁ is
rational with odd denominator. We multiply equation (243 by uP~!p and integrate to obtain
Alp—1)

AuPp) + e

2 2
(Vut, (Vub)p) + ]—3<w%,u%w> + (b Vu,utp) = (|h|f,u" " p).
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Now we argue as in the proof of Proposition [II, but instead of the iterations we use a straightfor-
ward estimate |Vp| < (4 + 1)Vkp in order to get rid of Vp in the previous identity. We arrive
at

PAPp) + (@ - 22)(vut )
(

P d 1
26"y (|Vut 2 p) + 2¢'x(5 + 1)%k(uPp) + €' (cy + 1) (uP p) + 4—5,((1|h|>1 + !h!p1h<1)!f!pp>)-

|
1=

< + 1)%k(vPp) + (g + D)VE(|bluPp) + (div by, uP p) (e, > 0)

W

7/ N (O

+p 5

The terms (|bluPp), ((divd)y,uPp) are estimated by applying quadratic inequality and using
condition (2.42]). Selecting ¢, &, k sufficiently small, we arrive at the sought inequality.

If b satisfies (Z:41]), then the proof is similar but easier (i.e. we do not need to integrate by
parts, only apply quadratic inequality to (b - Vu%,u%m and use form-boundedness of b). O

Proof of Theorem[d, completed. By Proposition B, for all A > 1,

1 _ / ’ L
sup fulu)] < K (a9} 4 AL + P L) £ )7 ).
yEB%(w)
where p,(y) := p(y — =), and constant C' is generic, so
PO, \os 4 \—B P60’ 0\
[ulloo < K sup (([uf”pz)?? + A77((Xjn>1 + WP 1<) [FF7 p)? ).
mG%Zd
Applying Proposition [f to the first term in the RHS (with pf# instead of p), we obtain for all
A> XVl

_ 1 1
[ulloo < C sup ((A = X0) P (L1 + (WP Lpy<0) [£1P ) 77

z€47Z4
-8 o’ 0\
AUt P L) 7P 0)7 ).

This ends the proof of Theorem O

8. PROOF OF THEOREM

(7) By the assumption of the theorem, a Borel measurable vector field b : R? — R? satisfies
either
beFs; withd <4 (A1)

or
b € MF; for some 6 < o0,

(divb)_ € L' + L,
1
(divd)? € Fs, with d; <4,

\b\HTa € F, for some o > 0 fixed arbitrarily small, and some x < occ.
We define a regularization of b as in Section [3

b. = E.b, €0,
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where E. is the Friedrichs mollifier. Then, recall, {b.} are bounded and smooth, preserve all
form-bounds in or in ([A2), and converge to b in [L _]? or in [L{ ]%, respectively.

loc

Step 1. By the classical theory, for every € > 0, there exist unique strong solution Y; to SDE
)=y — /b $)ds +V2B(t), yeRY

where {B(t) };+>0 is a Brownian motion in R? on a fixed complete probability space (Q, F, F;, P).
Fix T > 0.

Lemma 8. Let vector field g € [Cy(R)]? be such that:
1. If b satisfies condition ([AJ), then
(g0, 0) < XIVell + exllels, € W2, (8.1)
where constants x, ¢, are from condition (Ag)).
2. If b satisfies condition (A1), then BI) holds with « =1, x =6 and ¢, = cs.
Fizy>0byl+a=(1+7)2 Then

E / lds < Caltr — to) T, (8.2)
where constant Cy does not depend on €, y or to, t1 (but it depends, by Theorem[d, on constants
X; Cx)-

(We will be applying (82]) with g = b..)
Proof of Lemma 8. First, let g € [C.(R%)]?. By Holder’s inequality,

t1 t1
E [ [g(Ye(s))lds =E [ eMeM|g(Y(s))|ds
to to
1

0 Ty
<t~ 1) (B [ e 0 gvis)) s )
0

1
= () — to) T ue(z) T (8.3)
where u,. is the classical solution to non-homogeneous elliptic equation
[(14+Y)A—=A+b. - V]u: = lg|t.

Note that, in view of the results of Section [3], condition implies the second condition (As))
on b of Theorem B for b.. (If b satisfies condition (Ai]), then b. satisfy the same condition in
Theorem [Bl) Further, we take in Theorem [@ h := g|g|” and f = 1 in a neighbourhood of the

support of g. In view of 1+« = (1++)? and (&1), h satisfies condition \h\HTW € F, of Theorem
[ Thus, Theorem [@ applies and yields

1 ’ 1
luelloo < C Slipd<<(1|g|>1 + g TFIPL 1) po) P+ (g + gl TP 1|g|§1)px>p9l)a (8.4)
m€§Z

where the right-hand side is finite (by our choice of p) and clearly does not depend on e. It is
seen now that (8.2) follows from (8.3). Using Fatou’s lemma, we can replace the requirement
that g has compact support by g € [C(R%)]. O
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Inequality (8.2]) yields, upon taking g := b.,
t1
E [ [be(Ya(s))lds < Colt — to) T (8.5)
to

(note that |b.|'*7 have independent of ¢ finite form-bound x and constant c,, see Lemma [).
This gives us the next lemma. We will write Y¥ to emphasize the dependence of solution Y, on
Y.

Lemma 9. (i) For every 5 > 0,

sup sup P sup Y¥(t+0') = YY(t)| > B| < CH(o), (8.6)
e>0 yeRd t€[0,1],0’€[0,0]
where constant C' and function H are independent of €, and H(c) L 0 as o | 0.

(1) For everyy € R%, the family of probability measures
PS:=(PoY¥) ™!, >0,

xT

is tight on the canonical space of continuous trajectories on [0,T)].

Proof of Lemmald The argument is standard. For reader’s convenience, we include it below
(we repeat more or less verbatim a part of [28]). Put for brevity 7' = 1. We have, for a stopping
time 0 < 7 < 1,
T+0
Y (r+0)-YY )= / bu(s,YY(s))ds +V2(B(tr + o) — B(1)), 0<o<1. (8.7)

T

Next, note that (835 yields
T+o
E / b (s, Y2 (s))|ds < Coo™, (8.8)

see Remark 1.2 in [51] (to show that (85]) = (8.8)), the authors of [51] use a decreasing sequence
of stopping times 7, converging to 7 and taking values in S = {k27™ | k € {0,1,2,... }}, and
note that the proof of estimate (8.8]) with 7, in place of 7 can be reduced to applying (85]) on
intervals [to, 1] := [¢,c+ o], ¢ € S.) Thus, applying (8.8)) in (8.7), one obtains

=: H(o).

=

E sup [YY(r+0')-YY(7)| < Coa% + Cyo
o’ €[0,0]

Now, applying [52, Lemma 2.7], we obtain: there exists constant C independent of e such that
sup sup E sup YY(t+0') — Yey(t)|% < CH(o). (8.9)
€ zeRd  Lt€0,1],0'€[0,0]

Applying Chebyshev’s inequality in ([83]), since H (o) | 0 as o | 0, we obtain the first assertion
of the lemma. The second assertion follows from the first one, see [46, Theorem 1.3.2]. g

Fix y € R% Let P, be a weak subsequential limit point of {P£},
Py — P, weakly  for some e | 0. (8.10)
Let us rewrite (8.2) as

t1
EZ/ lg(ws)|ds < Ca(ty — to) 7.

to
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and then applying (8I0), we obtain E, ﬂzl |be,, (ws)|ds < Ca(ty — to)%, and

hence, using e.g. Fatou’s lemma, E, ftfg |b(ws)|ds < Ca(ty — to)% < 00.

Taking g := b

Em

Step 2. Let us show that, for any fixed y € R%, any subsequential limit point P, of {IP}} (say,
(RI0) holds) is a solution to the martingale problem for SDE (2:30]).

It suffices to show that E,[M; G] = E,[M; G| for every By,-measurable G € Cy,(C([0,T],R?)).
We will do this by passing to the limit in k in

Egf (MG = EgF [M{°+ G,
where

t
M = plen) = plon) + [ (~Ap+be Vo)wi)ds, peC?
That is, we need to prove
t t
lin 5 / (bey, - Vo) (ws)Glw)ds = E,, / (b- Vo) (ws)G(w)ds, (8.11)
0 0
Proof of (8II]). First, let us note that repeating the proof of ([82]), but this time selecting
h:=glgl”, g :=be,,, — bz, f = [V, we have

t1
B [ by, () = by () [ Vo)l ds
0 o+
1 ’ ’ 1 +
<Cs Slipd(<(1|g|>1 + ’g‘(1+ﬁ/)pel|g|§1)\VSO\pGPx>”9 + ((L)g>1 + |g| (1P 1|g|§1)\v<,0\p9 P:c>p9') ;
TESL
Since ¢ has compact support, the RHS converges to 0 as my, mos — oco. Now, it follows from
the weak convergence (8I0) and Fatou’s lemma that

By [ ) = b )|V

1
< C3 sup <<(1b—b5m|>1 +|b = be,,, [TTPL ) [Vl pg) 70

xE%Zd

/ ’ 1\ T+
+ ((Lp—p., |51+ [0 — be,,,| TP 1|b—bgm|§1)‘v90‘p€ Px>”9'> ;
where the RHS converges to 0 as m — co. We are in position to prove (8.11)):

Ey" /Ot@wk V) (ws)G(w)ds — B, /0t<b V) (ws)Glw)ds

t
< B [ e, = benl IVl [G ) ds

_l’_

BV [ (e VO @)G)ds By [ (b, - Vi) () Gl)ds

_l’_

)

t
E, [ Ibe,, — bVl IGw)lds

where the first and the third terms in the RHS can be made arbitrarily small using the estimates
above and the boundedness of G by selecting m, and then ny, sufficiently large. The second
term can be made arbitrarily small in view of (8I0) by selecting ny, even larger. Thus, (811
follows.
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Step 3. Let us now find a subsequence ¢j, | 0 that works for all y € R? and yields a strong
Markov family of probability measures P, y € R?, solutions to the martingale problem for SDE
230). Denote R5f := u., where u. is the classical solution of (A — A + b, - V)u. = f in RY,
felCxr A>XV1,;

Sf(y) = IE]P’; /000 G_Asf(ws)ds.

By Theorem [ u. are uniformly in € bounded on R¢. By Theorem [ applied to b., solutions .
are Holder continuous on every compact, also uniformly in € > 0. By the Arzela-Ascoli theorem
and a standard diagonal argument there exists a subsequence ¢y, | 0 such that sequence {R5 f}
converges locally uniformly on R?, for every f in a fixed dense subset of Cj. Let us denote the
limit by Ryf. The latter, and the uniform in e estimate |R5f|oc < 3|/f|loo allow us to extend
Ry f to all f € Cp. Thus, Ryf € Cy, f € Cp. Now, for thiss subsequence ¢, | 0, for any y, — vy,
any two subsequential limits P!, P2 of {Pgr} (we use (8I0)) have the same finite-dimensional
distributions (see [5] for details, if needed) and therefore coincide: P, := P! = P2 Hence
Ep, [o° e ™ f(ws)ds = Ry f(y). By what was proved above, P, is a martingale solution of (Z230).
A simple argument (see [5]) now gives that, for every ¢t > 0, y +— Ep, f(X;) is a continuous
function. The latter, in turn, yields that {Py},cga is a strong Markov family (the proof can be
found e.g.in [5] or [6l, Sect.1.3]).
This completes the proof of assertion (7).

(it) Let b, be defined by (2.31]), so that vector fields {b,} do not increase the form-bounds of
b. In the end of the proof of (7) we show that there exists a subsequence b, (for brevity, {b,}
itself) such that, for every f € C2°(R9), the classical solutions {u,} to elliptic equations

A=A+b, - Vu,=f
converge locally uniformly on RV? to

mHpr/ e M fwl, .. wNyds, zeRM zeRN (8.12)
0

where A is assumed to be sufficiently large. This yields the local Holder continuity of u. At the
same time, u,, are weak solutions of (2.8]) in the sense of Definitions [6 and [§. The possibility to
pass to the limit € | 0 in these definitions follows from the standard compactness argument (for
details, if needed, see e.g. [34]).

(ii7) The proof goes by showing that v, constitute a Cauchy sequence in L>([0, 1], LP(R%)),
see [21], see also [29]. At the elliptic level this was done earlier in [36] using Trotter’s theorem.
The proof of the (LP, L7) estimate is due to [45]. (Strictly speaking, these papers did not
consider condition (Ag]), but it is easy to modify the proofs there to cover the case as well.)

(7v) It suffices to show that, for all u > pg, for every f € C°,
R.f— (n+ A" f inCyasel0, (8.13)

possibly after a modification of (1 + A,)™'f on a measure zero set. The rest follows from
estimates [[Ryeflloo < 7 | Flloos (1t + Ap) ™ flloo < 7 flloo (an immediate consequence of
the fact that the corresponding semigroups are L contractions) using a density argument.



40 PARTICLE SYSTEMS WITH SINGULAR INTERACTIONS

Let us prove (8I3). Put u. := R, f, so u. is the classical solution to (1 — A +0b-V)u. = f
on R Then, by Propositions Bl and [ (with h = 1), for all (> 1V \g) + 1

sup_[u-(y)] < C (1702 + (5P 0) 77 )

€B
] %(x)

for constant C' independent of €. It is seen now that for a fixed f € C°, for a given € > 0, we
can find R > 0 such that

sup lue ()] < e.
yeRN\BR(0)

In turn, inside the closed ball Bg(0), the family of solutions {u.}.~q is equicontinuous by The-
orem 8l So, applying Arzela-Ascoli theorem and using the convergence result for the semigroups
in LP from assertion (%ii), we obtain (8.13]). O

9. PROOF OF THEOREM
The proof is an application of Proposition [[l and Gehring’s lemma;:

Lemma 10. Assume that there exist constants K > 1, 1 < ¢ < 0o such that, for given 0 < g €
L9, 0< he L4N L*® we have

(1 610)” < ot + (015

forall0 < R < % Then g € L® for some s > q and

<‘Bl (o 1BR>)% < Ol(yBiRngle)l +02<‘32R,<h513m>>

Let us prove Theorem [6l
Step 1. Applying Proposition [ (condition (5.2])) with h =1 and p = 2 to u,, — (uy)B,, and

S

—Up, + (Un) By, Where (uy) B,y = @(unleR% we obtain
K 1
<|VUTL|2]-BR> é | 1|2 <('I,Ln - (un)BQR)2]-BzR> + K2<f21B2R>7 0<R< 5
2R|4
By the Sobolev-Poincaré inequality,
d+2

(L«un—(un)Bm)lezg)é<C\BR\d(|Bl (Vual #5150 )

| Bar| |

i.e.
d+2

d
(= ()5 L) < CUBAIT (V#1500 )

s . . . . _2d_
so the condition of the Gehring lemma is verified with g = |Vu,|%2, g7 = |Vu,|? (so ¢ = d%f)

2d
and h = c|f|72. Hence there exists s > 52 such that

1 ) 4 ) 1
s + g-2d s
(Ve 160 ) < O (G (V0P150)) ™+ Co (115 15,0))

where all constants are independent of n.
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Now, passing in both sides of the previous inequality to the cubes (inscribed in Bg in the
left-hand side and circumscribed over Bsg in the right-hand side), then considering an equally
spaced grid in R? so that the smaller cubes centered at the nodes of the grid cover R?, applying
the previous estimate on each cube, and then summing up, we obtain the global estimate

IVunl? 20 < Csl|Vun I3 + Cal £ 24 -
a+2 d+2

Step 2. Let us show that sup,, || Vu,||3 < oo. To this end, we multiply (11— A+ b, - V)u, = f
by u, and integrate: pul|un||3 + |Vunl3 + (be - Vun,un) = (f,u,), where, after integrating by
parts, (b, - Vup, up) = —3(divb,, u2) > —3((divb,)4,u2). Hence, by our form-boundedness
assumption on (div by,)+,

1)
(= B lunl + (1= 5 ) 190l < (F ) (0)

So, ag)plying the quadratic inequality in the right-hand side, we arrive at (= C‘ST* — %)HunH% +
. 5
(1= )Vl < 3713 Since . < 2, sup, [Vugl3 < 00 for o > pg = 5= + 5.
It follows from Steps 1 and 2 that sup,, ”VUrz”iﬂ < 0.
d—+2
Step 3. Put h := u, — u;,. Then
pllPI + VRIS + (bn - Vi) + (b = bin) - Vi, ) = 0.
So,
o, 1 2 Oy 2
(1= Dl (1= 2Vl < (b~ br) - ). (92
In turn, the right-hand side
[((br = bin) - Vum, h)| < [[by — bm”2—%Hvum”s%2HfHoo
where 0 < 3¢ < 1 is defined by
2d s 24
2— = (sd 2)': 2;“'2
+ Sm —1
(recall that s% > 2). Since sup,, HVumHsdz_d < oo and, by our assumption, {b,} converge in
+2

L?>~*, we obtain that the RHS of (@.2]) converges to zero as n, m — oo, so {u,} is a Cauchy
sequence in L?. This yields the uniqueness result (since we can always combine two different
approximations of b obtaining again a Cauchy sequence of the approximating solutions). O

10. PrROOF OF THEOREMS [I] AND

This follows right away, in view of Lemmas [I], 2] from Theorem [B)7), (i7) where we consider
the general SDE in RV? with Y = (X1,...,Xn), B= (B1,...,By), y = (x1,...,zy) and drift
b: RN RN defined by ([213). O
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11. PROOF OF THEOREM [

(7) Since the sum of two form-bounded vector fields is again form-bounded, we only need to
improve Lemma B for K (y) = v/k%52|y| 2y and then simply repeat the proof of Theorem 2 In
Lemma 2 we have three estimates (Z14), (ZI5) (2.I6) for b = (by,...,byx) : RV? — RV where
now

d-21 Y Ti— T

bi(z) == VE——— > —
i=1j#

We do not need to change (2.14)) and (2Z.16]) since the actual values of the form-bounds there are
not important for the sake of repeating the proof of Theorem 2], only their finiteness matters. The
form-bound ¢ in (ZTIH]), however, plays a crucial role. Let us estimate it using the multi-particle

Hardy’s inequality (2I8]):

e S @nem) RV 1<i<No (1L

N | N
(divd)y =divb = Z N Z div K (z; — )
i=1"" j=1j#i

:\/E(d_2)2 Z

N 1<i<j<N

1
i — a;]*

1
Applying (ZI8), we obtain that (divb)? € Fs, with 6; = /k. Armed with this result, i.e.a
replacement of Lemma [2], we repeat the proof of Theorem [2] (i.e. we apply Theorem Bl where we
still have 64 < 4).

(7) The assertions of Theorem [ are also valid for such interaction kernels Kj;. In view of
(222), Dunford-Pettis’ theorem yields that e *'» is a semigroup of integral operators. Their
integral kernel e—*A (z,z) does not depend on p and is defined to be the heat kernel of particle
system (2.1]).

Now, we apply Theorem [[T] from Appendix [Al There Q := R? and p is the Lebesgue measure
on R% The semigroup e ™! is from Theorem H(i) with K (z) = —/k%2|z|~22. The weights
{¢s}s>0 are defined by

_1
ps(x) = [ n(s 2|z — =), s>0,
1<i<j<N

where 7 is defined in Theorem [Bl(7). It is easily seen that these weights g satisfy conditions
(S2) and (S3) of Theorem [Tl In turn, condition (1)) with j = 7% and r > 2(2— &=L /k)~! was
verified in Theorem [(7) under hypothesis ([2:21]), see (2.22]). Let us verify the “desingularizing
L' — L' bound” (Sy) for 0 < s < t:

Step 1. Set
ns(r) :==n(s %7‘), r>0
and put
@ =@ = [[ nlei—ail) li—ajle=Jloi—o+= >0,
1<i<j<N
Define
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and put
Vap©

Ve
This is a vector field RV4 — RN gych that
91 NN
2 N Z Z
1=1 :1,3751

Without loss of generality, we discuss the (minus) first component RV¢ — R? of b,:

- 1 d— 21
1¢ Z H "T _x]‘€f 2 vil ("Tl_xklef )

w 2<k<N 1<i<j<N,j#k

o rd=21
Vxllzm—xkleﬁ 2N

by := —

(clearly, independent of s).

be - Ve =+VE

“Va

it

_$J|2

YT
2<k<N a2 —xk\aﬁ 2N
d—21 —

= Vi~ Y I S

2 N2<k§N |21 — 2|2

In the same way,

Va, ¢° _ Z Vi ns(|71 — zgle)
We now compare these quantities (this will be needed at the next step):
(a) If |21 — xple < /s for all 2 < k < N, then, by the definition of 7,
Vo b | Vg, ¢
(G " ©°

=0.

Therefore,

lee(pe . (_ VI1¢E + vrl‘pa) Vm?ﬂa 4 V:U(PE)
@ Pe p° Pe @
(b) If there exists one kg such that |x; —zg,|e > 21/, but for the other k # ko |x1 — k] < /s,
then, since z1 — (|1 — xk,|c) is constant and so V,,¢° = 0, we have

=0, divg, (— =0.

Vo 0° Ve 9f _\/_d—2 1z — g,

= K — .
(08 @* 2 Nzy — xp|?
Hence
V:c 906 vx ws V:c 908 . V:c 7/16 V:c 906 (d_ 2)2 1 -1
O R L L G e (O

(c) More generally, if there exist 2 < M < N — 1 indices kg such that |z — x| > 2¢/s, but
for the other k # kg |x1 — x| < /s, then we have

V:c 906 vx 7/16 V:c 908 . V:c 7/16 vx 906 (d — 2)2 M -1

2 (- T T (- T T < R
Over the annuli /s < |x1 — xx|e < 2¢/s we make a change of variable to finally obtain, for all

possible values of |x; — xgle, 2 <k < N,

N]\_T gy

=0,

Vo Vet | Vne)

: Vo, 0° | Vo, ¢°
A div (T 4 T
€

(S ©°

<ca
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for constants ¢; and co independent of € and s.
The same holds for the other components of b, = —%. Thus,

<c s, |div(b: + <c s . 11.2
o ) = ¢ \/N V( ) 2 \/N ( )

Step 2. Define the approximating operators A, := —A, + b, - V, having domain W?! = (1 —
A)7'LY. Since ¢°, (¢°)~! are bounded and continuous, one sees right away that e e ()71
is a strongly continuous semigroup in L' whose generator coincides with —@.A.(¢.)~! having
domain W?!. This generator can be computed explicitly:

(b+

€

\Y
PN(F) T = AV (b2 ) W (11.3)
\Y \Y V©
W, = — j - (b (’D)—div(b€+ 7).
By (II2)), potential W, is (uniformly in €) bounded: |W;| < ]\Vﬁl ¢ for a constant ¢ independent
of e. Employing formula (IT3]) and using the general fact that e HA=VH) is an L' contraction,
we obtain
A ey—1 AL 1
e ™ (o) thllp < VR s helL. (11.4)

It remains to pass to the limit £ | 0 in (IT4]). This is done at the next step.

Step 3. Define b = _Vijw’ where ¢(7) = [Tj<;cj<n i — $j|_\/g%% is a Lyapunov function
of the formal adjoint of A (see Remark [2). Then

ZZ

1=1j= 1]752
It is seen using e.g.the Monotone convergence theorem that b. — b in [LIOC]N ¢, Moreover, the

vector fields b, do not increase the form-bound § = (&=L Nl) (< 4) of b. Therefore, by Theorem
Bl ¢77),

d21
b-V,

-V,

K3

_%,2

ethe 57 in LT(RNY), (11.5)
2
where r > m
Now, from (IT.4) we have
—tA® AL . 1 0o
lpee™ gl < e VN = ¥°glh, g€l NL>.
In view of (ILH) and since ¢ — ¢ a.e., we can use Fatou’s lemma to obtain ||pe g, <
e llogll1, which yields condition (Sy) of Theorem [IT] (recall that by our assumption s > t).

Thus, Theorem [I1] applies and gives assertion (i) of Theorem [3 O

12. PROOF OF THEOREM [

i) follows from Theorem [BY4ii) and Lemmas [I] 2

it) follows from the uniqueness result in [26], see also [24], and Lemma [Il

it) follows upon applying appropriate (straightforward) modification of Lemma [l
iv) follows from the result in [25] upon applying Lemma [II

(
(
(
(
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13. PrRoOOF oF THEOREM [10]

We will need the following result on the regularization of the vector field b in Theorem [I0l
Lemma 11. Assume that b € [Wli’cl(]Rd)]d has symmetric Jacobian Db = (kai)gﬂ-:l and the
negative part B_ of matriz

B(b) = Db— I¥°

I, for someq>(d—2)V2,

has normalized eigenvectors e; and eigenvalues \; > 0 satisfying \/Aje; € . Setv := E;l:l vj.
Set b, := E.b. The following are true:

1.
B(b:) + E-B_ >0,
2.
(B-h,h) < v(|VIhl[%) + e (|n), (13.1)
and

((B-B-)h,h) < v(|V|h|[*) + e, (?), >0,
for all h € [C°(R]?, with c, = ;i 1 Cu;-
Proof. 1. We have, by definition, B(b) = By — B_, and B(b.) = E.B; — E.B_. Clearly,
E.B, > 0, which yields the required.
2. We have B_ = Z;lzl )\jejejT. Put for brevity A = A; and e = ej. Denote the components
of eby ef, k=1,...,d. Then
d

(hA(ee"),h) = D (VA" Ve h;) = (A(h - €)?) < (A|h[*[e]?).

kyi=1

Therefore,

d
(B_h, h) < (\jlh[*[ej]?)
7j=1

(we use \/)\7]'6]' eF,)
d d
<> vilIVIRIP) + D e (hf),
j=1 j=1
which gives us the first inequality in assertion 2.

Let us prove the second inequality in assertion 2. Writing again A = \; and e = ¢; and
denoting the k-th component of e by €, we have

d d
(hE:(\ee™),h) = Y (hB-(VAeFVAe)h) = > (VAF VA B (hy:hi))

k,i=1 k=1
< 3 (VEe| i 2VAIF VA€ Ee|hi]2)
k,i=1
< (Ael?, |h-]%),
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where h. denotes the vector field with k-th component \/E.|hg|2. Hence, using the previous
estimate, we obtain

d d
((E.B_ ZhE (Ajeje) ), by <> (Ajlel?, |hel?)

j=1
(use \/)Tjej €F,)
< V(| V|hel[?) + eo (e )
(note that [h| = \/E[h|? and apply (1))
< (IVIAI[?) + e (lh]?),
as needed. =

Proof of Theorem in the case drift b satisfies condition (Bg]). We start with the proof of
assertion (77). Put

w:=Vu, w;:= Vju.
Multiplying equation (x — A +b-V)u = f by the test function

d
=3 Vilwhuwlt?) = =9 - (wulr?)

and integrating by parts, we obtain

pllwl®) +1Ig + (¢ = 2)Jg + (b~ w, ¢) = (£, ), (13.2)

where
d
=Y (Vw2 [w]T72), Ty = (| V|w][?, [w]772).
i=1

Step 1. Regarding term (b - w, ¢) in (I3:2]), we have
(b~ w, ¢) = (Bw,wlw|?) + (b- Viwl|, [w|?™") B = (Vibi)i iy
— (Buw, wlw|"?) - é(div b, uw]?)
—(B_w,w|w|"7?).
Hence, applying (I3.1]), we arrive at

(b-w,6) = (|l ) = e(ul?)
q2
= —vLJ, - e jul?),

so (I3.2) yields

2

(= e (wlt) +1,+ (=2 = Lo}, < (1., (133

Step 2. Let us estimate (f, ¢) in the previous inequality. To this end, we evaluate ¢:
(f,¢) = =(f, [w]| "2 Au) — (g = 2)(f, |w|"Pw - V]w]). (13.4)
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(a) We estimate
_ _ 1 _
[{f, [l 72 Au)| < eofw|®?|Auf?) + EUQ’ w|?72), (13.5)

where €9 > 0 will be chosen sufficiently small.
Let us deal with the first term in the RHS of (I3.5). Representing |Aul? = |V - w|? and
integrating by parts twice, we obtain

d
(w2 Auf?) = —(V]w|™? - w, Au) + Y (w;V]w|™?, V) + I
1=1

1 _ 1 1
< (0= )| ol 2180P) + 21, | + (0 =D (5L + 5) + 1y

So, for any fixed s > 2

q—2 - 1. 1
(1 _ U) (2| Av[2) < I, + (g — 2) (%Jq +2I,+ §Jq>. (13.6)
Let us handle the second term in the RHS of (I3.5):
(% Jw|"™?) < Hf||2 ]| "

q72 d—2
9 (a=2) 9 =2 4c
< sl g HVWPHQ =CIfI g Jg® s C=—
d+q—2 q

< Tqu 2Jg + CE_EHqu L ad

d+q—2

(b) We estimate

(4= 2l F. Jwl"w - Vul)] < (g - 2)TF (£ fw]2)?
< (g 2)(endy +der (F2 [w"7?)),

where we estimate the very last term in the same way as above.
Substituting the above estimates in (I3.4]), we obtain

c1(e,e1) (6 1)

(£, 8) < esoly + = o+ 2 (13.7)

d+q 2
where ¢1(e,e1) > 0 can be made as small as needed by first selecting e; sufficiently small, and
then selecting € even smaller.
Step 3. Now, we return to (I3:3). By the pointwise inequality |V]w|]> < 324, [Vw;|?, we have
Jg < 1.

The latter, and (I3.7) with e chosen sufficiently small, yield

2
(=)t + (g =1 Lv - cleo,220)) )y < Clene ) If I . (138)

d+q—2

where constant c(gg, €,¢1) can be made as small as needed by first selecting ;1 sufficiently small,
and then selecting € even smaller. Take o := ¢,. The required gradient estimate now follows

from (I3.8)).
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Proof of assertion (7). Steps 1 and 3 do not change. Step 2 now consists of estimating (|g|f, ®),
which we represent as

{glf,0) = —(lglf, [w|"2Au) — (g — 2)|glf. [w|"w - V|w]).
(a’) We have

{lglf, [w]T™2Au)| < eojw|"?|Aul?) + %(lgﬁfa w|*™?), €0 >0,
where (|Jw|772|Aul?) is estimates in the same way as in (a) above, and
(lgf2 2, fwl"=2) = (g~ ]2, gl f2)
127 g ul®) + 2= {plgl )

(we are using g € Fy,)

IN

q—2

o [ ¢ q 2 ~4/gl? po
< e |61y + ey ([w]?) e 2(lgl” f9).

(b') We estimate

(g — 2lelf, [l 3w - )| < (q— 2)J2 (1g2]f2, [w|=2)3
< (g 2)(e1Jy + 42T (1822, [w]72)),

where we bound (|g|?f2, |w|?"2) as in (a').
Now, arguing as above, we arrive at

2
(/L —Cy — 60(6075176))<|w|q> + (q -1- qzy - 0(50,5,51))Jq < 0(6076761)<|g|2fq>7

where constant c¢(gg,¢,£1) can be made as small as needed by selecting e; sufficiently small and
then selecting e even smaller. So, taking po := ¢, + co(eo,€1,€), we obtain the required gradient
estimate.

Proof of Theorem in the case drift b satisfies condition (B]). One needs to estimate term
(b-w, ¢) in (I3.2) differently. Indeed, b is no longer differentiable and hence one cannot integrate
by parts. Instead, arguing as in [36], we evaluate the test function ¢ as

(b-w,¢) = —(b-w, [w|"*Au) — (g = 2){b- w, [w]""*w - V]wl),

and then re-uses the elliptic equation to express Aw in terms of pu, b-w and f (or |g|f). Then
we repeat the argument from [36] up to the estimates on |(f, ¢)| (assertion (i7)) and |(|g|f, ®)|
(assertion (7)), which we take from Step 2 above.

14. PROOF OF THEOREM [7]
Let b, be constructed as in Lemma [3] i.e.
bn, = E€nb7 en {0,

so that b, are bounded, smooth, converge to b locally in L? and, crucially, do not increase neither
form-bound ¢ of b nor constant cs.



PARTICLE SYSTEMS WITH SINGULAR INTERACTIONS 49

A comment regarding the case when b satisfies condition (B]). Below we use gradient bounds
from Theorem [I0lfor vector fields b,,. The proof of these gradient bounds depends on a somewhat
less restrictive condition than (Bg)), i.e.b € Fs, 6 < oo, and

(B, B-)h, h) < v(|V[R|?) + e (|]?), (14.1)

where B_ is the negative part of matrix (kai)ii:l - %I . (Indeed, if By denotes the positive
part of the last matrix, we have

div b,

(vkbil/)%,iz:l - I= EE7LB+ - EanB—7 EanB:t 2 07

and can repeat the proof of Theorem [IQ for b, and E. B_.) By Lemma [I1] inequality (I4.1])
does hold with constants v = Z?Zl v; and ¢, = Z?Zl cy; that are, obviously, independent of
{en}, and so the constants in the gradient bounds in Theorem [I0 for b,, do not depend on n.

Proof of assertion (i). Let {P;},cre¢ be the strong Markov family of martingale solutions to
([230) constructed in Theorem [l Fix some y. Our goal is prove the following estimate: there
exists generic ¢ > (d —2) V 2 and C such that, for all g € Fs,, 1 < oo, and all A greater than
some generic Ag,

By [ e Mgl w)ds < Clel I3 (142)

for all f € C.. Let g, the bounded smooth regularization of g constructed according to Lemma
Bl Using the gradient estimate of Theorem [I0(¢), after applying the Sobolev embedding theorem
twice, we obtain

0o q 2
E%A e gt (ws)ds < Cllgml 133, nom=1,2,...,

where P? is the martingale solution of the regularized SDE

)=y — /b s))ds +V2B(t), t>0

and, by the construction of P, in the proof of Theorem Bl P? — P, weakly (we pass to a
subsequence of {b,} if necessary). Thus, we have

00 2
Er, [ ¢ lgnfl(@.)ds < CllenlfIFI3, m=1.2....

Fatou’s lemma applied in m now yields (IZ2]) and thus ends the proof of (7).

Proof of assertion (i'). Let {PL}, cga, {P2},cra be two Markov families of martingale solutions
to SDE

)=y — /b ))ds + V2B(t), t>0.

Fix some y. By our assumption, there exists ¢ > (d — 2) V 2 such that, for all g € F;,, §1 < o0,
and all \ greater than some generic g,

. [oo 2
E) [ e lgf|w.)ds < Clels 113 (143)
for all f € C.. Let v, be the classical solution to equation

A= A+b, -V, =—F,
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where F € C.(R%). We will need weight p(z) = (1 + k|z|>)™?, k > 0, where constant /3 is fixed
greater than %l so that p € L'(R?). By Itd’s formula applied to e~ pv,,, we have

By e poa (X0) = plu)on(y) + B [ e F )

ot
+E, / [e**p(b — by) - Vg (ws)ds + Sh, (14.4)
0
where 5, is the remainder term given by

t
TRt —As
Sp = Ey/o e [ (Ap)v, —2Vp - Vo, + by - (Vp)v,](ws)ds.

Proposition 7. For every k > 0, El ge_)‘s [p(b—by,) - Vu|(ws)ds as n T oo uniformly int > 0.
Proof. We have

.ot . roo
B} [ 10— ba) - unl(wn)ds] < [ [~e7plb— bn) - Vo] (ws)ds
0 0
(we apply (T43) with g := p(b — by) € Fas5)

2
< Kl|p(b — by)[ Va2

In turn, for a 0 < 6 < 1, we have

q

lo(b = ba)[Vonl 2 [l2 < p(b = ba) I31lp(b — b) [V |70 |37 (14.5)

Regarding the second multiple in the RHS of (I4.3]): we assume that 6 is chosen to be
sufficiently close to 0 so that 25 > (d —2) V 2. Then, by b — b, € Fas,

q q
19(b = bo) V0| T |13 < || (b = b) |V, | 709 |3
< 26]| V|V, | T |3 + 2651 | Vo, |7 |2,

Hence, by the gradient estimate of Theorem [I0(¢), sup,, ||p(b — byn)|Vuy| e 3 < oo.
The first multiple in the RHS of (IZ5]):

lp(b = ba)l3 < (1p(0) (b = bn)) + (L = Lp,0))p, p(b — s)?)
< (L0 (b = bn)) + (1 + kR*) ™ (p(b — ba)?).
2

Since b, — b in Lj ., the first integral can be made as small as needed (uniformly in R) by
selecting n sufficiently large. In the second integral sup,, (p(b—b,)?) < 0o, since, by b—b,, € Fas,

(p(b — bn)?) < 20((V/p)?) + 2¢5(p),

so it remains to apply |Vp| < BvEp. At the same time, (1 + kr2)~? can be made as small as
needed by selecting r sufficiently large. This completes the proof. O

Proposition 8. S, — 0 as k | 0 uniformly in n and t.
Proof. Using |Vp| < BVEp, |Ap| < 3k, we have
oot
|[Sn| < \/ECE;/ [plvn] + 2p|Vop| + plbp|vn|](ws)ds.
0

Now we can argue as in the proof of the previous proposition, using additionally [|v,|lc <
A7 Floo, to show that sup, EL [i[pvn] + 2p|Vun| + plba||vn|](ws)ds < cc. In fact, in this case
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the proof is easier since none of the terms contains simultaneously b, and Vuv,. Selecting k
sufficiently small, we can make S,, as small as needed. O
We now complete the proof of assertion (i'). Let us note that, for every k > 0,
E; [e ™ pv,(w)] = 0 as t — oo uniformly in n.

Indeed, [[vp]lso < ATH|F oo, s0 [EL[e™ pup (wy)]| < A™te™, which yields the required. Combin-
ing this result with Propositions [7] and [§, and taking into account that, by Theorem Bl(iv), {v,}
converge uniformly as n — oo to a continuous function v, we obtain from (IZ4]) upon taking
n — oo and then taking & | 0:

. oo
0=1v(y) +E / e F(w)ds, i—=1,2.
0

Taking into account the continuity of ' and w, and invoking the uniqueness of Laplace transform,
we obtain that IE}JF (wy) = EZF (wy) for all F € C¢, t > 0. We deduce from here that the one-
dimensional distributions of IP’ZII and ]P’Z coincide. Since we are dealing with Markov families of
probability measures, we conclude that IP’Zl/ = IP’; for every y € R9.

Proof of assertion (ii). The proof follows closely the proof of (7), but uses the gradient estimate
of Theorem [0(¢) for ¢ > (d — 2) V 2 chosen closely to (d —2) V 2. In fact, this proof is easier
since we no longer need to take care of extra form-bounded vector fields g as in (7).

Proof of assertion (ii"). We modify the previous proof of (i'). By our assumption,
E;/ e fl(wi)ds < ClIfl p e, VfECH A>D. (14.6)
0 —E& —E€

The analogue of Proposition [ is proved as follows. Clearly, hypothesis

o gy ety 1
(14 |z|72) P11 € LY, &) €, 1]

d 2

implies that, for any k > 0, p\b\ﬁvg € L'. We have

ot ) oo
EL [ 1700 = ba) - Voul(w)ds| < B [ lemp(b — ba) - Vol(wi)ds
0 0

(we apply (I4.0]) using Fatou’s lemma)

d 2
< Kllp(b—by) - Vog|» T::2—E/\1—E
< Koo~ bl Voulles 5 ++=75, (147
> P( n |s’ Un|ls, o s . )
where s’ = 2—d51 Vv 1_2 - and s = gi‘é, where ¢, was defined in assertion (ii”) of Theorem [7 that

we are proving. Theorem [I0(7), which applies by our assumptions on 0, v and ¢, in the end of
assertion (i¢"), and the Sobolev embedding theorem, yield

sup ”an”% < 0.
Therefore, the second multiple in the RHS of (IZ.7) is uniformly (in n) bounded.

In turn, for every fixed k, the first multiple in the RHS of (IZ7) tends to zero as n — oo.
Indeed, since 0 < p < 1, we have

sup||p*'b}, |1 < sup ||pb; |1 < oo,
n n
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where the finiteness is seen, after integrating by parts, from E. p < Cp with constant C' inde-
pendent of n (here we simply use the fact that the Friedrichs mollifier is a convolution with a
function having compact support) and our hypothesis ||p|b|* |1 < co. Now, we represent

(b = bn)lls = 115, (0) (b = bn)lls + [[(1 = 1p0)) (b — bp) |
< 1B (0 = ba)lls + (1 + KR TPED (b)) + (pby))-
The second term can be made as small as needed by selecting R sufficiently large (uniformly
in n). Then, for R thus fixed, the first term can be made as small as needed by selecting n
sufficiently large, since b, — b in Lﬁ;c by the properties of Friedrichs mollifier.
Arguing as above, we prove sup,, E% [ [p|vn| + 20| Vo, |+ plba|[va]](ws)ds < oo, and hence have

the analogue of Proposition [§
The rest of the proof of (ii’) repeats the proof of (i').

APPENDIX A. A DESINGULARIZATION THEOREM FROM [33]

Let X be a locally compact topological space, and u a o-finite Borel measure on X. In what

follows, L™ = L"(X, p) (1 <7 < o0o). Let j > 1, put j' := 515

Let A be the generator of a strongly continuous semigroup e~ ** on L for some r > 1, such
that for some constants ¢, j > 1, for all ¢t > 0,
_ _4
e tAHr—wo St (51)
We consider a family of weights ¢ = {¢s}s>0 in X such that
1
0 < s, o € LL.(X,u) forall s >0, (S2)
S
inf ¢(2) = co > 0. (S3)

s>0,x0€X

Theorem 11. Assume that conditions (S1) - (S3) hold and there exists constant ¢y, independent
of s, such that, for all 0 <t <'s,

lose o flln < el flh, feLtnL™. (S4)

Then, for each t >0, e™** is an integral operator, and there is a constant C = C(j,c1,cq) such
that, up to change of e " (x,1y) on a measure zero set, the weighted Nash initial estimate

e @, y)| < Ct 7 pu(y) (A1)
is valid for p a.e. x,y € X.

REMARK 12. The first desingularization result of this type appeared in the context of studying
Schrodinger operator with the inverse-square potential and is due to [42]. There the authors
introduced a weighted variant of Nash’s method with the “desingularizing weight” that either
explodes or vanishes at the origin, depending on the sign of the potential. That said, the non-
symmetric situation considered in Theorem [I1lis quite different from the setting of [42] since it
cannot be recast, even formally, as following Nash’s proof of the on-diagonal bound in a weighted
space, unless one wants to impose rather restrictive assumptions on the adjoint operator that
would rule out strong singularities of the drift.

For the sake of keeping the paper self-contained, we reproduce here the proof of Theorem [I1]
from [33].
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Proof of Theorem [11l. 1. We will use a weighted variant of the Coulhon-Raynaud extrapolation
theorem. Put

0<y e L'+ 1%, |fl, = (S,

Let U be a two-parameter family of operators

Ut r=utTumif,  feLl'nLl™® 0<60<7<t< oo

If for some 1 <p<qg<r<oo,v>0

10 Fllp < M1, 5
1T £l < Ma(t —6)7"[1f g
for all (t,0) and f € L' N L™, then

[0 £l < Mt =)D f, S (A.2)

where 8 = 2=F and M = 2”/(1_5)2M1M21/(1_B). Here is the proof of (A.2)) for reader’s conveni-
ence. Put tg := #. We have
[T flr < Ma(t — to) " ([U*° £l
< My(t = to) U FII7 U £
1- — 1—
S S O e i

and hence
(t - 9)1'/(1_6)”Ut’eer/Hpr’\/’ < M2M11—62u/(1—5) [(t— H)V/(l—ﬁ)“Utg,GfHT /”f”p,\/vﬂﬁ‘
Setting Ror := sup,_gejo,r) [(t — g)v/(1=F) HUt’Oer/Hpr’\/EL we obtain from the last inequality
that Ry < M'=B(Ry)?. But Ry < Ryr, and so Ry < M. This gives us (A.2).
2. We are in position to complete the proof of Theorem [l By (S4) and (S3)),
le™ 11 < et lese™ s oshlln

<c'lalhlh, g, heLY

com*

The latter, (S7)) and the Coulhon-Raynaud extrapolation theorem with v := ¢, yield

e flloo < Mt |l osfll1, 0<t<s, feL®

Note that (S7) verifies the assumptions of the Dunford-Pettis theorem, which yields that e™**

is an integral operator. Therefore, taking s = ¢ in the previous estimate, we obtain (AJ). O
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