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Abstract

In this article we prove the property of unique continuation (also known for C®® functions as quasi-
analyticity) facl)r solutions of the differential inequality |Au| < |Vu| for V from a wide class of potentials
10/02’00
sponding self-adjoint Schrodinger operator. Motivating question: is it true that for potentials V, for which
self-adjoint Schrodinger operator is well defined, the property of unique continuation holds?
© 2009 Elsevier Inc. All rights reserved.

(including L (RY) class) and u in a space of solutions Yy containing all eigenfunctions of the corre-
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1. Introduction

Let £2 be an open set in R? (d > 3), X, = Lf;c(.Q,dx) (p>=1), H™P(£2) the standard
Sobolev space and A := Zle % the Laplace operator. Let D’(£2) be the space of distributions
k

over C3°(£2) and L) (2) :={f € X1: Af € D'(£2) N X1}
Let now £2 be connected. For Yy C £l

loc (§2) a space of functions depending on V € X we
say that the differential inequality

|Au(x)| < |V ||ux)| ae.in 2 (1)
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has the property of weak unique continuation (WUC) in Yy (=: Y}/ eaky provided that whenever u
in Yy satisfies inequality (1) and vanishes in an open subset of £2 it follows that u =0 in £2. We
also say that (1) has the property of strong unique continuation (SUC) in Yy (=: Y f}r) if whenever
u in Yy satisfies (1) and vanishes to an infinite order at a point xg € £2, i.e.,

1
lim — / |u(x)|2dx:0, forall k e N,
p—0 pk

[x—xol<p

it follows that u =0 in £2.

The first result on unique continuation was obtained by T. Carleman [2]. He proved that (1)
has the WUC property in the case d =2, V € L5 (£2). Since then, the properties of unique
continuation were extensively studied by many authors (primarily following the original Carle-
man’s approach), with the best possible for Lp .-potentials SUC result obtained by D. Jerison and

C.Kenig (p = %, Y‘S,tr = Hlicp s D=7 +2) [6], and its extension for Llo/c -potentials obtained by
E.M. Stein [21]. Further improvements of Stein’s result were obtained in [3,17,23] where unique
continuation is proved for potentlals V locally in Campanato—Morrey class (see Section 3 for

details), with Ygtr = Hloc or Hloc Before that, in 1984, E.T. Sawyer proved the SUC property
in the case d = 3 for potentials from Kato class (see Section 3). Historically, the most important
reason for establishing the WUC property is its application, discovered in 1959 by T. Kato [8],
to the problem of absence of positive eigenvalues of self-adjoint Schrodinger operators. In what
follows, we exploit this link. Our setting involves a ‘local analogue’ (for d = 3 and a subclass
for d > 4) of the class of potentials for which the self-adjoint Schrodinger operator is defined in
the sense of quadratic forms, as described below, and for each potential V a class of solutions
Yy containing all eigenfunctions of the corresponding Schrodinger operator. The latter allows
us to use our WUC result to prove the absence of positive eigenvalues. Precisely, we prove that
differential inequality (1) has WUC property in the space of solutions

Yy = {ue L2l |VIdue x,)

loc -

and, respectively, SUC property in

Yo =vyekn B2 ().

loc

Previously WUC and SUC properties were derived only for Yy = (.Q) (dependence of Yy

on V,ie., u € Yy implies |V|%u € X», is implicit in the papers cited above, see Section 3).
Our ‘abstract’ form of the class of solutions leads to a substantially shorter and more transpar-
ent proof. (We note that the ‘abstract’ classes of potentials were previously considered, e.g.,
in [5,18,19].)

Following Carleman, most proofs of unique continuation rely on Carleman type estimates on
the norms of the appropriate operators acting from L? to L9, for certain p and ¢ (e.g., Theo-
rem 2.1 in [6], Theorem 1 in [21]). Our method uses the L? > L? estimate of Proposition 1. The
latter reduces an estimate of the ‘singular’ term /; in Carleman’s expansion,

loc

1
1gpyVienycu=nL+--- (V=1),

1 -1 -1 1 —Au
I =150V 2on @[ (D) | yenscw 1B(p>¢1v+c<d>?,
2
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to the definition of the class of potentials (see the proof of Theorem 1 for details). Here u
is assumed to be identically equal to O in the ball B(a) := {x € RY: |x| <a}, 0 <a < p,
@ (x) := |x|™!, the kernel [(=A) Ny (x, y) is the kernel [(=A)(x, y) (see the definition be-
low) modified by subtracting its Taylor polynomial of order N — 1, and 1p(,) is the characteristic
function of the ball B(p). In the case d = 3 we derive Proposition 1 using the classical point-
wise estimate due to E.T. Sawyer [18] on the absolute value of [(=A) 1y (x, y) in terms of
[(—A)~!1(x, y) and of the ratio of the polynomial weights ¢y (x)/@y(y) (our Lemma 1). This
estimate allows one to interchange polynomial weights with the corresponding integral operators
and thus to derive Proposition 1 which henceforth yields

<C' forall N

H Lo ON+C@) (x) }
2

B
@) oN+c@d) (P)

with C’ being independent of N the latter inequality leads to a contradiction as N — oo, unless
u=01n B(p) (2 B(a)). We reduce the case of d > 4 to the case of d = 3 at the cost of a more
restrictive class of potentials: the proof uses Stein’s interpolation theorem for analytic families of
operators [22], and relies on Lemma 2 of [6] and our extension of the pointwise inequality of [18]
mentioned above and of inequality from [21] (our Lemma 3, cf. Lemma 1 in [18], Lemma 5
in [21]).

Finally, we formulate the definition of the class of potentials for which we prove the unique-
ness of continuation. Let 1g denote the characteristic function of a set S € R4, B(x, p) =
{x e R4: |x — xo| < p}, Bs(xo, p) := B(xg, p) N S (also set Bs(p) := Bs(0, p)), Al pis 4 is the
norm of operator A : LP(R?) > L1(RY), (—A)_% , 0 <Re(z) < d, stands for the Riesz operator
whose action on a function f € Cg° (R?) is determined by the formula

(—A)Ff) =c / (—8) 3 (x, ) F () dy.
Rd

where

_1
A F oy = -yl = r(%) (ﬂ/bzr(%))

(see, e.g., [20]).
Our class of potentials is

S d-1 _dol i
F e ::{Wexd;l: sup Tim [ 1, (x| WIT (=A) T |W| 5 1BK(xo,p)||zHZ<ﬁ}
’ 2 XUEK:O‘)O

for all compacts K C §2. In 1959 T. Kato proved that if V has a compact support, then all eigen-
functions corresponding to positive eigenvalues must vanish outside of a ball of finite radius,
hence by WUC must be identically equal to zero. We use our WUC result for (1) to prove the ab-
sence of positive eigenvalues of the self-adjoint Schrodinger operator H D —A + V in complex
Hilbert space H := L?(R%) defined in the sense of quadratic forms (see [9,16]), namely:

H:=H,+(-V), )



D. Kinzebulatov, L. Shartser / Journal of Functional Analysis 258 (2010) 2662-2681 2665

where Hy := Hy+ Vi, Hy= (—Alcooray)*s D(Ho) = H**(RY), V=V, —V_, VL >0,V €
L'(R?) and

1 1
inf[VEG+H)TVE ], <B <1 3)

The latter inequality guarantees the existence of the form sum (2) (see [9, Ch. VI]), and the
inclusion D(H) C Y}/ ek (see Section 2). The local nature of the problem of unique continuation
and the form of differential inequality (1) lead to the definition of the following ‘local analogue’
of potentials satisfying (3):

- 1 _ 1
Fg.loc := [W € Xr: Sufl)(gll)n0’|lBK(xo,p)|W|2(_A) 1|W|213K(x0719) ”2;—>2 gﬁ} 4)
X0€

for all compacts K C £2. This class coincides with ]—"g’] oc i d = 3, and contains }—g,loc as a proper
subclass if d > 4 (the latter easily follows from Heinz—Kato inequality, see, e.g., [7]). We believe
that the results of this article can be extended to the larger class of potentials Fg joc for d > 4.
Class fg’loc contains potentials considered in [3,6,18,21,23] as proper subclasses.
The results of this article have been announced in [11].

2. Main results

Our main results state that (1) has the WUC and SUC properties with potentials from fg,loc.
The difference between the results is in the classes Yy within which we look for solutions to (1).

Theorem 1. There exists a sufficiently small constant B < 1 such that if V € fg’loc then (1) has
the WUC property in Y“}”eak.

Theorem 2. There exists a sufficiently small constant 8 < 1 such that if V € fg,loc’ then (1) has
the SUC property in Y}".

The proofs of Theorems 1 and 2 are given in Section 4. Concerning the eigenvalue problem,
we have the following result.

Theorem 3. Suppose that H is defined by (2) in assumption that (3) holds. Let us also assume that
VeF g’loc for B < 1 sufficiently small, and supp(V) is compact in R. Then the only solution to
the eigenvalue problem

Hu=Au, ueD(H), >0, (®)]
is zero.

Proof. The following inclusions are immediate from the definition of operator H:

1

D(H) c H"*(R)n D(Vé) ND(V2),
D(H) C D(Hmax),
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where
D(Hmax) :={f €H: Af e D'(RY)NLL(RY), VfeLl (RY), —Af +VfeH]
Therefore, D(H) C Y“}Veak and if u € D(H) is a solution to (5), then
|Aul=|(V —1u| ae inR?
By Kato’s theorem [8] u has compact support. Now Theorem 3 follows from Theorem 1. O
3. Historical context

1) D. Jerison and C. Kemg [6] and E. M Stein [21] proved the validity of the SUC property

for potentials from classes lOC(.Q) and LlOC (£2) (weak type d/2 Lorentz space), respectively.
Below || - || p,00 denotes weak type p Lorentz norm. One has

loc(‘Q) & m f;}l loc? (6)
B>0

L@ € Foe ()
B>0

The first inclusion follows straightforwardly from the Sobolev embedding theorem. For the fol-
lowing proof of the second inclusion let us note first that

d-1 _d-1 d-1 d—1 _d=1 2
1860 WITT (=8 T IWIT 13,0 |50 = MBGon VT (=27 |5,
Next, if V € L4/2%_then

2d~ 7T2C1
F(j)

1

-1 _d-1
1800, VI T (=) 4LH2<( )HMMMVHJM, (3

which is a special case of Strichartz inequality with sharp constants, proved in [13]. Inclusion (7)
follows.
To see that the latter inclusion is strict we introduce a family of potentials

ca —1pa- 2
Vx):= SEEDIC) Bd 6)(x)), where b > 1 0<é<1. )]

(|x] = D@T (= In|[x] — 1)) -

d—1

A straightforward computatlon shows that V € F¢ B.loc? 3 wellas V e LlOC £2)\ LloC S(Q) for

any ¢ > 0, sothathéL (£2).

loc
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The result in [21] can be formulated as follows. Suppose thatd >3 and V € Llf)c (£2). There
exists a sufficiently small constant 8 such that if

sup lim ||11_z;(x(J p)V”d < B,
X0ER P

then (1) has the SUC property in Yy := H ]OC (SZ) where p := d +2 (It is known that the assump-
tion of 8 being sufficiently small cannot be omitted, see [12].)

In view of (6), (7), the results in [21] and in [6] follow from Theorem 2 provided that we
show |V|%u € X». Indeed, let L9? be the (g, p) Lorentz space (see [22]). By Sobolev em-
bedding theorem for Lorentz spaces le P(2) — L7 (2) with § = % [22]. Hence, by

loc
(.Q) and V e L9/%>° Also,

Holder 1nequa11ty in Lorentz spaces V| ‘ue X»> whenever u € L loc

loc P(2)— H1 p(.Q) so H ‘"(.Q) C ¥, as required.
2) E.T. Sawyer [18] proved uniqueness of continuation for the case d = 3 and potential V
from the local Kato-class

loc

Ktoe = [W € Li(2): supTim sup [(~8) Lyl Wi < B},

P=Uxpek

where K is a compact subset of §2. It is easy to see that

’Cﬂ loc = Fﬂ loc-

To see that the latter inclusion is strict consider, for instance, potential

d—2 _
Vp(x) :=Bvo, vo 1=( ) x|~

By Hardy’s inequality, Vg € Fg joc. At the same time, ||(—A)_10013(p) loo = 00 for all p > 0,
hence Vg ¢ Kg 1oc for all g # 0.
The next statement is essentially due to E.T. Sawyer [18].

Theorem 4. Let d = 3. There exists a constant B < 1 such that if V € Kg1oc then (1) has the
WUC property in Y == {f € X1: Af € X1, Vf € X))

The proof of Theorem 4 is provided in Section 5.

Despite the embedding g 1oc — Fp 1oc, Theorem 1 does not imply Theorem 4. The reason is
simple: Y",C oA Y“}V"’ak.

3) S. Chanillo and E.T. Sawyer showed in [3] the validity of the SUC property for (1) in Yy =
(SZ) (d = 3) for potentials V locally small in Campanato—Morrey class M? (p > dgl)

loc

_d
MP::{WeLP IWllyr == sup r p||1B(x,,)W||,,<oo}.

xesf2, r>0
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d—1
Note that for p >

P d
Mloc g U ‘7:/3,100
B>0

(see [3,4,10]). To see that the above inclusion is strict one may consider, for instance, potential
defined in (9).

I1t is easy to see, using Holder inequality, that if u Hli’cz(.Q) and V e M, loc (p> ;1 ), then
|V]Zu € Xp,ie.,u e Y‘V,V eak However, the assumption ‘u € Hli’cz’ is in general too restrictive for
application of this result to the problem of absence of positive eigenvalues (see Remark 1).

Remark 1. Below we make several comments about H>9-properties of the eigenfunctions of
the self-adjoint Schrodinger operator H = (—A + V) + (=V_), V =V, — V_, defined by (2)
in the assumption that condition

Vo< BHo+ V) +cp, B<1, cg<oo, (10)

is satisfied. (Note that (10) implies condition (3). We say that (10) is satisfied with 8 = 0 if (10)
holds for any B > 0 arbitrarily close to 0, for an appropriate cg < 00.)
Letu € D(H) and Hu = pu. Then

e Hy —e ™y, t>0.
As is shown in [14], for every 2 < r < d 2 = \/7 there exists a constant ¢ = ¢(r, 8) > 0 such
that

leHfl, <t 2GP f ] (11)

where fel?>= L?(R%). Let us now consider several possible L? and L?-*° (as well as L and
1OC ) conditions on potential V.

(A) Suppose in addition to (10) that V € Lp forsome 1 < p < 2 Then by Holder inequality
and (11) Vu € quc and, due to inclusion D(H) C D(Hmax), Au €L loc for any ¢ such that

1 1 d-21—-J1-8

—>—+ .

q p d 2

The latter implies that q < p in general, i.e., when B in (10) is close to 1. Hence, in general

the assumption ‘u € HIOCP > (and, moreover, ‘u € Hlicz’) is too restrictive for applications to the

problem of absence of positive eigenvalues even under additional hypothesis of the type V €
Lom Gt <p<dorVeMbm G <p<g(cf[3.17).

BHIV=Vi+V,eL?P+L*® p> %, then (10) holds with 8 =0 and u € L*°, therefore,
IV|2u € L2 (cf. D(H) and YY),

It follows that u € C%* for any ¢ € (0,1 — %]. Therefore, u € Hli’cp and, in particular, for
d>4,ueH*?
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2,
(B2) Assume in addition to (10) that V € Lloc, p> 7, and 8 =0. Then u € HIOCE, p> %.
Using Holder 1nequa11ty, one 1mmed1ately obtams |V| ‘ueX 2.

Ifd=3,and p > 5 1s close to £ 5, then u ¢ H,
remark in [1, p. 166])

B V=V+Ve L%+ L, then (10) is satisfied with B =0 and u € [y, oo L"
Therefore u Hloc ,q < 2 In particular, u € Hlop (cf. [6]). By Holder inequality, |V|%u e L.
(B4) Finally, suppose that V=V + V, € L2 7 % 4 L is such that

d_ln%r(g — l)
ﬂ:<—7—7#—Lﬁwu <L
NCONCEED 2

1 oo » 2, but of course u € Hloc , b= d+2 (< p,cf.

Then we have
[VI<BHyo+cg, cpg<o00 (12)

and, at the same time,

[VO-A+Hop) | 5, 5 <

<B 1z

’ = ‘B
(see [13]), where Hp 5 stands for the extension of —A in L? with D(Hp ;) = H*P?. The
first inequality implies condition (10) and, hence, allows us to conclude that the form sum
H := Hy + V is well defined. In turn, the second inequality implies that the algebraic sum
Hj := Hy,j + V defined in L? with D(Hp) = H 2.7 coincides with H on the intersection of
domains D(H) N H>? and is a generator of a semigroup. By making use of the representa-
tion
c

O+H) ' =0+Ho ) '(1+VO+Ho ™) a> ?ﬁ

one immediately obtains that (A + H 1;)_1 :L? +— L2, i.e., any eigenfunction of operator I:Iﬁ
belongs to L?. Furthermore, an analogous representation for (A + H)~! yields the iden-
tity

GC+H) ' f=04+Hp) ', fel’nLP.

Therefore, any eigenfunction of Vil 5 1s an eigenfunction of H (cf. [21]). The converse statement
is valid, e. g for eigenfunctions having compact support.

ftv e L2 and (12) holds, then u € H2% for some qo > p. Indeed, we have V € L]

loc loc loc
any r < 7, and so by (11) u € L? for some p > %. Thus, Vu € Lﬁ?c for a certain gg > p,

for

hence u € HIOC and, therefore, |V|%u € X». The latter confirms that the result in [21] applies to

the problem of absence of positive eigenvalues (cf. D(H)).
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4. Proofs of Theorems 1 and 2

Let us introduce some notations. In what follows, we omit index K in Bg (xg, p), and write
simply B(xo, p).
LetWeX%,xoe.Q,p>0,d>3,deﬁne

d—1 _d-1 d—1
T(W.x0, 0) = [1Bxg.) | W% (=A)" 2 [W|'F 18(19.0) | 5 »- (13)
Note that if V is a potential from fg loc> and Vi :=|V| + 1, then

(V1. x0, p) < T(V, x0, p) +£(p), (14)

where g(p) — 0 as p — 0.
Let 1g(p\q) be the characteristic function of set B(0, p) \ B(0, a), where 0 < a < p. We define
integral operator

[(~8)3], F () = / [(—8) 3], ) f()dy, 0<Re(x)<d— 1
]Rd

whose kernel [(—A) ™2 ]y (x, y) is defined by subtracting Taylor polynomial of degree N — 1 at
x = 0 of function x > |x — y|*~4,

N-1

- V)k
()], () :=cz(|x SR S |0—y|z—d>,

k=0

ok . kK« ak : ; : : ok
where (x - V)" .= Zlal:k alan® PR is the multinomial expansion of (x - V)*. Define,

further,
(=) 3]y, == ] e,
where ¢, (x) := |x|™".
4.1. Proof of Theorem 1
Our proof is based on the inequalities of Proposition 1 and Lemma 1.

Proposition 1. If T (V, 0, p) < oo, then there exists a constant C = C(p, §,d) > 0 such that

[tV (=2 sV I s [, < CT(V,0, 07T,

for all positive integers N, where 0 < § < 1/2 and

5 d  \d-3
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Lemma 1. There exists a constant C = C(d) such that

I+l

N
) (=N x, y)
[y

=)y @ < CN“(

forall x, y € RY and all positive integers N.

Lemma 1 is a simple consequence of Lemma 3 below for y = 0. Lemmas 2 and 3 are required
for analytic interpolation procedure used in the proof of Proposition 1 when d > 4.

Lemma 2. (See [6].) There exist constants Co = C2(p1, p2,8,d) and cy = c3(p1, p2,8,d) >0
such that

1186000 (=8 yid_s1Bena5,n < C2e27,
where 0 < & < 1/2, for all y € R and all positive integers N.
Lemma 3. There exist constants C; = C1(d) and ¢1 = ¢1(d) > 0 such that

I+l

N d—1
> (=A)" 2 (x,y)
[yl

[~ F ] e,y < cle‘wZ(

forall x, y e R?, all y € R and all positive integers N.
We prove Lemma 3 at the end of this section.

Proof of Proposition 1. If d = 3, then Proposition 1 follows immediately from Lemma 1. Sup-
pose that d > 4. Consider the operator-valued function

-1

d—1
7 2
N+d—na— VT TBEW

. a1, _d-1,
F@) :=1pp\alVI]* §0N+(%,5)(1,Z)[(_A) 2 ]N(p

defined on the strip {z € C: 0 < Re(z) < 1} and acting on L?. By Lemma 2,
| Fp)]y,, < C2e?7l, v €R,

and by Lemma 3,

|F(+iy)|,., <T(V,0,p)C1e7", yeR.

Together with obvious observations about analyticity of F this implies that F satisfies all con-
ditions of Stein’s interpolation theorem. In particular, F (%) :L? — L? is bounded, which
completes the proof. O

Proof of Theorem 1. Let u € Y‘V/Veak. Without loss of generality we may assume # = 0 on
B(0, a) for a > 0 sufficiently small, such that there exists p > a with the properties p < 1 and
B(0,3p) C £2. In order to prove that u vanishes on §2 it suffices to show that u =0 on B(0, p)
for any such p.
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Letn e Cgo(.Q) besuchthat 0 <n<1,n=10nB(0,2p),n=00n 22\ B(0,3p), |Vn| < %,
|An| < 5. Let Ey(u) :=2VnVu + uAn € X1. Denote uy = un. Since £:l@) c P (92),

loc

p< %, we have E,(u) € L. (£2) and hence

Auy =nlAu+ E,(u)
implies Au, € L! (£2). Thus, we can write

up = (—A) "N (=Auy).

The standard limiting argument (involving consideration of C3°-mollifiers, subtraction of Taylor
polynomial of degree N — 1 at 0 of function u, and interchanging the signs of differentiation
and integration) allows us to conclude further

uy = [(=) 7] (—Auy). (15)

Let us denote 15 := 1 —1p(,), so that Auy = (1p(p\a) + 1,)) Auy. Observe that

suppnAu C B(0,3p) \ B(0,a), supp E, (u) C B(0,3p) \ B(0,2p)
and, thus, 1%(p)nAu = 1p3Ep\p)nAuU, l%(p) E,(u) =1p3p\2p) Ey(u). Identity (15) implies then

! 3 -1 3 —Au
Lo Vit onau =1 Vi [(=8) " ]y v Vi lBp\a9ns —
V2
1

1 1 —nAu

. n
+ 1) VP [ Ly o Vit L0y 9 I
14

1
1
+ 1500 Vi [ ]y ya1BGor20) 93 (— En (W)

(we assume that 0 < § < 1/2 is fixed throughout the proof) or, letting / to denote the left hand
side and, respectively, 11, I{ and I the three summands of the right hand side of the last equality,
we rewrite the latter as

I=L+I{+ 5.
We would like to emphasize that a priori / ¢ L2, but only I € L*, s <d/(d — 2). Hence, we

must first prove that Iy, 1 f and I, are in L2, so that I € L? as well. After this done, we obtain the
estimates [|/{]l2 < c1¢y3(0), 112]l2 < 2y (p) and |[11]l2 < e[/ ]l2, @ < 1, and conclude that

(I=a) ]2 < (c1+ cz)<pN3 (p), and therefore that

I

Letting N — oo, we derive identity u =0 in B(0, p).

s
@Nd

u
‘PN;; (0)

c1+oc
s  l—a

B(p\a)
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1) Proofof I € L? and || I || < «||I]]2, @ < 1. Observe that
|Au| |Vl 12 . ak
1,3([)\@m < 13([,)W <1 V"2 |ul € Xy (since u € Y)/*X),
1 1

and hence, according to Proposition 1,
112 < 1o VE[(-2) Ty Vil o B @ns 1 V120
<A ||lB(p)‘/’N3|V|7””2'

Here 81 :=Ct(Vy,0, p)%, where C is the constant in formulation of Proposition 1. We may
assume that 8; < 1 (see (14)).
2) Proof of | I{]l2 < C1ens (p). By Proposition 1,

I, < ||1B<p\a>V [(=2a)~ ]N ne Vi 13(3/’\/0)||2»—>2||IB(3P\0)('0N‘S|V|2u“2

where g5 :=Ct(V1,0, 3,0)% < o0.
3) Proof of || 12l|2 < c2¢ 3 (p). We need to derive an estimate of the form

1212 <

where C can depend on d, 8, a, p, [[1(p) V1, but not on N. We have

12112 < [1ana0 Vi 2 [(=8) "y s 1860v20 |11 | LaGo2m ons En 0 |
< HlB(p\a) V11/2[(_A)_1]1v,1v;}lB(3p\2p) || 1}—)22_N¢Ng (o) ” Ey(u) ” I
Now for h € Ll(Rd ), in virtue of Lemma 1,

|50 Vi (=) Ty welscoantl,
<1V 118w [0y, A VIEERL] IS

||IB(p)V /2“2CN(F Pd_sd=3 *(“)‘P u(3p)”13(p)( A)” 13(30\2p)h”

(4-5)

4-ne3

3p\2
< (Ml + s Vi) 2ond- 3( y ) M,,
where

M), := Cyesssup, <. ) / Ix = yI*~h()|dy < C20* IR 1.

2p<|yI<3p
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Therefore

1500V =)y P2 VIERE Y S

3.\ (§-9IT
<(J1s0)|, + ||1B(p>vu1)”2cczzvd—3(7‘)) p>d.

Hence, there exists a constant C= é(d, 8,a, p, 1BV 1) such that

I12ll2 < ENT27N g (o) | By ()

1 k
which implies the required estimate. O

Proof of Lemma 3. The proof essentially follows the argument in [18]. Put

1, iy K N 4
-5+ 2772
[ A ]._]_[<1+ )
j=1
Then
1 iy k k 2
__+_:H l—[( 1) YV
2P =110 - )T
— 12
’[ k IRV LR BT
k 2k ! k 2
<1—[ 1_i. eV 2= ‘aj,l)zgl_[ 1_; ey2c’ = T[_ (16)
PR i *

We may assume, after a dilation and rotation, that x = (x, x2,0,...,0), y=(1,0,...,0). Thus,
passing to polar coordinates (x1, x) = te'?, we reduce our inequality to inequality

|1 =777 — Py, 0)| < e’V [1 — 16| 7!, forally €R,

and for appropriate C > 0, ¢ > 0. Here PN_l(t, 0) denotes the Taylor polynomial of degree
N — 1 at point z = 0 of function z = te’? — |1 — z|~!. Similarly to [18], via summation of
geometric series we obtain a representation

N—-1
Py_1(t,0) =) an(0)",
m=0

where
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Note that

since

Za O =(1—-r"" Zt
m=0
Now estimate (16) and identity a,?l (0) =1 yield

lan @] < Y [‘ﬂ

k+l=m

2cy2 — e2cy2

[

2675

We have to distinguish between four cases t > 2, 1 <t <2,0<t < 2 and <t <1.Below we

consider only the cases > 2 and 1 < ¢ < 2 (proofs in two other cases are 51m1lar)
If t > 2, then

|Pn—1(t,0)] < Z|am(9)|t o2V N 3e2cy2tN|1 _tei9|—1

since 1 < 3¢|1 —te'|~!. Hence, using ||1 — te’ |71 =7 | <tV|1 — re'?| 71, it follows

|1 = 26|77 — Py 0)| <oV [1 =16 4 %ezc”zt’vh — |
SCeZCVZINll —tei(9|_1

for an appropriate C > 0, as required.
If 1 <1 < 2, then, after two summations by parts, we derive

—5 4 =L _ —= 4 ==
PN_l(zﬁ):ZS[ 2, 2]Dz(z) > S[ 2, Z}Dk@
=0 k=0
Rl g N2 | 2
D> SR | e LICT YRS

N-l _l_l_i_V _l+i_y
+ [ 2k 2]|:Nik—21:|ZkDN_l_k(Z):JI+JZ+J3’

where

S[’i] - [ﬂ N [ki 1] Di(2) :gzj-
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We use estimate

1 i 1@ 4
H_i:%”:‘[_iz%}( 12:k2 )‘<c<k+1)—5e“yz

to _obtain, following an argument in [18], that each J; (i =1, 2, 3) is majorized by Ce”’”thll —
te!?|~! for some C > 0. Since [|1 — te!?| 7177 | <tV |1 —te'?|7!, Lemma 3 follows. O

4.2. Proof of Theorem 2

Choose ¥; € C®°(£2) in such a way that 0 < v; <1, ¥;(x) =1 for |x| > %, ¥;(x) =0 for
x| < 5 V0] < ¢, 1AW (0] < ¢

Proposition 2. Let t(V, 0, p) < co. There exists a constant C = C(p, 8, d) > 0 such that for all
positive integers N and j

(ED [0 @1V I [ ]y s IVIE¥5 100 [ < CE(V,0, )T,
E2) HIB("’)lI/”V'%[(_A)il]N,Nﬁ |V|%13(30\p) ”2.—>2 <Cr(V,0, 3,0)%,
3 - i
(E3) 118y 1VI2[(—=A) I]N,N;SIB(%\})HIHZ < Ct(V,0, )T,
(E4) ||13(p)l1’j|VI% [(_A)_I]N’Nglg(:;p\zp) ”sz < Ct(V,0, 3'0),117.’

where p = dz—_fz.

We prove Proposition 2 at the end of this section.
Proof of Theorem 2. We use the same notations as in the proof of Theorem 1. Suppose that

ue Y‘S}r satisfies (1) and vanishes to an infinite order at 0 € £2. We wish to obtain an estimate of
the form
’ 1

Then, letting N — oo, we would derive the required identity: u =0 in B(0, p).
The same argument as in the proof of Theorem 1 leads us to an identity

(pNj
u
(pNj (0)

B(p) (17)

X
2

g, = (=) (= Auy),  n;=n¥;,

which, in turn, implies

1
L)W Vi ppsu

—njAu

1 1 1

3 -1 3 3 -1
=1pp ¥ Vi [(=8) " ]y vy Vi ens — Tl ¥ VY [ ]y npows Ej ).
Vl
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Here 0 <6 < 1/2is fixed, 2/j < p, Auy; =njAu+ Ej(u) and
Ej(u):=2Vn;jVu+ (Anj)u.

Letting /I to denote the left hand side of the previous identity, and, respectively, I and I, the two
summands of the right hand side, we rewrite the latter as

=L+ 1.
Note that I € L2, since HI})’C” (£2) C X» by Sobolev embedding theorem, and | V| %u € X, by the
definition of Y}'".
Next, we expand /1 as a sum I1] + Ifl, where
1 _ 1 —v:Au
I = lg(p)llfj V12 [(—A) I]N,Ng V12 lg(p)gon —]%
4

and

[C _1 lI/ % A -1 V%IC _UA“
1 =1sp¥;V; [(_ ) ]N,Ng 1 B(p)ng—% .
\%

1

Proposition 2 and inequalities (E1) and (E2) imply the required estimates:

111112 < C(V1, 0, p) 7T 112
and
|71l < Cona ()T (V1, 0,30)7T 156,V 2u

Finally, we represent I as a sum I>| + I3, where

D1 =150 ¥; Vﬁ[(—AV]]N,lem%\%WNsEﬁl)(“)
and
I =1 ¥; Vl% [(_A)il]N’NngGp\Zp)goNg Eﬁz)(u)-
Here
E;”(u) = 2VY;Vu — (A,  EP(u):=—-2VnVu — (Anu.
In order to derive an estimate on || 21 ]|2, we expand
by =1y + 1,

where
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/ 2 1
I, =1 vV —A)" 1 —AY)u,
21 B(p)¥jVq [( ) ]N,Ng B(%\})‘PN;}( ju
" 3 -1
By =15 UV [(=2) 7 y v g 1y eng (2VIVa).
1) Term I}, presents no problem: by (E3),

1
” Iél ”2 < ”13([))‘1’1' V12 [(_A)_I]N,Nng(%\}) Hsz ”13(%\})‘/’@ (A¥j)u ”2

1
SCT(Vi, 0,0 TT 1y yons (A ul

where

|1 Ny (AW))u cjit? 11p2)ull2 0 as j — oo,

B(%\})‘P ”2

by the definition of the SUC property.
2) In order to derive an estimate on 1}, we once again use inequality (E3):

”I ”2 ||1B(p)‘1’ V1 [( A)” ]N,N513(Z.\l,)||p.—>2”13(2.)‘/7N5VWjV””11

< CT(V1,0, p) 11 829Ny VY Vil < N 12, Val) .

B()

where p 1= d+2 ‘We must estimate ”13( )Vu||2 by ||IB( )u||2 in order to apply the SUC prop-
erty. For this purpose, we make use of the following well- known interpolation inequality

4
1153, Vitlly < €7 (C'33 g ulla + 7% 115, Al ).

where r 1= % (see [15]). Using differential inequality (1), we reduce the problem to the prob-
lem of finding an estimate on ||lB(i)Vu||, in terms of ”13(i)””g’ w > 0. By Holder inequality,
J J

1,2 d-1 1-2
5 d d d
”13(§)Vu”r < ”13(%)|V|2M”2 ||13( ) ”dE ” B(%)u”2 s

as required.
As the last step of the proof, we use inequality (E4) to derive an estimate on term /7:

L 2
12212 < CT(V1,0.30) 7T opa (o) EF )],
This estimate and the estimates obtained above imply (17). O

Proof of Proposition 2. Estimates (E1) and (E2) follow straightforwardly from Proposition 1.
In order to prove estimate (E3), we introduce the following interpolation function:

d-1, _d-1 —1
Fi(2) :=1pp ¥V 17 oy d g [(—A) 72 Z]N¢N+(%—a>(1_z>13<%\%>’ OSRe(r) <1
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According to Lemma 2, || F|(iy) |22 < Cre! 71 for appropriate C1, ¢ > 0. Further, according
to Lemma 3,

[FQ+in)] 2oy < C2e™ |1 VI (=8)7F | 2,

=

<C2e 1aIVITT (=8)7F [, (=) 7 |

2d
-T2

<Coe T (Vx0T ()T |

for appropriate C», ¢ > 0, where, clearly, ||(—A)_% | 24 < 0o. Therefore, by Stein’s in-
—1

2
Fi| —
d—1
The latter inequality implies (E3).
The proof of estimate (E4) is similar: it suffices to consider interpolation function

terpolation theorem,

< CT(V, xg, p)TT.

p—2

d-1 —d-1 —1
Fy(2) :=1p)¥jIVIF 0y, a5 [(=A)7 z]1v9”1v+<%—a><1_z>13(3"\2‘”
forO<Re(z) <1. O

5. Proof of Theorem 4

Proof of Theorem 4. Let u € Y",C. Suppose that # = 0 in some neighborhood of 0. Assume
that p > 0 is sufficiently small, so that B(0,2p) C £2, and let n € C*(£2) be such that n =1
on B(0, p), n=0o0n £2 \ B(0,2p). We may assume, without loss of generality, that V > 1. The
standard limiting argument implies the following identity:

1g(pyu =1p(p) [(_A)_l]N(_A”n)~
Therefore, we can write
13(0)on Vu
=15y en V(=) ]y on 1860w (= Aw) + 1y on V[(=8) 7 ]y oy 15, on (= Auy),

or, letting K to denote the left hand side and, respectively, K| and K5 the two summands of the
right hand side of the last equality, we rewrite the latter as

K=K+ K>.

Note that K € L' (R?), as follows from definition of space Y. "/C Lemma 1 implies that

|1en V(=) Tyvon' £, <Clpm V=) f], < CBIfI,
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for all f € L'(£2), which implies an estimate on K:
IKillh < CBIK 1.

In order to estimate K, we first note that 1%(p)(—Au,7) = 1p@2p\p)(—Auy). According to

Lemma 1 there exists a constant C > 0 such that
|1senen V=2 Tyen' [ <C.
Hence,
IK2011 < C|1Bap\pyon (—Aup)|, < Co™ Nl Auyll.
Let us choose B > 0 such that C8 < 1. Then the estimates above imply
(1 =B 1p¢py oV pvull, <1 =CB VK|, < [0V Ka|l, < CllAuylr.
Letting N — oo, we obtainu =01in B(0, p). O
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